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I. Introdittion 

Information about tho structure of surfaces may be obtained from 
one or other of the electron optical techniques grouped together under 
the term ‘‘electron microscopy.’^ Broadly speaking any instrument 
which utilizes electrons to produce a magnified image of a surface or 
section is an electron microscope. The conventional instrument is 
analogous to the optical microscope; electrons are transmitted through 
the specimen and focused. Other instruments focus or merely project 
electrons emitted by the specimen itself, a feature which restricts their 
use to the investigation of electron emitting surfaces. Theoretically any 
of the methods of inducing electron emission are available but only the 
thermionic,* photoelectric,^ and field emission processes have been used 
to any extent. Few results have accrued from photoelectric studies 
using projection tubes because of experimental difficulties, and most 

i 
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information concerning surface properties has been obtained from 
thermionic and field emission work. The subject of thermionic emission 
microscopy lias been reviewed up to 1949 by Herring and Nichols,^ while 
the present article is devoted to field emission microscopy. 

The field emission microscope is basically of simple construction. 
Nevertheless it rcciuires both skill and patience to employ it successfully. 

The purpose of this article is to summarize the 
experience gained by those workers who have 
chosen to investigate its iioteiitialities, and it will 
be shown that under suitable conditions^this instru¬ 
ment may achieve resolving jiow^rs of atomic 
dimensions and magnifications up to 10®. Surface 
])li(‘nomena such as the electron emission process 
itself and atomic and ionic adsorjition may lie inti¬ 
mately investigated. 

II. The Development of Field Kmission 
Mickosc’opy 

1. The Cylindrical Form of Microscop( 

In its simplest form the field emission micro- 
sco])e may consist of a tungsten filament as cathode 
stretched along the axis of an evacuated glass 
cylinder whose inner wall is coated with a semi¬ 
conducting fluorescent material as the anode (Fig. 
1). Jf several thousand volts are applied between 
the anode and the cold cathode, electrons are 
emitted from the latter under the influence of the 
high field intensity at the surface, which is a func¬ 
tion of the ai)])lied field and the curvature of the 
surface. These electrons are emitted normally 
from the surface of the wire and travel radially 
across the tube to strike the fluorescent surface. 
The jiattern of illumination on this screen is a 
complete ])icture of the state of the emitting sur¬ 
face. Axially the pattern is unmagnified but 
peripherally the magnification is as the ratio of the screen radius to 
the wire radius. 

This type of microscope was first made by Johnson and Shockley* 
who used thin filaments of tungsten, molybdenum, tantalum, platinum, 
and iron as cathodes. They observed that the emission image on the 
cylindrical screen w’as determined by the condition of the emitting sur- 



einiwsioii iiiKTO.sfOiM* 
iis used Jolinson 
and Sliocklev The 
eiiutting wire onlhode 
18 stretched along the 
axis of the cylindrical 
fluorescent screen 
anode. 
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face. In the case of the tungsten, for example, the held was applied 
initially immediately after the experimental lube had been evacuated 
with the filament cold, an image consisting of bright and dark patches 
was observed. Hy raising the temperature of the filament these patches 
were modified and moved about, some vanishing iiermanently when the 
filament temperature was high enough. Patidies were attributed either 
to field emission arising from regions of roughness on the surface of the 
filament or from impurities deposited on the surface during the drawing 
and handling of the wire. Ily raising the temperature sufficiently it was 
})ossible to remove permanently those patches due to contamination. 
W'hen drawn wires were used as filaments, the electron images wen* 
streaked longitudinally by ragged bright lines arising from die marks 
on the win* surfaci*. Sima* th(‘se marks ob.scurt 1 the essential features 
of the image, they wen* remo\ed either by drastic heating ni varito using 
alternating cun cuts*’ until some of tlu* surface mc'tal had been evajiorated 
or by rapid c‘lectrolytic etching 'flu* smooth win images resulting from 
this tr(*atm(*nt were (|uit(‘ uniform in intensity, without streaks and sharp 
discontinuities, unl<*ss th(* individual crystals w’cre so large that they W'cre 
individually resolved. 11 h‘ size of the individual crystals in drawn wire 
IS det(*rmiiu‘d by the history of the wire and may be modified by suitalile 
treat merit. 

Johnson and Shockley showed that th<* cylindrical type of microscoj>e 
could 1)0 used to observe grain growth. Pur(‘ smooth tungsten wire w'as 
cover(*d with cesium to enhanc(* the emission. The cesiuin-ori-tungsten 
image f)f the wire was uniform, indicating that the microcrystalline struc¬ 
ture was smallcT than the r(‘solving j)ow(‘r of tin* insti'ument. The out¬ 
lines of individual crystals j)egan to ap])ear after the wure had been 
flashed at 3100°K, and the growth of these could be followed on the 
screen during subsequent heating. More detailed observations showed 
that the intensity of the electron emi.ssion was difT(*rent for difTerent 
tungsten crystal faces. 

The r(‘solving power of this arrangement was shown to be dependent 
on the dimensions of the system and the magnitude of the applied volt¬ 
age. It was calculated fiy considering two el(*ctroris emitted from the 
surface, one normal to the surface along a radius with a velocity deter¬ 
mined only by the applied field, the other having an additional thermal 
velocity normal to the radius. If a and b are the radii of the wire and 
screen respectively and the thermal velocity of the second electron is 
(2kT/mf^, the angular separation between the points where these 
electrons strike the screen is given in radians by 

® = 2[ —J Jo 
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For a potential of 10 kv between cathode and screen the peripheral 
resolving power would therefore be 1® for a 0.0025-in. radius filament 
with a 2-in. radius screen. The magnification of this system is 2000 and 
represents a reasonable order for this type of emission microscope. A 
limiting magnification of several thousand is dictated by the minimum 
radius of drawn wire which can be used as the filament. 

A number of workers have used cylindrical type microscopes to 
observe wire surfaces activated by material issuing from the interior. 
The work of Brtiche and Mahl® with thoriated molybdenum and of 
Ahearn and Becker’ with thoriated tungsten, helped to clarify ideas about 
the process of activation. ICven after intense heating, cathodes of these 
materials produced images covered with bright patches. When the 
tcmiperature was increased these patches spread into rings and simul¬ 
taneously other spots appeared and began to spread, until ultimately the 
surfac(‘ ap])eared to be covered completely by the activating material. 
The phenomenon suggested that the activating material arrived at the 
surface l)y random eruptions from the interior, and it appeared that 
these eruptions did not necessarily occur preferentially at crystalline 
boundaries. 

All surface studies by cylindrical emission microscope l)(‘fore 1940 had 
used polycrystalline wires, and this made the interpretation of results 
difficult. In spite of this it had been establish(‘d that the intensity of 
emission from both pure and activated tungsten surfaces depended on 
their crystallogra])hic form. This was confirmed when Nichols* show^ed 
how to produce long single crystals in p\ire tungsten wires and used 
selected s])ecimens in a cylindrical microscope to measure both thermionic 
and field emission from j)articular crystal faces. The method was based 
on the Pintsch process of passing polycrystalline tungsten wire, with 
suitable fluxing agents, through a steep temperature gradient. Pintsch 
s])ecimens may b(» meters long and fill the whole cross section of the w’ire, 
but unfortunately they contain impurities from the flux. Nichols 
started with a pure tungsten wire already containing a seed crystal, thus 
eliminating the need for flux, and extended this seed to fill the whole 
cross section by passing a steep temperature gradient along the wire. 

C'rystal growt h w as also studiedd>y Robinson® in 1941. Pure tungsten 
wires were ground uniformly by a method described earlier*® until a high- 
powered microscope showed only minute scratches. The wires were 
used in the microscope after flashing at 300()®K to remove surface con¬ 
taminations. The electron emission patterns then showed the absence 
of die marks and indicated a fine-grained polycrystalline structure. The 
grow th of single crystals by heat treatment was then studied at tempera¬ 
tures between 19(X)®K and 22()0®K. In some wires only one crystal was 



FIELD EMISSION MICROSCOPY 


5 


involved in the growth whereas in others, a number of crj'stals grew in 
different parts of the wire eventually merging together. Growth dia¬ 
grams were plotted for number of wires and an exponential rate of grow’th 
found which could i)e described by the expression 

R — A ■ exp ( — 6/7’) cm 1ir (2) 

with a value for b of (55,000 ± 19,000) ®K. At 19(K)®K the time for 
recrystallization is i)f the order of a hundred hours while at 22(K)®K it is 
only five minutes. 

The cylindrical form of emission microscope suffers from a number of 
disadvantages, cliiefly the anisotrojuc magnification and resofution which 
make interpretation of the image rather difficult. The minimum radius 
of the s})ecimen wire defines the maximum 
magnification of the system which is certaifily 
not greater than 10\ It will be shown in the 
next section that the spherical form of the 
emission microscoj)e offers isotrojhc magnifica¬ 
tion and resolution making interpretation 
relatively easier, with magnifications u)) to 
10'’’ times and resolving poA(‘rs of atomic* 
dimensions. 

The Sph(n'r(il Form of Micro>icoy( 

In 193(), Miiller'* constructed a field emis¬ 
sion microscope consisting of a micnicrystal of 
tungsten mounted at the cent(‘r of curvature 
of a concave fluorescent screen (Fig. 2). The 
microcrvstalline spf*cimen was prepared by 
etching the end of a fine wire of the metal to 
be investigated. Tungsten of 0.05-mm radius 
was etched in molten sodium nitrite to pro¬ 
duce an end radius of 1 micron. The speci¬ 
men wire was spot welded to the tip of a 
hairpin luxating filament of thicker tungsten 
ware to support it, as shown. By applying 
several kilovolts^between the point spe(*imen 
and the screen, field emission images of the 
surface were produced with magnifications of the order of 10®. 

Mtiller suggested that the technicpie could be used for studying the 
properties of metallic surfaces and adsorbed layers. He published image 
pattern photographs^of the field emission from tungsten (Fig. 3a)*^ and 
molybdenum (body-centered cubic stnictures), copper and nickel (face- 



Fi(i. 2. 'J'hc spherical 
form of field emission micro- 
Hcoi)e as used by E. W. 
Muller. The emitting tung¬ 
sten crystal is situated at 
the end of the etched tung- 
st(‘ii wire (inset j mounted as 
shown in the form of a hair¬ 
pin heating filament. The 
fluorescent screen anode 
rovers the end face of the 
tube. 
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centered cubic structures), and tungsten contaminated with oxygen. 
The symmetry of the images obtained with specimens whose surfaces 
could be thoroughly cleaned by heating bore a direct relationship with 
their crystallographic symmetry (Fig. 36). The images for both clean 
tungsten and molybdenum were found to })e similar and their symmetry 
could be simply associated with their body-centered cubic structure. 
The copy)er and nickel specimens could not be adequately cleaned on 






Fki 3<i Fielil (‘iiimsion irnaj^c for clonn tiinp'^ton “biiilt-up” hv the application 
of field to the surface dunnp HaahinK 

account of their low melting point^; their eniisMon image.'^ wereunstable 
and not reproducible. Miiller illustrated how a tungsten emission pat¬ 
tern was modified by admitting oxygen to the system, thus contaminating 
the surface of the specimen. Preferential poisoning occurred over the 
region surrounding the (HK)) face, the emission from this region being 
suppressed. By raising the temperature of the specimen for short 
periods and then observing the emission patterns from the cold surface, 
the gradual removal of oxygen from different parts of the surface was 
followed until after heating to 2200®K it appeared that all the oxygen had 
l)een driven off and the original tungsten pattern was left. To produce 
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the same order of emission intensity an oxygen-contaminated surface 
required a higher field stress than a clean surface. 

More detailed work followedin which observations were made on 
the mobility of tungsten atoms over tungsten surfaces, and it was claimed 
that individual atomic migration could be detected when the surface 
temperature was increased to about 11()0°K Certain preferred direc¬ 
tions of flf)w A\ere thought to be defined l)y the surface lattice* structure. 



Fig. 36. The stereo-scopic prt)j(*ction of the crystal axes (in terms of their Miller 
indices) of a l)o<ly»centcred cubic structure e.g., tungsten. P\ill-line circles correspond 
to those regions of the tungsten field emission pattern which are readily identified with 
crystal faces. Dotted circles correspond to those regions not so readily identified. 

What was considered to be clean tungsten disi)layed emission from all 
regions excejit those corresponding by comparison with the crystallo¬ 
graphic sj^mmetry, to the (211), (100), and (110) faces. The non¬ 
emitting regions were thought to be either depressions in the approxi¬ 
mately hemispherical surface or localities having comparatively high 
work functions. 

The behavior of barium deposited on a tungsten surface was described 
in some detail. A thick layer was first deposited and then the surface 
heated. Crystallites appeared to have grown after heating to 800®K, 
and at higher temperatures these split up and diminished in size, sug- 
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gestiDg that barium was lost by evaporation. When the temperature 
was raised to 1500®K for a few seconds, the deposit was reduced to a 
monatomic layer on the tungsten surface, and Muller claimed that indi¬ 
vidual ions could be observed as moving bright spots. When a thin 
layer of barium was deposited, migration over the tungsten surface 
began at G90°K. More recent work has shown similar behavior of 
deposits of otlier materials which will be described later. 

Muller’s exx)eriments indicated some advantages of the field emission 
projection tcchni(pie over the corresponding thermionic emission obser¬ 
vations,^* particularly since they permitted surface processes to be 
observed at room temperature. 

The apparent correlation between emission pattern and ciystal sym¬ 
metry led Muller*^ to suggest that the nonemission directions of field 
emission corresponded to the nontransmission directions of x-rays 
through that type of crystal lattice. The theory due to W. L. Bragg of 
the transmission of x-rays through crystals expresses the relationship 
between the wavelengths of the x-ray beam X and the lattice parameter a, 
as foliow^s 

n\/2 = ?na/(h^ + + P) (3) 

where m and n are integers and {hykj) are the Miller indices of crystal 
lattice direction. 

For a body-centered cubic lattice, e.g.^ molybdenum and tungsten, 
x-ray reflections at lattice planes will occur for particular wavelengths, 
for those directions whose Miller indices add up to even whole numbers. 
Similarly for a face-centered cubic lattice, e.g., coi)per and nickel, the 
conditions for nontransmission are that the Miller indices are all odd 
or all even. These considerations alone, however, do not describe the 
experimental results and other factors must be taken into account. The 
w^avelengths X of the conduction electrons in metallic crystals are related 
to their energies (electron volts) by the de Broglie relation 

X = (150/ev)^^ A (4) 

For tungsten the calculated conduction electron energy values are 5.8 ev 
assuming an electron ])opulation t»f one per atom and 9.2 ev for two per 
atom. A nominal value of 7.5 ev gave Muller an electron wavelength 
of 4.5 A. Using this he obtained reflections for tungsten for example for 
the (211) direction when m = 7 and n = 5 and for the (100) direction 
w4ien m = 5 and n = 7. His hypothesis did not explain the intensity 
distributions of the emission pattern. 

The next attempts to understand this phenomenon were made by 
Benjamin and Jenkins*^ who used apparatus similar to Muller’s and 
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investigated both single crystals and polycrystalline specimens of tung* 
sten, molybdenum, and nickel. The tungsten and molybdenum speci¬ 
mens were initially etched electrolytically in a 10 solution of sodium 
hydroxide and finally polished in a 10Vi solution of ammonia. The 
nickel specimens were etched in a solution of potassium pen'hlorate in 
hydrochloric acid. By observing the emission images the movements of 
atoms in the surface of the specimen could be followed, and the onset of 
surface mobility was found to occur at 1170°K for tungsten, 77()°K for 
molybdenum, and 370®K for nickel. If the field intensity was main¬ 
tained and the temperature suddenly reduced, the transient image could 
be frozen to permit detailed observation. At temperatures greater than 
the onset values, surface atoms were seen to flow j)referentially in certain 
directions and particularly toward certain crystal edges which could be 
built up by simultaneous application of field and temperature. If the 
temperature was maintained with the field Hwit<h'^d off the built-up 
regions gradually dispersed. 

The electron images obtain(*d by Benjamin and Jenkins for clean 
metallic surfaces were similar to those obtained by Mtiller, and a furth<*r 
attempt to explain the intensity distribution was made. The Miller 
indices corresponding to several crystal directions for which the field 
emission intensity was .suppre.ssed were determined and the electron 
w’avelengths and energies which would give first order refl(‘ctions for 
these directions w'cre calculated. Second and higher order reflections 
would require electrons of sliorter wavelengths and high(*r energies. 
Table I summarizes their results. The Fermi energy for the conduction 
electrons in tungsten has been determined^® for two cas('s. If it is 
assumed that there is only one conduction electron per atom, the value 
is 5.8 ev; if tw o electrons per atom, it is 9.2 ev. For nickel, assuming two 
electrons per atom, it is 11.7 ev. Only for the (110) direction for tungsten 
and for the (111) direction for nickel are electrons of the correct, order of 

Table I 


NoncmittinR First OrdfT Koflortioii 
Cry.stal Structure Directions I01(‘ctron Energy 


Body-centered cubic 110 7 48 <‘v 

200 13 98 

(molybdenum and tungsten) 211 22 44 

310 37 40 


Face-centered cubic 111 9 06 

200 12 08 

220 24 16 

311 33 22 


(nickel and copper) 
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erwrgies avullahle for total internal reflection. This approach failed to 
explain the observed emission images. Nevertheless the correlation 
between the symmetry of the emission pattern and the known crystal 
symmetry was apparent. 

Muller’s experiments were continued by Ilaefer’^ who used a trans¬ 
mission type electron microscope to study the size and form of his crystal 
specimen. He summarized liis observ^ations as follows: 

(1) The surface of an etched tungsten point is not necessarily smooth 
but may consist of a collection of microcrystalline points. 

(2) The surface roughness on an etched tungsten point may be 
removed by heating to 2400°K for thirty minutes. Even after this 
treatment, however, tiny crystal outcrops with radii of the order of 0.1 
micron may remain on the smoothed surface. 

(3) Final surface polishing to remove the liny outcrops may be 
carried out by using the surface as a field emitter. Most of the emission 
will occur from these outcrops around which a high field intensity will 
develop. By drawing large (‘mission currents from these centers they 
become h(‘at(Ml until in tin* molten state th(\v flow* smoothly over the 
surrounding surface. 

(4) The radius of curvature of a crystal point may be reduced by 
bombarding it with argon ions. An ion curremt of 10“^ ampere in argon 
at a pressure of 10“^ mm Jig is us(‘ful for this purpose. 

Ilaefer observed the migration of barium, })()tassium, and cesium 
atoms over tungst(‘n crystal surfaces and later determined the work 
functions of surfaces completely and partially covered, by substituting 
his experimental vahu's of a{)plied field, emission current, and emitting 
area into the Fowler-Nordheim image field corre(‘ted ext)ression for field 
emission.'* The fi(4d emission microscope permitted the determination 
of the true emitting area in tluvse measurements and enhanced the value 

Tvbi.e II 


Applied Work 

(’uthodo Surfaco (’ondition Potential Function 

('loan tiinK‘'t<'n point o 2 kv t o ov 

Small quantity of hanuin, 

(almost all surface emittmg) 4 80 4 31 

Kmission only from disrivtc pati'lic*^ of Imrium as more is 
deposited 3 S2 to 1 K 3 26 to 1 87 

Barium now 1\ mg on M<le of surface remote from source 1 55 1 67 

(''ompact barium layer witIi some crystallites: 2 3 2 45 

Kvai>oration of the barium from the point gave 14 1 63 

for the optimum thieknessS conditions 
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of the results. Work functions for thick layers of adsorbed alkali metal 
ions and optimum values for thin layers were thus obtained, as sum¬ 
marized in Table II. 

The adsorption, migration, and evaporation of barium, thorium, and 
sodium on molybdenum and tungsten were studied by Benjamin and 
Jenkins using the field emission microscope and a number of photographs 
were pu))lishe(B^ but no de^tailed analysis of the results was presented. 

The alkali and alkaline earth metals have received most attention in 
the form of adsorbed layers on molybdenum and tungsten because they 
are fairly simple materials for the vacuum technician to hai.vlle More 
recent ol^servations made by the author on the behavior of C(»pper atoms 
on tungsten are discussed in Sections I\\ \ and TV, 5. 

The foregoing account must serve as an introduction t(' the subject 
while the most recent work is considered in more d('tail in Sections III 
and I\' which deal with the emis.sion from clean Mirfaces and from 
adsorbed layers. 

Ill. Fihi.i) liMrssiox FROM C'l.hw Mftmj.K' SriiF\(’i:s 

Very little has been published concerning detailed observations of the 
pure field emission from clean metallic surfaces, (’lean tungsten has 
been studied by MiTll(*r,Benjamin and Jenkins,^** and the author 
(1947, unpublished). Molylxh^num,’*^ nickel,’’ ’*^ and copper” have also 
received attention, Init the results are doul)tful on account of the difficul¬ 
ties of removing adsor))ed contaminations. 

It is established that tlie field emission intensities for a given ajiplied 
field are difTerent for different crystal faces of a clean metallic surface. 
This suggests that difTerent faces have different work functions, and in 
fact photoelectric‘^ and thermionic** (‘mission m(‘asurein(uits seem to 
(confirm this. A number of hypoth(*ses proposed to explain these results 
will be briefly discusscxl; 

(1) Smoluchow’ski^* suggested that the surface work function might 
be the sum of one contribution due to the bulk of crystal Ixmeath the 
surface—a volume (‘ffect—and another due to the ('fT(‘ctivc double layer 
at the surface (see W'igner and Ifardeen^^}. From the crystal lattice sur¬ 
face structure he determined the differences to be expected between the 
w^ork functions of different crystal faces. The surface contribution was 
found by distributing the positive charge of each ion throughout its 
appropriate atomic cell while the negative charge of the conduction 
electrons was spread uniformly throughout the whole lattice. The 
resultant charge was then zero within the crystal. At the surface the 
boundary of the conduction electron cloud was smoothed out while 
the positive charge distribution remained unsmoothed. In this way the 
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resultant crystal surface became divided into regions of different charges. 
For a simple cubic lattice some crystal faces, such as the cubic face (100), 
would have a dipole layer with the negative charge outside the surface^ 
others, such as the rhombic dodecahedral face (110), would have the 
positive outside the surface. To develop these ideas further and obtain 
numerical results, Smoluchowski made some simplifying assumptions. 
The calculated values of work functions did not agree with those obtained 
by Nichols* by the thermionic method although the values for the 
(100), (110), (111), and (112) faces had the same sequence of decreasing 
magnitude. 

(2) Muller^^ and Benjamin and Jenkins^* considered the possibility 
that the anisotropic Fermi surface inside the crystal could lead to different 
work functions for different crystal directions. The conditions for 
electron transmission through the crystal have already been discussed in 
terms of Bragg\s law in Section II, 2 where it was shown that impossibly 
high values for the energy of the conduction electron were required to 
explain the observations. 

(3) The theory proposed by Stranski and Suhrmann** to account for 
the apparently different uork functions for different crystal faces sug¬ 
gested that one or more of three factors could be responsible. These 
were the specific surface energy, the separation ^^ork^^ of the loosest 
surface component, and the shortest distance bet\Neen adjacent surface 
components. Their results did not agree with Nichols’ observations * 

(4) A recent qualitative theory by the author considers the field 
emission intensity differences between crystal faces in terms of the 
atomic structure of the surface. Two factors may determine the relative 
field emission intensities from particular faces, the relative number of 
emitting centers and the magnitude of the local field intensity in the 
neighborhood of these centers. The qualitative analysis of a field 
emission image for a “built-up” clean tungsten microcrystal surface 
(Fig. 3a) in terms of a crystal surface diagram (Fig. 36)* permits the 
faces to be listed in the order of increasing emission intensity as showm in 
Table III. 

Table III 

a h c d e f g h i j k 

(Oil) (112) (001) (113) (013) (111) (012) (116) (023) (122) (233) 

Assuming the crystal specimen in question to have a pseudospherical 
surface (produced by etching), it is purely a matter of spherical trig- 

* There is a unique correlation between the stereoscopic projection of the crystal 
axes (Fig. 36) and the observed emission pattern. The central dark (nonemitting) 
spot of Fig. 3a IS identified as arising from the (110) crystal face by the particular 
symmetry of the surrounding emission pattern. 
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onometry to construct a model whose faces correspond to crystal faces. 
The size of each face is determined by the limitation that not more than 
one surface atom of the next layer shall he enclosed within the true 
sphere. On this basis an approximate correlation is obtained between 
the relative sizes of faces and of their observed emission images. 

A detailed knowledge of the crystal structure in the neighborhood of 
the metal surface can l)e obtained geometrically if one assumes that the 
(Tvstal structure of the body of the metal p(‘rsists without moditication 




Fkj. 4. Sections throuRh typical body-centered cubic crystal faces; (a) the (012) 
face and (6) the (113) face, 

right up to surface. I^lach crystal face will then have its own character¬ 
istic structure as shown, for example, in the profile views of the (012) and 
(113) faces for a body-centered cubic crystal (Fig. 4). Each face con¬ 
sists of a characteristic hill and valley structure. Some faces are rougher 
in this sense than others, and the atoms are packed together in different 
degrees of closeness for different faces. If we consider only those atoms 
which are situated in the surface, we may distinguish between two 
extreme types, those w hich are situated deepest in the valleys and those 
which occupy the most exposed sites in the hilltops. Some idea of the 
relative numbers of neighbors of different orders which are associated 
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with atoms in these two types of site for several faces of a body-centered 
cubic crystal are given in Table IV. For a particular site there will be: 
Hi nearest neighbor atoms 
fh next-nearest neighbors 
Hs next-next-nearest neighbors 
Tii next-next-next-nearest neighbors 
The distances between atom centers for these different orders ot neigh¬ 
borliness for a i)()(ly-centered cubic crystal with a lattice constant of a A, 
are ri, r 2 , rs. and r 4 respectively, where 

Ti — a \/3/2; r 2 = a 
Tz - a v^2; = a \fT\ 2 

Stranski and Suhrmann^^ suggested that the relative emission intensities 
from different crystal faces might be correlated with the relative surface 
site binding energies This could be so if the site binding energy can be 
considered to give a measure of the binding energy of the conduction 
electrons in the surface which contribute to the local emission. The site 
binding energy will be a iunction ot the numbers ot the various neighbors 
as listed in Table* I\ llow(‘ver, this consideration alone cannot account 
for the relative order of emission intensities listeel in Talile III 


T VBl K IV 
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Not€. Tht' crystal fticcs are arranged from top to bottom in order of increasing emission intensity. 
\I1 atoms uithin the crystal have the following neighbors: 

ni 8, nt — 6, ni — 12, n« — 24 


Twt) other factors which can influence the emission will be discussed: 
(1) the population density of the emitting sites and (2) the local field 
intensity 




FlbLD KMISSION MlCKOSCOP\ 


15 


(1) The electron emission from a cr}^stal surface must arise from the 
individual emitting sites, distributed uniformly or randomly over that 
surface. In the case of a clean crystal face we may assume that the 
distribution of these sites is uniform and a function of the repeating 
pattern of the surface structure. It follows that some faces will have a 
greater emission site population densit}*^ than the rest and, other things 
being equal, those faces will yield relatively gn*;iter emission intensities. 
The population densities for sites in a number of faces are given in 
Table IV. 

(2) Field emission is a function of the surface field intensitv which is 
influenced by the radius of curvature of the surface. It is f‘'‘isible to 
assume that the field intensities in the vicinity of surface projections of 
atomic dimensions will be sensitive to small dilTereiices in effective radii 
of curvature. From our knowledge of the surface structure it is possible 
to describe an emission site in terms of the shar])es^ surface j)rojocting 
angle w’hich occurs at that site. The approxinuit(‘ minimum angles 
subtended by the rows of atoms which meed at edges or corn(»rs in the 
surface (sec Fig. 4) are given in Table 1\'. 

The principal crystal faces are listed in Table I\’ in order of increasing 
emission intensity for a clean tungsten surface. Neitlnu- the relative site 
binding energies as indicated by the numbers of neighbors nor the rela¬ 
tive numbers of sites p(‘r unit area have any direct correlation with the 
relative order of emission intensities. The ordcu* of d(H*r(‘asing minimum 
hill angle, however, follows the order of increasing emis.sion intensity. 
More w'ork is re(piired to establish the relative importance of the various 
factors cited abov(‘ in determining tlie relative emis.sion intensities, but 
it is clear that the sharpness of tlie projections which form an integral 
part of some crystal face structures is one influencing factor. These 
structural corners and edges are the centers of high .surface field intensi¬ 
ties and the origin of preferential electron emi.ssion. 

Although the above discussion is confined to the ndative field emission 
intensities from different crystal faces, the relative values of apparent 
work function for tliese faces may be considererl in the same terms. 
Faces for which the emis.sion intensities are found to lie sinall may be 
considered to have high w ork functions and vic(‘ versa. It is natural to 
ask whether the lists of work functions (or emission intensities), arranged 
in order of decreasing magnitude for the different faces, are the same, 
regardless of the emission proce.ss involved. Actually the thermionic 
emission experiments of Martin*^ and Nichols* suggest orders different 
from those oliserved by field emission. It may well be that the true or 
intrinsic work function of all faces of a given crystal surface is the same 
but that the differences in measured values (or observed emission intensi- 
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ties) are due to different disturbance factors introduced by the circum¬ 
stances of measurement. In the case of field emission, the electrons are 
predominantly influenced by the local high surface field intensities; in 
thermionic emission the local fields may not be as important as the fact 
that the surface structure itself is in a thermally excited state, whereas in 
photoelectric and secondary emission, the relative ease with which the 
incident radiations or electrons can penetrate the crystal faces may be 
important. 

At the present time we can only speculate in the absence of adequate 
experimental evidence. For results to be of any value the exj)eriments 
must be carried out on absolutely clean surfacc^s, and one cannot be sure 
that all published work is reliable in this res])ect. 

I\'. FiioLi) Emission from Contaminated Surfv(’es 
/. Expcrimihtal R( nulls 

Hoth thermionic and field emission experiments have provided evi¬ 
dence of nonuniforni adsorption of foreign atoms over the surfaces of 
metallic crystals. The relevant r(‘sults obtained by projection tube 
studies for tungsten and molybdenum surfaces ar(‘ presented in Table 
and are discussed in this s(M*tion. A detaih'd discussion ol entry (15) in 
this table appears in Section IV, 4. 

Th(onti('(il Asp(('ts of Surfewt Adsorption 

Early thet)r(4ical work on the j)roi)ertitss of metallic crystal surfaces 
treated thi* surface as a plane bounding a region oi imilormly distril)uted 
negative and positive* charges. .Vlthough the structure ot tlie crystal 
was known, the surface structure* was neglecte'd. Adsorbenl layers were 
tr('ate*el as if they consisted of patches e)f ionize*d atoms or polarized 
me)le*cul(*s, but their eletaile*d structure was not considered. Flausiiile 
hypotheses were presenteil to explain experimental results, and many of 
the most impeirtant of tht*se have benm collectcHl by de Hoer.-^ More 
ree*eutlv% thermionic and field emission experiments by a number of 
workers cited in Table \\ and, in particular, measurements of adsorp¬ 
tion coefficients by Roberts and others^^ have suggested that surface 
properties can only be described in terms of the crystal structure of the 
surface. Furthermore, the assumption that contaminations are adsorbed 
in the ionic form was based on the inconclusive evidence that when con¬ 
taminated surfaces are heated to high temperature, positive ions are 
emitted. From considerations of atomic and ionic sizes and packing 
retjuirements for close fitting between adsorbed layers ami adsorbent 
structures, Stranski and Suhrmann-® have deduced that cesium and 
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barium are preferentially adsorbed on certain tungsten faces, as observed 
experimentally [see Table V (3), (5), (6), and (8)] and that such adsorption 
can only occur if these contaminants are atomic. Field emission micros¬ 
copy can contribute useful information on adsorption processes, and 
some examples are cited in the next section. 

3, Factors Influencing Adsorption Processes 

The factors which may influence foreign atom adsorption processes 
on clean metals are: 

(1) The specific surface energy of the particular crystal face which 
will influence the degree of binding between the surface and adsorbed 
atoms. 

(2) Whether the adsorbed layer of atoms is coherent or incoherent. 

(3) The nature of the binding forces between the adsorbed atoms 
among themselves and between adsorbed atoms and the surface atoms. 

(4) The relative sizes of the adsorbate atoms and those of the 
adsorbent. 

(5) The crystal surface structure of the adsorbent. 

At a given temperature an adsorbing surface can only accjuire a 
coherent film of foreign atoms by condensation from the vapor phase if 
the vapor pressure is greater than a certain value—the saturation pres¬ 
sure. This may be consider(‘d in another way. The adsor})ed film will 
not be coherent if its temperature is such that its constituent atoms can 
acquire energy greater than the sum of the binding energies (a) between 
the adsorbed atom and its like neighbors and {b) between the adsorbed 
atom and its neighbors in the adsorbent surface. For (6) to be impor¬ 
tant it may be that the adsorbed atom shoidd come into the closest 
'^contact/’ with the adsorbent lattice. 

It is usually assumed that adsorbent .surfaces having high specific 
surface energies can most firmly adsorb foreign atoms. This is true, 
however, only if the adsorbed atoms have approximately the same cross 
section as the adsorbent surface atoms. If the foreign atoms have a 
larger cross section and the number of their adsorbent atom neighbors is 
important for binding then the binding energy may be greatest for 
adsorption on surfaces of low specific surface energies since on such sur¬ 
faces the numl)er of ads()rl)ent atom neighbors may be large. 

The first criterion for preferential adsorption is that the adsorbed 
foreign atom layer shall fit stnicturally to the adsorbent surface with the 
minimum of lattice strain. The greater the strain the more readily the 
adsorbed atoms may be evaporated from the surface. A complete 
analysis of the possible fits which might occur between adsorbent and 
adsorbate lattices is difficult, but it is relatively straightforward to deter- 
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mine whether or not foreign atoms are likely to form a coherent layer on a 
particular tungsten crystal face. 

Let us consider the (001) face of the body-centered cubic tungsten 
with lattice parameter o = 3.10 A and tungsten atom diameter d = 2.74 
A. Figure 5 illustrates a number of possible ways in which adsorbeil 
atoms can form a coherent layer on the tungsten (001) face. The surface 
structure of the tungsten is shown in each case as a (juadratic network of 
tungsten atoms, represented by thin line circles. The adsorbed atoms, 
represented by thick circles, are shown in each case to fit in repeating 

Table VI 


(a) Parameters and Diameters for Adsorption on Tungsten {0(U) and {Oil) 
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22 


F. ASHWORTH 


array into the tungsten pattern. Figures 5a and d show two possible 
adsorbed coherent films with the same lattice parameter as tungsten, the 
former having body-centered cubic structure, the latter having a face- 
centered cubic structure. Other possible fitting structures are shown in 




Ficj.rKi. ~ 2.74 A; 

film. 



Kiii. W). a' = 4.47 A; d(b\ = 3.82 A; 
}).(*.(•. film. 



Fi<J. iV. n' (i.S2 \ ~ 5 IS A; 

h.v.c. film. 



Fi<i. 5(<. ri' = 3.1H k: (/{/) = 2.23 k: 
f.c.o, film. 


Fi(). o. Adsorbed film^ on tungsten crystal (001) faces. 

Only certain a<l.sorbed atoms (thick-line circles) can form coherent layers on a 
tungsten (001) surface, shown here as a quadratic network of tungsten atoms (thin- 
line circles). Only discrete values of adsorbed film lattice parameter («') and atomic 
diameter [(i(6) or (i(/)l are allowed (see Table \T«) and these are functions of the 
tungsten lattice parameter (see Table VIO. Some films have body-centered cubic 
structure, others are face-<*entered cubic. 


Figs. and g and the corresponding lattice parameters and atomic 

diameters are summarized in Table Via. It is seen that for each possible 
value of lattice parameter of the adsorbed lattice there are both body- 
centered cubic and face-<*entered cubic structures distinguished only by 
their atomic diameters. 
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Figure 6 illustrates three possible adsorbed layer formations on the 
(Oil) tungsten face. The adsorbed films have body-centered cubic struc¬ 
tures in (a) and (b) and a face-centered cubic structure in (c). The values 
of lattice parameters and atomic diameters for coherent adsorption on 
the (Oil) face are given in Table Via. 



Fkj. Of. a' = 4.17 A; (/(/) = A, 
f.r.c. film. 



Fn.. 5/. a’ = 6.32 A; <l(f) - 4.47 A; 
f.c.c. film. 



Fit.. 5. (Coiitinurd.) 


Figure 7 shows possible adsorbed layer formations on the (111) 
tungsten face, body-centered cubic structure in (n) and two face-cen¬ 
tered cubic in (h) and (r). The appropriate values for parameters and 
diameters are given in Table \'l/>. 

General expressions for the values of the crystal parameters and 
atomic diameters of the b.c.c. and f.c.c. foreign materials for coherent 
adsorption to occur on the (001), (Oil), and (111) faces of any body- 
centered cubic lattice are given in Table VII (p. 21). 
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Ficj. ()</. a' = i. 17 A. (1(b) = 3.82 A; film. 



Fkj. Or. «' = 3.10 A. ti{f^ = 2.23 A. f.c.c. film. 


Fuj. 0. Ailsorlunl filin'^ <m tunjjston rrystiil (Oil) faces. 

Only certain aOsorheil atoms (thick-line circles) can form coherent layers on a 
tung9t<*n (Oil) surface (thin-hne circles). Only discrete vahie.s of adsorbed film 
lattice parameter (a') and atomic diameter [d{b) and d(/)) are allowed (see Table VIo) 
and these are functions of the tungsten lattice parameter (see Table VII). Some 
fUms have bodv-centered cubic structure, others are face-centered cubic. 
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It is of interest to consider the lattice parameters and atomic diam¬ 
eters of those elements which have received attention as adsorbates in 
the thermionic and field emission observations listed in Table V and to 
seek confirmatory evidence for the information contained in Tables VI 




Vni.7b. a' = :Mr»A,f/(/) = 2.23 A. Fi<.. 7r n' = ILtif) A; </f/; =* 2.57 A; 
f (•.('. film. f.c.c. film. 

Fir.. 7. Adsorbed films on tungsten crystal (111) faces. 

Ordy certain adsorbed atoms (thick-line circles) can form coherent layers on a 
tungsten (111) surface (thin-line circles) Only discrete values of adsorbed film 
lattice jiarameter («') and atomic diameter \<i(b) and d(f)\ are allowed (see Table VI6) 
and these are functions of the tungsten lattice parameter (sc‘e Table VII). Some 
films have body-centered cu!)ic structure, others are face-centered cubic. 


iind \TI. The lattice parameters and atomic diameters of tungsten and 
molybdenum differ by less than 1 so that they may be considered 
together as one type of adsorbent. The lattice parameters and atomic 
diameters of these adsorbates may be compared with the values required 
for adsorption according to Table VI and the results are .summarized in 
Table VIII. 
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Tablk VIII 





Possible 

()b.served 


Foreign 

Lattice 

Atomic 

Adsorption 

.Adsorption 

Reference 

Atoms 

Fomstant* 

Diameter* 

(from Table VI) 

(from Table V) 

Table V 

Ilarium 

:> 02 

4 2 

Not on (001) 

.Not on (001) 

(3), (4), (5) 

(b.c.c.) 



(011) or (111) 

(Oil) or (111) 


(Vsium 

0 2 

5 4 

Adsorption on 

.Adsorption on 

(6), (7), (8) 

(h.e.r.) 

(0 32) 

(/) 4S) 

(001); (011) <fe 

(001); (011) & 





(111) 

(111) 


Thorium 

fj 0 

3 0 

Not on (001) 

Not on (001) 

(9) & (10) 

(f.c.c.) 



(Oil) or (111) 

(011) or (111) 


iSodium 

4 24 

3 72 

.Adsorption on 

.Adsorption on 

(11), (12), 

(h.C.C.) 

(4 47) 

(3 S2) 

(001) & (Oil) 

(tK)l) 

(13) 




Not on (111) 

Not on (Oil) or 






(111) 


('opper 

3 0 

2 rA 

Adsorption on 

Adsorption on 

(15); see also 

(f.c.c.) 

(3 f>r>) 

(2 r>7) 

(111) 

(111) 

IV, 4 


Not on (001) Not on ((H) 1) 

or (Oil) or (Oil) 


* Tiattico and atomic dmmpters in i)aronthe»OH are tht‘ valtjon roquirpd theoretically 

(TiihlfH VI and V'll) for udsorption to occur. 

Tuhle \’I1I shows tlint the f(‘w experimental results so far ohtjiiruMl 
p;enerally confirm th(‘ hypothesis. Individual cases retpiire individual 
treatment. It is possible, for example, to explain the observation that 
sodium was adsorbt'd on the (001) face of tungsten, although it was not 
found on (Oil), s(*e Table V, (12) and (13), and although the conditions 
for adsorption according to Tables VI and VTI are identical. It must 
be remembertHl that 'Fables VI and VII only consider how one structure 
geonudrically fits another. Physically this is but one contribution and 
other factors may l)e eciually impcniant in determining whether a given 
adsor!)a(e is in <*(|uilibrium on an adsorbemt surface under stated condi¬ 
tions of temperature and adsorbate vapor pressure. .V second contribu¬ 
tion is the binding eiungy between the adsorbent and adsorbate. The 
relative magnitude's of binding energies, for adsorbate atoms on the 
various adsorbent crystal faces, is determined by their relative numbers 
of adsorbent atom neighbors. .sodium atom on a tungsten (001) face 
(Fig. iyh) will experience the attractive influence of four near tungsten 
neighbours, while a sodium atom on a tungsten (011) face (Fig. 6rt) will 
have only one or two near neighbors depending upon its preci.se .situation. 
It follows that the sodium atom and the .sodium lattice are less tightly 
bound to the (011) face than to the ((K)l) face and we ma\^ conclude that 
there is a greater probability for adsorption on the latter as observed 
experimentally. 
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4 . Pifld Emission Studies of the Adsorption of Copper on Tungsten 

As an example of the type of field emission study whieh is possible 
with the field emission mieroscope, the adsorption of eopper atoms on a 
clean tungsten surface'-' ixill he described and illustrated in detail. The 
construction of the microscope is .shown in Fig. 8. The fluorescent 
screen covers the larger part of the inner wall of a .spherical bulb in which 
is mounted the emittinjt specimen. This consi.sts of a suitably prepared 
tuuKsten wire point spot weldeil to a hairpin heatiuK filament. The bulb 



Fkj H, T1i(‘ field i*mission riiieio^cope used iii preparing; Paud lOhliowiim the 
fluorescent 'icieen anode and a tunjjsten emitter mountCfl on the Iiealiiij; filament. 
Tlie eoiiper .Miuree is contained in the left-hand tube, and the tube to be inimersed in 
htpiid air is on the ri^ht. 

carries a connecti 11 ^ 2 ; tul)(‘ for its (‘vat nation, u side tube which is immersed 
in li(piid air and a sidt* tube* confaininj!; a source of tht‘ adsorbent mat(‘rial 
— in this case a cot)p(*r-coat(Ml tunji^sten filament. 

Briefly, the proc(*dure i> as follows: 

(1) Kvacuate and fiake out the apparatus including de^assinjr the 
copper-coated tunjusten and the tungsten emitting i)oint and filament.* 

(2) Immerse the side tube in liqui<l air. 

(3) Clean the tungsten point by heating to 30(K)®K for a few seconds. 

(4) Apply several kilovolts between anode (fluor(‘scent screen) and 
emitter and observe fluorescent image for clean tungsten crystal. (If the 

* (lood vacuum technique is an es.sential part of this work A general account is 
given by Dushman*® and experimental fiotail.s have been published by Anderson and 
Nottingham.®® 
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image is not a symmetrical pattern it can often be improved by bombard¬ 
ing the emitting point with argon ions by applying an accelerating poten¬ 
tial between point and screen with the bulb filled with argon at 10~® cm 
pressure.) 






(tt) KmiHHion for S kv applied, from a “built-up” cloan tuu|i;sl(ui surfaco j)ro(lu(*(Hl 
by tla.shing at 3000"K with 3w applied l)Ctu(‘Cii point and screen. 

(h) (/opper atoms directed from source strike the underside of the emitter and on 
arrival produce s[)ots of emission on screen. The emission from the umlerlying 
tungsten surface is suppressed, 7 kv applied. 

(c) After one hour at room temptTature. 7 kv applied. 

(fi) After heating to 900°K for fifteen minutes. 7.5 kv api)lied. 

(c) After heating to lOOO^'K for five minutes. (>.5 kv applied. 

(/) After heating to 1000”K for three minutes. 7.5 kv applied. 

Fui. 0. The deposition of copper atoms on clean tungsten, their migration, dis¬ 
tribution and hnal removal as ilhistrate<l by field emission microscopy. Diameter of 
emitting point approximately 10 ‘ cm. Diameter of fluorc'seent scream 10 cm. 
V^icuum bettcM* than 10 " cm Hg. 

(5) Deposit copper atoms from source on to the tungsten crystal 
surftu'e uiul ohst'rve the emission image. 

(()) Modify the distribution of copper over the surface by heating 
the tungsten. This either accelerates migration of the copper, or par¬ 
tially or completely evaporates it from the surface. The effects of 
different temperatures may be studied. 

(7) By flashing the tungsten at 3000°K all the copi>er may be evapo¬ 
rated, leaving the clean tungsten surface. 
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The results of such an experiment are illustrated m Tig. 9. The first 
photograph (a) shows the fluorescent image of the clean tungsten surface* 
whose (Oil) axis is normal to the central nonemitting region which is the 
corresponding (Oil) face. Chopper atoms were directed from the source 



(ff) After hcntiiiK 900"K for sewen iiiiTuitcs Probably partial monatomio layer 
of copper. 8 k\ applied. 

(/i) Saiiu* comlitioiih as {ffi but (»nly (> k\ applied. 

({) Aft(T }K‘ati!ij>; to 12()0'’K for ten .secoinls. 8 k\ applaal. 

After beating to 120()”K for ten si'cond.s. 8 kv a]>i)lied. 

(/>') .\ft(*r heating? to 120()^K for five minutes. Only traces of eiippiT left on (111) 
and (122' fae<\s. 8 kN aj)j»lied. 

(/) After flash at 3000" K with kv applied, leaving “built-up” clean tungsten 
pattern. 8 kv applnal. 

Fio. P. iC (ml mu id.) 

to strike the underside of tin* emitter and (b) shows emission from the 
copper atoms deposited on flic* Io\\(*r half of the rnicrocrystal with the 
und(*rlving tungsten surface ol)scur(»d. Although the* tungstem surface 
was at room temperature, the scintillating emission (listrihution shows 


* Actually the image shown is that for tungsten ch‘aned liy flashing at about 
3000°K with a potential field applied at the .surface. While at this temperature 
adsorbed impurities volatilize; the field causing migration of surface tungsten atoms 
them.selves. This migration accentuates surface edges, sliarpening the definition of 
crystal face boundaries. This type of image has been termed tlie “built-up” pattern 
by Benjamin and Jenkins. 
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the adsorbed copper atoms to be in a state of energetic migration, settling 
from a randomly deposited cluster of atoms to a more stable structure. 
Photographs (6) and (c) illustrate stages in the room temperature migra¬ 
tion process. This migration and .settling process could be accelerated 
by raising the surface temperature. The rate of fluctuation of scintilla¬ 
tion of the image was taken as an indication of migration rate and was 
appreciable even at room temperature. 

The redistribution process was accelerated by heating the specimen 
to 9()0®K, and the change is illustrated in (d). At a later stage during 
heating, all the copper crystallites except two or three in the vicinity of 
the (100) boundary were lost by evaporation (r). The reappearance of 
the symmetrical image associated with the underlying tungsten structure 
was observes! in the background and became more ap])arent after further 
heating (/). 

The eeiuilibrium condition at 9(M)°K is shown in (g). The emission 
arises principally from a firmly bound film of coppe'r adsorbed preferen¬ 
tially on certain tungsten crystal faces. This film could only be dis¬ 
turbed by raising the temperature to 12()0°K when it was evaporated 
progressively from the (113), (IHi), and (013) faces. The 

copper on the (111) and (122) faces remained at 120()°K (A) and was only 
evaporated at about 3000°K (1) when the original clean tungsten emission 
image reappeared. 

We have already considered in Section 1\\ 3 the necessary conditions 
for coherent adsorption in terms ot structural fits between the adsorbent 
surface and the adsorbate lattice, and in the case of cop])er on tungsten 
it was found that on these terms strong adsorption should be possible on 
the tungsten (111) faces but not on the (001) and (Oil) faces The 
experimental observations ilescribed above are in agreement with these 
conclusions. Further work is reciuired along these lines to establish 
whether similar agreements exi.st for adsorption or nonadsorption on the 
more complex faces. 

o. Field Fniission Studies of More Complex Surface Processes 

W(* hav<* described how the field emission microscope* may be* used 
to study the adsorption proces.ses in which atoms of one element con¬ 
dense on crystal faces of another element. More complex proces.ses 
such as the slow o.xidation of a thin metallic film adsorbed on a tungsten 
surface may be investigated by the same technique, but unfortunately 
the interpretation of the results is extremely difficult. The problem 
reduces to the analysis of a two-dimensional observation to describe a 
three-dimensional process and has no precise solution. 

As an example of this, the results of studying the slow' oxidation of a 
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copper film adsorbed on a clean tungsten surface*^ are illustrated in 
Fig. 10. The field emission microscope described in Section 4 was 
used, and the rate of oxidation of the copper film was retarded by working 
in a vacuum of cm Hg (see Section V). A technique for preparing 
the clean copper film was developed from tlie experience gained in the 
work described in Section I\', 4. The resultant film was confined to 
particular faces of the tungsten surface and only a few atoms thick. As 
was shown previously (F'ig. 9), a film thicker than this does not retain 
the .structure of the intimately adsorbed layers but tends to grow cry¬ 
stallites resulting in complex emission images. The limited thickness of 
the film and the fact that it is localized on certain tung.stei, faces arc 
limitations of the techni(|ue. 

A tung.sten point s})ecimen was prepannl witli its (011> crystallo- 
gra})hic dinudion in tin* axis of the win* and its surface* was com])lctely 
out gassed by the* proe*e*ss (i(*se*ribeMl in See*tion I\’, 4. 'f'he* pres.sure in the 
system whie'h had b(*e*n previously flooel(‘el with oxyc<*n, was 10 e*m Hg, 
which me'ant tliat in t(*n Tninute»s a e*l(*aiu‘d metal surfae*e wenilel be*ce)me 
seriously ce)ntaminate(l with aeise)rbe*d e>xyge*n (see SeM'tiem V). A 
te*e*hnieiue was deve*lop(*d for prejiaring the* e*e»pp('r film e)n e*leaneel tung- 
ste*n in less than e)ne minute* in emler to avoid se*rious e)xielatie)n. The 
e*oppe*i‘ was then slowly i)xidizeei by ael.se)rption at re)e)m temperature. 
After an eejuilibrium e'ondition hael been (\stal)lishe‘d, the temperature e)f 
the spe*cimen was raise*d .stage* by .stage*, anel the re*sultant cluinges in the 
emi.ssiejn image*s were re*ce)rded e)n 35-mm film fre)m which the phe)te>- 
gra])hs in Fig. 10 are* taken. 

The erni.s.sion image from the* e*Ie*ane'd “built-up” tungste*!! surfaea* (a) 
e*le).sely rese*mble*el that analyze*el in Secfie)n Ilf. Hy maintaining the 
temperature e)f the cleaneel tungste*n surface at abemt 10(K)°K during the 
def)e)sitie)n of the copper film, (he re»eiuireel ad.seirbed layer cemlel be 
epiie-kly prepared as she)wn in (h). The pre)gre*.s.sive changes in the image 
as the copper aelsorbed oxyge*n are illu.strated in (c) to (/). The eMpiilib- 
rium condition for the oxygen-ceipper .structure* at room temp(*rature was 
re*ache'd after about twe*lve* minute*s (g). No further moelifie*atioii 
occurred during the next thre*e minute*s. Jn this condition the* e*mi.s.sion 
occurs principally fre)m the (012) fae*e and the* face boundarif*s and e*dges 
of (122), (233), and (111). The (023), (110), (013), (113), (fK)l), (112), 
and (011) faces do not emit. The pre.sence e)f an e)xygen-rich structure 
on these faces may account for the reduced emi.ssion. 

By heating the specimen first to 700°K and then to 900®K for ten 
seconds each [(h) and (i)] the relative emissiem intensities from the 
regions surrounding the (111) face and from the (111) face itself were 
enhanced. The initial concentration of copper on these surfaces was 
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high, as shown in (b), and it would appear that the enhanced emission 
was from the copper atoms which have migrated to the surface of the 
copper-oxygen lattice through the oxygen-rich structure. 

Further heating at 900° K resulted in some loss of copper from the 
(111) face and the surrounding regions and a migration of copper to the 



(a) lOmishioii, for S.o kv from :i chilli tiingsti‘n s\irf{ic(* j)r(‘- 

piirod hy fhishiTi)]; iit 3000" K witli 3 kv appli<Ml ImMuccu point ami scroen, 

(h) (’oppcr film dcpoMtcd from vapor phase* wliilr tunnston surface* was main- 
taim'd at 1000"K. S kv 

{<’) Aft(*r <*\posun* to oxygon at 10 cm 11^ pn*ssur(* for two minutes. ()\yp(*n 
has h<*en adsorlx'd hy the cop[)er film. 10 kv. 

(d) Mmi.ssion modified afte'r further two minutes 10 k\ 

U’) Aft«'r flirt her two mmut<*s 10 kv. 

(/) .\fte'r furtlier two minute's. O.o kv. 

Kkj. 10. .\ comple*\ adseirption pre)ce*ss. The oxidation of a copper film on a 

ch*an tuuK'^te'n siihstrate* I)iame'te*r of e*mittm>5 peiint approximately lO'** cm 
Oiame*ter e)f fluon*sce*nt scre*e*n 10 e*m Vacuum 10 e*m lip. 

surface ()V(*r the (100) fjice and surrounding regit)ns (J). The “built-up” 
image of (A) confirms this. Further observations suggest that the copper 
migrates to the surface at various places at different temi)eratures, 
although no details of the processes can be deduced on account of the 
complexity of the surfac’O structure both in content and geometry, .\fter 
heating to 25(X)®K, however, emission is still intense from the (111) face 
and surrounding regions (A*), which suggests the presence of copper on 
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these faces. This observation is conhrmed f)y the results illustrated in 
Fig. 9kj which shows that some copper is firmly f)ound to these faces 
even at 1200°K and possibly higher. Heating to 30(K)°K removes both 
copper and oxygen, leaving (he clean tungsten (/). 

The observations dcscnlied above show in a (pialitative way the 
changes in the emission detail due to changes in the structure and content 
of the oxygen-copper film tormed on the tungstcMi substrate. The 


'JSr 





i"-V 

X 


m m 

► i>» • 


■H- 


(ff) Aft<*r furttjcr t\No imnut<*s 0 kv 

\h) After heating to 700''K for ten seconds lanission i*nhanced around (111) 
faces 0 5 kv. 

(?) After heating to for ten seconds 0 5 k\. 

(j) After heating to 9{K)^K for ten seconds 9 5 k\ . 

(A ) After flashing at 2000“K 0 k\ 

(/) \ft(‘r flashing at 300()°K \Mth 3 kv applied “Huilt-up" clean tungsten 
linage <1 k\ 


Fi(, 10. {(%mtmu(d » 

possibilities of this type of field emission study are obviously seriously 
limited by its failure to provide information relating to the third 
dimension. 

V The Field Emission Microscope as a High-Vacuum Gage 

Electron emis.sion images of clean metallic surfaces have been dis¬ 
cussed in Section III, and in particular the image from a tungsten surface 
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was described. Since the atomic structure of the surface of the specimen 
cannot })e determined in any detail before it is introduced into the micro¬ 
scope system, on account of its size, the type of emission image obtained 
is not predictable. Different images observed vary from wholly unin¬ 
telligible distributions of bright and dark patches to perfect patterns 
whose symmetry may be directly related to the body-centered cubic 
structure for the tungsten lattice. 

When the surface of a tungsten microcrystalline specimen is thor¬ 
oughly cleansed of adsorbed foreign atoms by heating it to 3000°K in a 
vacuum better than 10“^^ mm Ilg, the intensity distribution of the emis¬ 
sion image is found to change over a period of some seconds or minutes. 
The original sharp image from the clean surface becomes blurred, and the 
intensity distribution is modified by the random appearance of small 
relatively brightly emitting spots, while the general emission intensity 
slowly diminishes. It is necessary to increase the anode potential to 
maintain the original intensity. The phenomenon may be repeated 
at will and is in fact the simplest type of field emission microscope 
observation. 

If a known gas pressun^ in th(* range 10“to K)-*” mm Ilg, is intro¬ 
duced into the microscope and the time is taken for the image to be com¬ 
pletely modified to a new’ equilibrium pattern noted, then a pressure ten 
times greater will be found to take one-tenth of the time to reach the 
same e(iuilibrium condition. Such observations are in accord with the 
predictions of the kinetic theory of gases, (las atoms or molecules will 
be readily adsorbed by a previously cleaned metal surface. The rate at 
which this contamination occurs will be determined by the rate at wdiich 
the gas particles strike the .surface in their random flight which in terms 
of the kinetic theory is proportional to the gas pres.«ure. Table IX is 
derived for oxygen and .shows for a range of gas pr(\s.sures the number of 
gas particles striking each scpiare centimeter of a surface every second, 
the number striking a typical target area of 10 ^ cm scjuare every second, 
and the tinu* taken for the target to become completely covered with 
adsorb(*d partich's, as.suming that each one striking the .surface finds a 
site available for adsorption and sticks. .Vctually .some atoms or mole¬ 
cules will collide elastically with the surface and escape ad.sorption, and a 
correction factor is recpiired. This correction will depend on the nature 
of the gas jiarticles and of the adsorbent surfaces and a number of other 
factors. It need not concern us here sin<*e only relative orders of mag¬ 
nitude are of intere.st. 

The field emis.sion image from an initially clean tungsten surface, for 
example, is modified by the adsorption of gas particles, and the time 
taken for a particular degree of modification or surface contamination 
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Table IX 


Niiiuhor of Impacts Time Taken for (las 


(Jas Pressure* 

Xuniber of Iiupaets 

inin Jig 

pc*r s(| cm per .sec 

10 ® 

4 X 10'^ 

io-« 

4 X 10‘4 

10-7 

4 X 10‘’ 

io-« 

4 X 10>2 

10“» 

4 X 10‘* 

10-10 

4 X 10'» 

10-” 

4 X 10“ 


Typical Targ(*t 

Particles to Fove*r 

(10 si| cm) 

('om 

pletely the 

per sec 

Target .\rea 

4 X lO' 

0 00 second 

4 X 10< 

0 

0 second 

4 X 10‘ 

(> 

seconds 

4 X 10» 

1 

minute 

40 

10 

mitiutes 

4 

100 

mmutf's 

< 1 

1000 

minute.s 


to occur is inversely proportional to the residual jjias pressure. It 
follows that the field emission microscoj)e can itself hi used as a sensitive 
high-vacuum gage with a useful range from 10 ^ n*ni to 10 ” mm Hg. 
In spite of the immediately apparent possibilities, its only jiractical use is 
found in the field emission observations themselves. 

It is worth noting in passing that most surface emission and adsorption 
e.xperiments today rely for their high-vacuum measurements on this type 
of phenomenological observation. In measuring work functions of 
clean metals, tor example, it is essential to work i/t vacua better than 
10"^“ mm llg. This may be checked by observing th(* changing work 
function of the surface after its initial cleaning until an eciuilibrium value 
is reached. The time taken gives an ordm* of tlu' d(‘gree of high vacuum 
obtaining. 

VI. Thk Rksolvi.nc; Powek of the Fiklu Kmission Mk kosc’opk 

/. Observations on Indiridnaldas Atoms and Molendcs 

Occasionally an etched specimen jiroduces an emission image which 
consists of large dark areas with a few brightly emitting regions randomly 
distribut(Hl around them. Such an image may arise from an extremely 
small specimen having relatively large flat faces surrounded randomly 
by sharp edges and corners. In the same way as that already d(‘scribed 
for the observations on symmetrical patterns in Section V, the rate of 
random arrival of relatively bright spots on the dark areas of the image 
are found to be pressure dependent. Frequently with this type of image 
the spot? are much larger than those scintillations discussed in Section V 
arising from greater magnification, and their behavior can be follow^ed in 
greater detail.*^ Single spots appear initially after the surface has been 
cleaned, but after a fraction of a second or more, they split into two 
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halves which remain close together, usually rotating about each other 
for a similar period before either disappearing completely or splitting into 
two quite separate spots which move off independently and at random 
over the image. Ultimately as the surface becomes more and more 
contaminated, these processes become less obvious. 

These observations can be explained by assuming that the spots 
which appear initially are oxygen molecules which are subsequently dis¬ 
sociated into their constituent atoms. These atoms are loosely adsorbed 
in adjacent sites on the tungsten lattice, and at room tenoperature there 
is considerable probability that interchange of positions can occur, result¬ 
ing in an apparent rotation of the two spots about each other. The two 
individual atoms can become completely dissociated and move randomly 
and rapidly over the non-emitting surface to be lost either in the bright 
(‘mission from an erlg(‘ or corner or by evaporation from the surface. This 
motion corresponds to the mobility of oxygen atoms across close-packed 
tungsten lattice* fac(‘s at room t(‘mperature. This behavior is recognized 
as similar to that which has beem described by Roberts and others-’^ as a 
(l(‘duction from me^asurements of the adsorption of oxygen molecuh's on 
tungstem surface's. 

The ('viel(*nc(* in the abe)ve e)bservatie)ns is inconclusive but further 
(*xp(‘rim(*nts may be carried end in which, eluring baking, the whe»le 
vacuum system is fie)oele(l with gas(‘s other than oxygen. Uydre)gen and 
arge)n have l)e'en used.-^ The* ele*gr(*c e)f vacuum obtairu'el before and 
after the flooeling proce*ss should be e)f the oreler e)f 10~^‘’ mm Hg. The 
results with hydre)gen are founel to be similar to the)se already described 
fe)r e)xyg(‘n, but fe)r arge)n no splitting e)f the* bright spots is observed. 
This provieh's further evid(*nce that the splitting which emly en'curs for 
the eliate)mie’ molecule's is the elissociation e)f the me)le*e*ule into its con¬ 
stituent atoms. 

The'se* phene)mena e*an be e)bserved emly w hen tlu'y e)e*cur em ate)mically 
flat crystal face's whiedi ele) ne)t tlu'mselves emit ele'e*trems when subjected 
to the ne)rmal i)ote*ntial lie'lels use'd in this w’e)rk (several kilovolts betweem 
crystal anel se-ive'ii). Tliis sugge'.sts that when a single atom or molee'ule 
lands on this type e)f surface, the sme)e)th cemtemr and its associated 
poteidial tit'ld are elisturbe'el, anel e'lectrems can be emitteel j)referentially 
from the region surre)uneling the elisturbance. 

The phe)tograph in Fig. 11 is a rece)rei e)f a typical observation showing 
the emissie)n from the neighborhoe)el of a partially disse)ciated oxygen 
molecule momentarily e>ccupying two adjacent sites on a tungsten crystal 
face. The phe)tograph is one e)f a series of 300 random expe)sures ot 0.5 
second duration using 35-mm film. This procedure was necessary on 
account e>f the continuous appearance, movement, and disappearance of 
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the image spots. The other emission spots in the photograph are due 
to other atoms or undissociated molecules, while the larger bright patches 
are due to emission from edges and corners on the otherwise flat surface. 

In order to distinguish between the two oxygen atoms occupying 
adjacent sites on the tungsten face, the resolving power of the microscope 
must be of the order of the separation of nearest neighbor tungsten atoms 



Fu. 11 IMiotoj^iJipb of the produml hv the* fiold oiiussiori from the 

\ K’lnitv of an o\vj?on njol(‘culo (contor) adsoihod on a tuiiKsloii siirfa(M‘ 

in the lattice, 2.74 A. The next section considers whether this is theo¬ 
retically feasible. 

2. Theoretical Af^pects of liesolving Power 

In attempting to calculate the resolving power of the field emission 
microscope, the problem may be approached from tw^o angles. The 
emitted electron beam may be treated either as a stream of particles 
obeying mechanical laws or as waves radiating from the source analogous 
to light waves emitted from and diffracted at an aperture. We shall 
confine the discus.sioii to the case in which two atoms are adsorbeb in 
adjacent sites on an otherw i.se .smooth tungsten surface, their centers 2.74 
A apart. 

a. Particle Electrons. If, in Fig. 12, r and R are the radii of curvature 
of the specimen and the fluore.scent screen respectively, V the potential 
between them, Vt the electron .surface kinetic energy in volts, and Ut and 
Ur the electron velocity components tangential and normal to the 
emitting surface, then, from particle mechanics. 


\m • = c • r and \m ' ui^ = e • Vt 


(5) 
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The radius of the image circle of confusion is determined by the motion 
of the electrons in the direction normal to the common radius during 
their flight from emitter to screen. The electrons take KIur seconds to 
reach the screen, and the resultant radius of con¬ 
fusion will be Hi • R/uh centimeters, giving a 
fluorescent spot diameter from eq. 5 of 

D=^21i^y;iV (6) 

and a resolving power of 

(i = I)>M (7) 

where M is the magnification of the system. 

In Fig. 13 are plotted values of !) for \\ be¬ 
tween 0.01 and 1000 ev and for F between 10 and 
.■)0,000 <»v for a bulb radius of o cm. (\)rrespon<l- 
ing valiK's of d are incliid(*(l for magnifications 
from 10^ to 10^ 'Fo determine the appropriate 
values of I) and d for the cas(‘ of two oxygen atoms 
occupying adjacent sites on a tungsten face, it is necessary to determine 
the most likely value of r<, the electron surface tangential (mergy. This 
is a function of the thermal energy and that resulting from any distortion 
of th(* i)otential field in th(‘ lUMghborhood of the surface disturbance (an 
adsorbed atom or molecule). The thermal contribution at room tem¬ 
perature is kT = 0.02.') ev. The fi(*ld distortion contribution according 
to Hichter-* is 

( • r' • R • sill' e (8) 

where r' = the radius of the surface disturbance, 

K = tlie field intensity in the vicinity of this disturbance, 

6 = the angle betwe(‘n the normal to the surface and the direction 
of the distorted field in the vicinity of the disturbance. 

To detertnine the order ot magnitude of this field contribution we must 
consider a specific case. If emission occurs from the vicinity of a single 
atom or mole(‘ule ot say, 2 A elTective radius, tlien neglecting disturbing 
efTects it will produce an undistorted image of radius 2 mm for a system 
with magnification HF. With this magnification rectilinear emission 
from a tungsten crystal specimen of 5 X 1()~^ cm radius or 40 tungsten 
atoms diameter, will completely fill the screen of radius o cm. A poten¬ 
tial of 20 kv between specimen and screen produces a field intensity at 
the surface of 4 X 10*” volts per centimeter. From normal experience a 
field of 10*” volts per centimeter would appear to be somewhat disruptive. 
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It is possible that space charge effects near the emitting surface could 
modify this value to say 10® volts per centimeter in the case under con¬ 
sideration. We may assume a value of 15® for 6 as a possible angular 
distortion of the field direction in the neighborhood of the adsorbed 
atom. Substituting these values in expression (8) the contribution to 
the electron energy normal to the common radius due to th(‘ surface field 
distortion is found to be of the order of 10 ev. C'ompared with this, the 
thermal contribution may be neglected. Substituting \\ = 10 ev; 



Fig. 13. The n'.solviiiR power of the held emission mieroseopt* in terinn of tlie 
anode voltage, the geometrieal inagni heat ion of the system and the eloetron surface 
tangential energy. Lines on the graph labeled 11 (10'), etc., are. the Heisenberg 
limiting values of n*solving power for the ajipheable magniheation indicated in 
parentheses. 

r = 2 X 10^ and h = 5 cm, into expression (0) we obtain I) = 2.2 mm 
(s(‘e also Fig. 13); and from expre.ssion (7), a r(*solving power of 2.2 A. 

h. Wave Electrons. Henjamin and Jenkins^^ have calculated the 
resolving power of their emission microscope in terms of the. diffraction 
of the electron waves as they emc»rge from an imaginary surface aperture, 
the diameter of this aperture being the resolving power. Hy direct 
analogy with the optical case, the diameter of the spot image due to 
diffraction is given by 1.22X7^/d where X is the de Broglie wavelength of 
the electron, E is the radius of the screen, and d is the diameter of the 
aperture. 
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The ratio of intensities of successive diffraction rings is of the order 
of 20:If and it is feasible to consider only the central bright diffuse spot 
since the circles around it are not easily detected. By combining the 
expressions for linear magnification and electron diffraction, an expres¬ 
sion for the total image spot size is obtained. 

I) = + (d/r)\ (9) 

for which D is a minimum when (P = Xr. 

This may be applied to the specific case of two oxygen atoms occupy¬ 
ing adjacent sites on the tungsten lattice, when the applied potential is 
20 kv, corresponding to a de Broglie wavelength of 10 ^ cm and the 
radius of the specimen is 3 X 10 ^ cm. The minimum value of d and 
the resolving power is 2.2 A, and the diameter of the image spot is 4.4 
mm. 

r. The Ilcinenbcrg Lirrntiny liemlutioti. According to the Heisenberg 
uncertainty principle, the limiting resolving power ot a system is eipiiva¬ 
lent to half the de Broglie electron wavelength. As already shown in 
Section VI, 2a, the electron lateral energy is of the order of 10 ev, corn*- 
sponding to an electron wavelength of about 4 A. The Heisenberg 
limiting resolution is therefore 2 A. Heisenberg limits are plotted for 
other conditions in Fig 13. 


d. Couclmiofifi 

It has been shown in Sections M, 2a, VI, 26, and \T, 2r that 
theoretically the resolving power of the system discu.ssed in Section \T, 1 
may be as good as 2.2 A, As stated earlier, in order to distinguish 
between the emission images from the vicinities of two oxygen atoms 
adsorbed on tungsten, the resolving power would have to be better than 
2.74 A. This has been shown to be possible by using a sufficiently small 
emitting surface and a high accelerating potential. It should be noted 
that only twice in the course of a year’s experiments were conditions 
favorable for the observation of images of the type illustrated in Fig. 11, 
and since the preparation of specimen surfaces as small as 5 X 10"^ cm 
radius is purely a matter of chance, the method cannot readily be made 
available for general use. 

From the practical point of view cathode points of radius 10~^ cm 
are more easily prepared and although the corresponding resolving power 
is not so good, Muller has recently show'ii®^ that it is good enough to 
enable the general structure of fairly large molecules to be studied. 
With such a point he has obtained a magnification of nearly 3 X 10* 
and a resolving power of 7.7 A for images of copper phthalocyanine 
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molecules which resemble in appearance the structure chemically assigned 
to them (Fig. 14). 



a. 


h 

Fkj. 14. id) Tlu' stru(‘tur<‘ of tlio cojipcr phtliiilocyjimiM* molocuir (^jiccoriliiin to 
H. r. Linst(*a(l) and (/>) the field (‘mission iniaK(‘‘'> of a miinhei of tlu'sc' moh'culcs on a 
tungsten surface, showing tin* (piadrupartite detail. fHy permission of Dr. K. W. 

.Miiller.*3) 


A (’ K.\ ()\\ LKDtiMK.\TS 

Some of the results described in Sections IV, V, and VI, W(‘r(‘ obtained by th(‘ 
author at the Univ(‘rsity of Bristol whih* on I(‘ave of alisenec* from Metropolitan- 
Vickers (1945 7). In this couiieetion In* i.s greatly indebted to Dr. J. W. Mitelndl who 
proposed the work, and to Dr. B. W. Sillars for his eneouragenn nt. Ih' apprc'ciatoH 
also the assistance afforded by his wife in the pn‘parntion of illustrations for this 
review. 

Finally, the author wishes to thank Sir Arthur P. .M. Fleming, ('.B.I‘b, D.Kng., 
Director aud Mr. B. Ci. Churcher, M.Se., M.I.IO.K., Manager of the* Heseareli D(‘part- 
ment. Metropolitan-Vickers Electrical C'o., Ltd., for permission to jniblish this 
article. 

BEFEHEXCES 

1. Thermionic Experiments: 

Briiche, E., and Johannsen, H. Z. Physik\ 84 , 50 (1933). 

Johnson, B. P., and Shockley, W. Phys. Pev.j 49 , 430 (1930). 

Yerzley, F. L. Phys. Rev., 60, 610 (1930). 

Johnson, B. P. ./. Applied Phys., 9 , 508 (1938). 

Martin, S. T. Phys. Rev., 66, 947 (1939). 

Xichols, M. H. Phys. Rev., 67, 297 (1940). 

2. Photoelectric Experiments: 

Pohl, J. Z. tech. Physik, 16, 579 (1934). 

Mahl, H., and Pohl, J. Z. tech. Physik, 16, 219 (1935). 

Brtiche, E. Z. Physik, 98 , 77 (1935). 

3. Herring, C., and Xichols, M. H. Revs. Mod. Phys., 21, 185 (1949) 

4. Johnson, U. P., and Shockley, W. Phys. Rev., 49 , 430 (1936). 

5. Schmidt, R. W. Z. Physik, 120, 69 (1942). 


42 


F. ASHWORTH 


6. BrUche, E., and Mahl, H. Z. tech. Physik, 16, 623 (1935); 17, 81 (1936). 

7. Abeam, A. J., and Becker, J. A. Phys. Rev.j 49, 879 (1936). 

8. Nichols, M. H. Phys. Rev., 67, 297 (1940). 

9. Robinson, (\ S. J. Applied Phys., 13, 647 (1942). 

10. Johnson, R. P., White, A. B., and Nelson, R. B. Rev. Sri. Instruments, 9, 253 
(1938). 

11. Muller, K. VV. Physik. Z., 37, 838 (1936); Z. tech. Physik, 17, 412 (1936); Z. 
Physik, 102. 734 (1936); 106, 132, 541 (1937). 

12. Muller, E. W. Z. Physik, 108, 668 (1938). 

13. Martin, S. T. Phys. Rev., 66 , 947 (1939). 

14. Muller, E. W. Naturwissenschifieu, 27, 820 (1939); Z. Physik, 40, 261 (1943). 

15. Benjamin, M., and Jenkins, R. O. Pror. Roy. Soc., A176, 262 (1940). 

16. Manning, M. F., and (’hodorow, M. I. Phys. Rev., 66, 787 (1939). 

17. Haefer, H. H. Z. Physik, 116, 604 (1940); Z. Krist., 104, 1 (1942). 

18. Nordheim, L. W. Proc. Roy. Sor. (Londojt), A121, 626 (1928). 

19. Benjamin, M., and Jenkins, R. (). Proc Roy. Sor. (London), A180, 22.5 (1942). 

20. Mendenhall, K., and DeVoe, ('. F. Phys. Rev., 61, 346 (1937). 

21. Smoluehowski, R. Phys. Rev., %0, (1941). 

22. Wigner, E., and Bard(‘(‘n, J. Phys. Rev., 48, 84 (193.5). 

23. Stranski, 1. N., and Suhrinann, B. F.l..\.T. Report No. 1030 (13.1.47). 

24. de Bo(*r, J. II. Electron Emission and Adsorption Ph(‘noinena. ( ambridKe, 
193.5. 

2.5. Rolx'rts, J. K. Some Problems in Adsorption, ('ambridge, 1939. 

Mill(‘r, A. H. Adsorption of (lases on Soluls. (’ambridge, 1949. 

26. Stranski, 1. N., and Suhrinann, R. F.I.A.T. Report No. 1031 (14/2/47). 

27. Ashworth, F. Ph. I), tlu'sis, lUiiversity of Bristol, 1948. 

28. Richter, (i. Z. Physik, 119, 406 (1942). 

29. Dushnian, S. Scientific Foundations of Vacuum Technicpie, John Wiley Sons, 
1949. 

30. Andenson, P. A. Rev. Sri. Instruments, 8, 493 (1937); Phys. Rev., 64, 7,53 (1938); 
Phys. Rev., 67, 122 (1940), 

Nottingham, VV. B. ./. .Xpplied Phys., 8, 762 (1937); Phys. Rev., 66, 203 (1939). 

31. Muller, E. VV'. Xaturwissensrhafteu, 37, 333 (1950). 



Velocity Modulated Tubes 


R. R. WARNECKK,* M. CHODOROW.t P. R. GUlSNARl),* and 

E. L. GINZTONt 

CONTENTS 


Page 

I. Introduction. 43 

II. The Basic Forms of the Klystron 4*5 

III. Theory of the Klystron.. 50 

1. Introduction. 50 

2. Focusing and Beam Formation 52 

3. Theory of Gap Interaction 53 

4. Space Charge Effects 58 

5. Theory of Large Signal h]ffects ... t)2 

6. Theory of ("omplex Bunching Systems 04 

IV. Klystron Amplifiers... 00 

1. Low-Noise Amplifiers .. 07 

2. l^w-Power Amplifiers 07 

3. Power Amplifiers 09 

V. Reflex Klystrons.. 71 

VI. Summary 78 

References 81 


1. Inthodiktion 

Velocity modulation tubes, now known as klystrons, were invented 
about ten years ago. Because of the war and subsequent important 
peacetime applications, much intensive research and development has 
taken place. The various recent improvements in design and perform¬ 
ance have been due to th(* advanced stage of the theory and to the under¬ 
standing of the many related electronic phenomena. While* some novel 
variations of the basic forms of klystrons can still be expected, these will 
no doubt fall into the class of ''design improvements.” It is not very 
likely that any more basic inventions can be made. Much of the basic 
research has now been published by the various groups of inv(*stigators. 
It is felt that it is now possible to assess the general usefulness of these 
devices, to review and discuss the various design features, and to present 
a fairly comprehensive theory which describes the various fundamental 
processes. 

It is the purpose of this chapter to fulfil the above need and to empha¬ 
size the results which are important, especially those which may not be 
* Laboratories de Recherches de la Compagnic G<^n6rale de T.S.F., Paris, France, 
t Stanford University, Stanford, California. 

43 





44 R. R. WARNECKE, M. CHODOROW, P. R. GUENARD, AND E. L. GINZTON 


well known. The authors have attempted to draw upon all information 
available to them; however, since the literature in this field is already 
abundant, the reader is often referred to articles and books of general 
character rather than to the original papers; this has been done on the 
assumption that the reader will not be a specialist. An interested reader 
will find greater details (in most cases) presented in the textbooks listed 
in the References. 

Velocity modulation tubes were invented as a result of the need to 
exploit for various practical purposes that part of the radio spectrum 
situated between and 100 cm in w^avelength. In order to make this 
part of the spectrum really useful, one had to invent and develop all the 
usual types of devices: high-power transmitters, including oscillators and 
amplifiers; receiving-type amplifiers; local oscillators for superheterodyne 
service; frequency multipliers; electron-coupled oscillators; tubes which 
could be lK)th easily modulated and tubes whose frequency stability 
was satisfactory; and many other special devices. It so happens that 
the velocity modulation principle made it practical to solve these various 
recpiirements (luite w(‘ll. Although some of these can also be met with 
other types of tubes, in many cases the klystron is either the only avail¬ 
able device or the most convenient one. 

'I'he development of the velocity modulation tubes was not brought 
about by anv discoveries of revolutionary principles. It was based on 
the inevitable conclusions from the systematic study of the electron 
inertia efT('cts which were readily apparent in the existing tubes. The 
rapid development of resonant cavity structures, which were almost 
immediately incorporated into the klystron tubes, also was a gradual 
evolution of the usual circuits. 

The practical deveU)pment of klystrons was greatly accelerated by a 
series of papers publisluMl in a brief interval of time. The description of 
cavity re.sonators by Hansen (11139)^ ®*'^ of the klystron structures com¬ 
bining Han.s(*n’s resonators with the principle of velocity modulation by 
Varian and Varian (1939)/ and the basic theory by Webster (1939),-*'’'’ 
Hahn and Metcalf (1939)^‘ and Hahn (1939)’“ were the main disclosures 
which were followed by a great activity during the w'ar and detailed 
developments, both in theory and practice. 

Similar devices were tleveloped in .several countries isolated by the 
war. Subsetpient papers described physical structures w'hich were 
nearly identical. That this should be so in spite of the wartime isolation 
is not too surprising; the papers of Hansen, the Varians, el al. w'ere 
suffi<*iently complete and revealing that further developments follow’ed 
automatically in spite of lack of further exchange of information between 
the various laboratories. 
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During the war and after, much work has been done on development 
of the theory. At the present time, there are not many specific subjects 
that require further study. The status of the theory will be described 
below in Section III. 

II. The Basic Forms of the Klystron 

The simplest form of the klystron is the two-cavity amplifier, first 
described in its complete form by Varian and Varian (1939). It is 
shown in simplified form in Fig. 1. The cathode acts as a source of 
electrons: between the cathode and the first cavity there is a d-c accelerat¬ 
ing field, which, with the aid of a suitable focusing system, produces a 
beam of electrons which passes through two (or moie) resonant cavities. 



Across the input (buncher) gap, a time-varying electric field is produced 
by introducing some radio-frequ(*ncy energy into the resonant cavity 
(by means not shown in Fig. 1). This time-varying potential is nor¬ 
mally small compared with the cathode-anode voltage, and the changes 
in velocity of electrons arc therefore small. At this gap there is usually 
little evidence of density modulation. 

In the next region, commonly called th(* drift or bunching space, 
there are no time-varying applied fields, although there may be d-c fields, 
cither accelerating or retarding. Because of the non-uniform velocity of 
electrons in this space, the well-known bunching action takes place and 
results in grouping of electrons, thus producing density modulation at 
the output gap. The resultant radio-frequency current passing through 
the output gap is rich in harmonics, as shown in Table I. The output 
cavdty can usually be made to have a large Q and can select any desired 
harmonic of the buncher frequency. 
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Table I. Maximum amplitude of nth harmonic of the fundamental that can be 
obtained at the output gap —values of current in per cent of fundamental 

component 


Harmonic 

1 

2 


10 

20 


Per Cent 
Fundamental 
Harmonic 
100 
83 
64 
52 
42 


The usual construction of klystrons corresponds to a figure of revolu¬ 
tion about axis .1- 4 in Fig. 1. This results in a simple structure, easily 
designed and constructed. Other structures are possilde as, for example, 
the cavities can be built in the form of reentrant waveguides by extending 
Fig. 1 in the direction perpendicular to the plane of the paper. Other 
geometries are possible by generating figures of revolution about axes 
such as f'-C or IJ-/). These modifications make it possible to 

increase the area of the cathode and other parts and to increase the 
power handling capacity of such systems in comparison with the simplest 
structure. Up to the present, very little has been made of any structure 
but the simplest, i.e., figure of revolution about axis A-A. 

Depending upon the specific desired result, the number and type of 
caviti(\s will differ. Some of these structures are shown schematically 
in Fig. 2 and are described below. 

n. Two Cavity Amplifier. This is the simplest of all klystrons, from 
the viewpoint of theory and design. The efficiency of a power amplifier 
of this type is about and power gain is approximately 10 db. 

Because it is more complex than the reflex tube (see / below), and because 
its power gain and efficiency are not as good as the three-cavity tube, 
it is not so useful as other members of the klystron family. 

/>. Cascade Amplifier. A klystron with three (or more) cavities is 
called a cascade* amplifier for obvious reasons. A cascade amplifier, 
when properly designed anil adjusted, can have much higher power gain 
than that of the two-cavity klystron. Power gain of 30-40 db are 
common. 

The cascade bunching is somewhat different from the process occur¬ 
ring in the simple klystron. The combined effect of the first two cavities 
can make the velocity grouping better. While the elementary (Webster) 
theory predicts an efficiency of 58^', the two-buncher sj’stem increases 
this up to 80^'i. While the ab.solute value of these numbers is not 
significant (see Section III, O), the relative improvement is found to be 
correct. 
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If the cascade amplifier is adjusted so that it operates as a high- 
efficiency device, its amplification will be only moderately better than the 
two-cavity klystron. If operated at high amplification, its efficiency 
will approximate that of the two-cavity klystron. 

A few unsuccessful efforts have been made to construct cascade 
amplifiers for preamplifier service in receivers. Although an amplifica¬ 
tion of 00 db can be obtained easily, noise figures lower than 25 db (above 
ideal) have not been reached. With constantly improving knowledge of 
noise mechanisms in high-frequency structures, it is believed that 
appreciably better performance can now be obtained (see Section 

IV, 1). 

c. Frequency Multiplicrs. As can be seen from "J'ai)le 1, the current 
content of the bunched beam is high, even at very high order harmonics. 
With the high Q resonant cavities, there is no difficulty in separating the 
harmonics. Frecjuency multiplication of 10:1 is found in commercially 
available tubes, h^xperimental tubes with multiplication of 20*1 and 
higher have been built. 

Because of paramount importance of the various effects which are of 
only second order in the ordinary klystron, it is found that the operation 
of frequency multipliers is not nearly as (‘fficient as Table 1 predicts. 
Practical tubes with 10:1 multiplication do not have efficiencies above 
V(. Xery little effort has been devoted to this particular type of kly¬ 
stron in the past, and it is not known what degree of improvem(*nt can ho 
expected in efficiency in the future. 

On the other hand, frecjnency multipliers (at low efficiency) operate 
satisfactorily and reliably. They can be used as crystal-controlled 
local oscillators and when followed by a cascade amplifier permit con¬ 
struction of simple crystal-controlled transmitters. 

d. Cascade Frequency Multipbers. Shown in Fig. 2d is a three-cavity 
klystron, the first two of which form an amplifier and the third, a har¬ 
monic output cavity for freciuency multiplier use. X'arious combinations 
of cavities can be used for a number of practical purposes. It is found 
that the use of an intermediate cavity can improve the conversion effi¬ 
ciency by a large factor. 

e. Two-Cavity Oscillator. By coupling some of the output from the 
second cavity to the first, a two-cavity amplifier can be converted into an 
oscillator. This was the original klystron oscillator and was used for 
various purposes until recently. 

The two-cavity klystron oscillator can be frequency modulated by 
changing the accelerator voltage. For small changes in voltage, the 
modulation is linear, making the klystron a convenient device for such 
service as f-m transmitter, f-m radar, etc. The modulation power 
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required is not high, but is much higher than that required by the reflex 
klystron. 

A typical efficiency of a modern oscillator is the same as of the ampli¬ 
fier, i.e., about 30%. 

/. Electron-Coupled Oscillator. This klystron, sometimes known as 
the buffer type/' is shown in Fig. '2f. It consists of a two-cavity 
klystron oscillator, and a third cavity immediately adjacent to the 
second. Since there is no drift space between the second and third cavi¬ 
ties, the third cavity extracts the power from the beam as if it were the 
second. The useful load is connected to the third cavity. 


fi f. f f f 
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Fig. 2 Schematic representation of the various types of klystrons. 


This arrangement, in principle, makes the freciuency of oscillation 
entirely indepemlent of load variations. In practice, it is found that the 
isolation is not perfect, owing to electrostatic coupling between the two 
resonators, and because high-speed secondary electrons from the collector 
traverse the tube in the opposite direction. 

However, with proper precautions, a large degree of isolation is 
possible. 

ff. Reflex Klystron. This klystron, shown in Fig. 2g. combines the 
input and output interaction gapis in a single cavity. The electron beam, 
in passing through the cavity, undergoes velocity variations as in a two- 
cavity klystron. The l>eam then piisses into a retarding region, is 
brought to rest in front of a reflector, and returns to the cavity. In the 
process of traversing the retarding region twice, velocity grouping takes 
place, much like that in an ordinary klystron. If the phase of the return¬ 
ing electrons is correct, oscillation can exist. 
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The reflex oscill&tor c&iiiiot be efficient es e two-CEvity klystron 
because the same cavity acts as a buncher and catcher, and the same 
voltage across the gap cannot be simultaneously best for the dual function. 

The relatively low efficiency of the reflex klystron is not important for 
many applications, as for example, local oscillator service in receivers, 
and for low-power transmitters. The tube, having but a single cavity, 
can be tuned easily; the reflector electrode is highly negative, draws no 
current, and can easily vary the frequency oscillation over a range which 
is wide enough for frequency modulation applications. 

The reflex klystron is the only type of klystron that has Ihm'ii manu¬ 
factured in large quantities up to now. It has been made in a large 
variety of styles, methods of tuning, etc., and models are available which 
will cover the entire microwave frequency spectrum. 

In recent years, a number of models have been developed specilically 
for transmitting applications. These are usually narrow-tuning tubes, 
with high-power input and high output. 

h. The Monoiron. A single cavity, with large transit time, such as 
1 ^4 cycles, can be made to oscillate. It has been shown by Hansen‘ that 
such an oscillator can be understood in terms of conventional klystron 
theory. The electrons upon entering the cavity are sul)jected to time- 
varying electrostatic fields which cause velocity modulation. In passing 
through the cavity, v(‘locity grouping takes place, and upon exit, final 
interaction with fields results in a net transfer of energy to the cavity. 

The monotron, in essence, is a two-cavity klystron of the Ileil type 
(see i below) in which the drift tul)e has been left out. The tinu'-varying 
forces which act upon the beam during the bunching time merely modify 
the detailed process. 

Since the cavity is not reentrant, it is larger than that of a conven¬ 
tional klystron and is suitable for high-power operation. Although the 
elementary theory of Hansen has been verified by Alpert,** no successful 
practical tubes have been reported. 

i. The Floating Drift-Tube Klystron. Known in Europe as the Heil 
tube, after Heil’s description, the klystron shown in Fig. 2h can be 
understood in terms of an ordinary klystron. If the fields in the buncher 
and catcher are equal and of opposite phase, then the partition between 
them can be left out without disturbing the fields in the cavity. If the 
drift tube is supported by X/4 support, the action of the klystron is not 
disturbed. 

Tubes of this type have been studied in detail and have been built 
in many different geometrical forms. Some of these can be tuned by 
changing the length of the drift-tube support, and result in wide-range, 
single-control oscillators. 
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The drift tube of such a klystron can be insulated for direct current, 
and the frequency of the klystron can be varied for frequency-modula¬ 
tion purposes by varying this potential. The behavior of this type of 
klystron is analogous to the reflex tube, except that the power-handling 
capacity is much greater. 

j. Klystron Converter. A klystron can be used as a frequency con¬ 
verter in several different ways. None of these proved to be sufficiently 
low noise to be practical in the past, and none has been made commer¬ 
cially. If, however, successful cascade amplifiers are developed for 
receiver use, the high noise level of the converter can be overcome by 
sufficient preamplification. In this evcmt, the simplicity and reliability 
of a klystron type tube may prov(‘ to be of interest to warrant further 
development. 

An example of klystron type frecpiency converter is shown in Fig. 2j. 
The usual arrangement of cavities is follow(‘d by a grid and a collector 
plate, the ensemble forming an electrostatic velocity sorter. The grid is 
connected to the cathode and the plate to the input terminals of an 
intermediate frecpiency amplifier, and thence to ground. The signal 
may be introduced into the first cavity, and the local oscillator into the 
second. Th(* nonlin(*ar action of the velocity sorter ('lements produces 
frequency conv(‘rsion. 

III. Theoh\ of the Kl\stkon 
/. Introduction 

Simultaneously with the invention of the klystron it was possible to 
give a mathematical theory of its behavior which explained most of the 
gross features of its operation.'’ ’*^ Indeed, one was able to get even 
semiciuantitativT results out of this initial theory which can be described 
very simply. 

An electron beam corresponding to a direct current /o and accelerated 
by a voltage I’o pa.sses thn^ugh an infinitely narrow gap across w'hich 
there is a voltage V] sin a?/. After passing through the gap the electron 
velocity is given by 

wdiere e and rn are charge and mass of an electron, respectively. 

For V\ Fo < this is approximately equal to 
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where 

/2eVtY A Vi 

“'“V-jT-j “‘“r. 

As the beam moves along the drift tube the velocity variation will be 
converted into density variation, and the current at any point can be 
calculated from the kinematics of the electrons. The amplitude of 
fundamental component of current at a distance z along the drift tube is 
given by 2/oJi(a:;, where x = {u)Z/Uo){a^/2) and is known as the bunch¬ 
ing parameter. If this current passes through a second resonator with 
shunt impedance /?, a voltage 1% = 2ItJ\{x)R will be produced and the 
power delivered by the bunched beam to the second resonator will be 
Y^I2R, Although this theory does agree fairly well with the experi¬ 
mental results, it is oversimplified and omits many important factors. 
During the past few years a much more nearly complete and realistic 
theory has been developed >\ith results which are in much closer agree¬ 
ment with measured properties of klystrons. This extensive theoretical 
development has been possible because of the favorable geometry of the 
klystron which permits separation of the various processes which occur 
in the tube in a much simpler fashion than in most microwave tubes. 

Briefly, what is required for an adequate understanding of the 
klystron is: 

(1) Theoretical analysis of beam control, i.e., methods of producing 
a high-density electron beam and, by either electrostatic or magnetic 
means, projecting this dense beam down a long, narrow drift tube. 

(2) A theory of the interaction of the electrons with a radio-frequency 
gap which may be finite in extent and may have one of several different 
configurations commonly used in klystrons. What is desired from such a 
theory is the velocity modulation of the electron after leaving the gap, 
the exchange of energy between electrons and resonator (so-called beam 
loading), as well as such miscellaneous effects as resonator detuning and 
radio-frequency focusing of the beam. 

(3) For all multi-resonator klystrons, that is multiplier, amplifiers, 
two-resonator oscillators, etc., it is necessary to know the effect of the 
radio-frequency fields due to space charge on the bunching process in the 
drift tube. There are effects of a different sort due to space charge in the 
reflector region of reflex tubes which are also important. 

(4) A large signal theory which goes beyond the essentially small 
signal theory listed under (2). This is particularly necessary to predict 
the efficiency of the klystron under the conditions of large signals in the 
input gap and very large signals in the output gap. By very large, is 
meant radio-frequency voltages large enough to bring the electrons prac¬ 
tically to rest. 
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(5) A theory of complex bunching systems. By complex bunching 
systems is meant any configuration of cavity or cavities such that the 
resultant modulation and radio-frequency current at the output gap is 
different from that produced by a single, narrow buncher gap. This 
includes the single buncher gap with transit time larger than one cycle. 
As will be shown, the complex bunching systems exhibit characteristics 
which indicate larger efficiencies. 

.\11 th(‘ problems listed here have been investigated extensively by 
analytic or graphical methods, and the results obtained are such that it 
is now possible to predict th(‘ properties of a given klystron design with 
good accura(‘y. In particular, one can predict efficiencies of a power 
amplifier klystron within a f(‘w per cent. It is not possible in the space 
of such a brief article to givT all the details of these theories, but an 
attempt will be mad(‘ to indicate the gon(‘ral procedures and summarize 
the results obtained. 

2. Focu.sing and Beam Formation 

Ek‘ctron beams used in klystrons are of relatively high current density 
as compared to other commonly used beam devices such as the cathode 
ray tubes and electron microscopes. (Consequently, the principal 
problems involved in th(* design of electron guns, focusing structures, 
etc., are concerned not so much with electron optics in the conventional 
sense (i.e., lens(*s and aberrations) but rather with methods of projecting 
and focusing a beam so as to compcuisate for its own space charge forces. 

The principal contribution to electron gun design has been made by 
Pierce.lie showed that it was pos.sible to design a focusing structure 
in an electrolytic tank so that electrons emitted from a spherical cap, a 
cylindrical segment, a plain* disk, or a strip would travel in a straight line 
toward the accelerating anode. l‘]ssentially, his method consists of 
choosing electrode geometry in such a way that the potential conditions 
at the edge* of the electron beam are the same as if the beam were a part 
of the spac(* charge limited electron flow between infinite planes, concen¬ 
tric cyliinlers, or spheres. With this matching of boundary conditions, 
the electrons in a limited beam move rectilinearly. The use of Pierce 
type of cathode structure enables one to produce a convergent beam and 
project it through a small aperture in the accelerating anode. In the 
drift tube such a beam, initially convergent, will reach some minimum 
diameter and then start to spread because of space charge. If the drift 
tube is long enough some of the current will be lost on the w'alls. For 
some types of klystrons and for limited ranges of voltage and current, it is 
possible to use drift tube dimensions so that the beam will get through 
the tube using only electrostatic focusing as described. Also, for many 
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practical geometries positive ions will be formed by electron collisions 
with the residual gas in the tube. These positive ions will form a core 
which neutralizes the electronic space charge and prevents spreading of 
the electron beam. Under some circumstances.’" however, either too 
few of the ions are formed or they are drained out of the drift tube by the 
cathode fields at the entrance aperture, and liMle positive ion neutraliza¬ 
tion occurs. If neither positive ions nor the original electrostatic focusing 
by the gun is sufficient to get the beam through the drift tube, then 
magnetic focusing is recpiired Also, it may happen that even though 
an unmodulated beam can l>e focused without lo.ss through a drift tube, 
modulation will produce radio~fre(|uencv space charge etT(*cts ^sometimes 
known as transverse dehunching) which will r(M;uin* a restraining mag¬ 
netic field to prevent current loss to the walls. \u axial magnetic field 
can be so chosen as to provide radial forces which lounteract the space 
charge forces and prevent spreading of the beam. Tlu' tlH*ory of such 
focusing has been treated in detail by various auth'a ."'■'“and lh(‘design 
of such a focusing field is quite stnightfonvard. 


3, Theory of (i a p In (fraction 

The simple and liighly idealized theory assumes that radio-fre(|uency 
modulation gaps are of zero width corresfionding to Z(*ro transit time of 
the electron. It also assumes plain parallel geometry with no variation 
of the field across the gaj). Obviously this is not true of real gaj)s, wdiich 
may consist of tw'o plane parallel grids a finiti* distanci* apart, or of tw^o 
cylindrical apertures facing each other, or a similar geometrical figuration. 
Typical geometries are shown in Fig. 3. For such gajis one wishes to 
find: (a) the velocity modulation produced by a given radio-frequency 
voltage; (h) the exchange of energy betweiai a dir(‘ct current b(‘am and 
the gap - this is known as the beam loading and may have both a real 
and a reactive component; (o if the current passing thrriugh the gap has a 
radio-frequency component at injection the d(*livery of energy from 
this beam to the circuit connected across tlie gap. For small voltages, 
it is possible to calculate all these approximately l)y analytical means. 
In practice it turns out that the approximation is (juite good for most 
cases except that of a high-efficiency output gap in which the eleidrons 
are brought almost to rest by the radio-freejuency voltage. In such a 
case the approximation of a small voltage is obviously not correct. 

For a general gap the eepiation of motion of the electron in the direc¬ 
tion of its original velocity is 


mz = eE(z,<t>,r) sin w/ 


(3) 
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where z is the coordinate in the direction of motion, and r are conven¬ 
tional polar coordinates in the plane transverse to 2 , and w and i are the 
modulating frequency and the time. 



Kiel. 3. Typical >»;ap coiifi^unitioii.s. {< 1 ) Schematic n'pn'scntation of a Rap; {b} 
two cyhndeTM, or “uridlcas” gap; (r) gap with grids; (d) gap formed hy two linear 
slots facing eacli other; (c) cylindrical gap with slot grids. 


This prohlcMU was first solved hy Petrie, Straehey, and Wallis and 
extended by (Uieiiard-’ ''^^ Feenherg.-'^ In the notation used by the 
first-named autliors, tlie general eeiuation of motion can bo written as 


<PZ 


" (l{ZJi) sin e 


(4) 


where Z, /f, d are normalized distances and times, i.e., —? —• w/, respec¬ 


tively, where //o is tlie velocity of the unmodulated beam, and (i is a 
normalized field given by 


E{ZM) 

E{ZM)dZ 


( 5 ) 


and 


a 



(b) 


lA't ^0 be the time at which an unmoilulated electron would cross the 
center of the gap (Z = 0). Then for small voltages the approximate 
relation between position and time is ^ = 0o + Z. This is the exact 
relation in the absence of radio-frequency fields. Obviously, this 
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introduces a small error in the position of the electron as a function of 
time and» therefore, in the acceleration. However, this does give the 
acceleration and velocity correctly to linear terms in a, the radio-fre¬ 
quency voltage. 

It can be seen from e(j. 4 that a first order correction to the position 
will contribute only a quadratic correction in the acceleration. By 
integrating the simpler ecpiation, one can obtain the first order correction 
to the position of the electron due to the radio-frecpiency voltage. Using 
this first order correction in the position, one can get the velocity of the 
electron at any point in its path correctly to (piadratic terms in the radio- 
fretpiency voltage. These (piadratic terms are used to evaluate the 
energy exchange between beam and the fields in the gap. .\s a result of 
this analysis, the velocity of the electron upon emergence fiom the gap 
is obtained correctly to linear terms in the radio-frecjuency voltage, and 
the energy of the electron on <unergence, correctly to quadratic terms. 
The difference of the average^ energy b<ds\(‘en entiunce and emergence 
determines the transfer of energy Ix'tween the Ixnim and th(‘ gap, i.e., 
the ‘M)eam loading.”’^ 

These results for the principal geom(*tri(‘s of int(*r(‘st can lx* summar¬ 
ized by two parameters. Hiese are: 

(1) A beam coui)ling co(‘ffici(*nt /i which is a multiplicative constant 
representing the nxluctioii in the* \cl(X‘ity modulation produc(‘d by a given 
gap geometry as compared to an infinitt'ly narrow gaj). lupiation 2 
beccjines 

u — «iu 0)^^ (2') 

with a corresponding changi* in the definition of the bun(‘hing parameter 

__ o)Z 
Mn 2 

(2) A beam loading conductance 6'*,, represcaiting the gap loading pro¬ 
duced by the electrons, ddiis conductance multiplied by the radio¬ 
frequency voltage, squared, efjuals the power lost (or gained; from the 
beam. 

For a plane parallel gap of width d (shown in Fig. 3a) neither of these 
parameters will depend on the radius since the field is uniform everywhere 
across the cross section of the gap. For this geometry the beam coupling 

* By an extension of this analysis,it has also been possible to find the detuning 
of the cavity produced by the presence of the electron beam. However, this is not 
of as great interest as the loading. 
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coefficient is 


B = 


. D 
sin 2 


D 


2 


and th(‘ beam ]oadin{» eonduetanee is 


a. 


. D 
1 2 


2 I) 

9 




( 7 ) 


( 8 ) 


where J) = cod///n is the transit angle across the gap and Go = /o/^^o- 
Shown plotted in l^'ig 4 are curves of the beam coupling coefficient and 
beam loading conductance for this case. 



Ki(. 4 . Pom 111 ooupling ooofiioioiit niiil lionin loading ooniiuotaiioo for jilano parallol 
gap goomotry 

For a tjap cousishmj of a pair of opjwscd cylinders of radius a and 
sparing d (Fig 36), the b(*am coupling coefficient depends on the radial 
position of the electron and is given by 

" ua] ■ 

where F — cor Un, .1 — wa lUu and /o(A*) is the modified Bessel function. 
Ba is the beam coupling coeflicient at the edge of the gap and will depend 
on the nature of the field at the edge of the gap. This field, in general, is 
not known. One commonly assumes that the field is either (a) uniform, 
as in plane parallel geometry, or (6) like that between two parallel knife 
edges. In the first case 
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in the s<‘concl 


. n 

sin ~ 



( 10 ) 


( 11 ) 


The true fields probably lie somewhere Ixdween these two extremes. 
Actually, these two alternative values of do not differ greatly. 

The beam loading conductance will depend on the radius of the 
cylinder and the radius of the beam h (assuming a uniform current 
density^ and is given by {B — coh/uo) 

(h AAI,(^)(1 uKB) - I,HB)) 

(h BK\) 

wlune dx is as defiiu'd pn*\ iously. and 

. I) 

2 /> 

4 - -Jj -COS (Id) 



hriB) l{AB) 

I.HA) 


( 12 ) 


or 



(N) 


depending, as previously, on tlie choice of the field at the edge* of the gap. 

For a gap consiatifig of two linear slots faring each other (b ig. 3dj, of 
width 2a and spacing r/, the beam coupling co(‘fficient depends on the 
transverse position Y of the electron and is given by 


where 


= Pa 


cosh )’ 
cosh A 



CJd 

Uo 


(15) 

( 10 ) 


and Pa is the coupling coefficient at the edge. The beam loading con¬ 
ductance will depend on the width of the slots and the width of the 
beam b. It is given by 
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Go 


1 g/ 

4 cosh* A 


A tanh A 





0AyA _A . sinh 2B \ 

4 cosh^ A\ 2B / 


(17) 


where Pa, yA have the same significance as before. 

These equations are sufficient to describe completely the interaction 
of the electron beam with an input yap or a small signal output gap. All 
the ndevant information is contained in these coefficients. The range 
of validity turns out to be (piite large and can be determined approxi¬ 
mately by considering the higher order terms which have been neglected. 

It might be pointed out that all these calculations assume that the 
beams have no transverse compommts of velocity. For all except plane 
parallel gaps there will be transverse field components. ITnless there is a 
restraining magnetic field, these will produce transverse velocities and, 
therefore, a contribution to the electronic beam loading. The latter 
has been calculated by l\‘(‘nberg”** for the geometries described here and 
is, in general, somewhat smaller than the longitudinal term. 

The transverse fields also add another etTect. This is an alternate 
focusing and defocusing of the beam due to the radio-frequency trans¬ 
verse v(‘locity. .\n analysis of this shows that the center of the bunch 
is defocusc'd, \sher(*as th(‘ center of the anti-lninch is focused. Exact 
values have l)(‘(‘n calculat(‘d and can be tak('n into account in any kly¬ 
stron design. 


4. Space Charge KjJeets 

The second problem to be considered is the effect of space charge in 
the drift tube. When a velocity modulated beam enters a drift tube 
and the bunching process starts, the increased density in certain regions 
of the beam produces electrostatic forces which tend to alter the motion 
of the electrons. It is quite obvious that these forces necessarily will be 
such as to oppose concentration of charge, and therefore inhibit the 
bunching process. .\ detailed analysis of these etTects is pos.sible by 
means of the method of space charge vaves first introduced by HahrE- 
and Raino-* and developed further by Feenberg-^ -^ and by Warnecke, 
Gurnard, and their collaborators.-* -^ ''^ In essence, one tries to find 
functions which describe the charge density, voltage distribution, and 
velocity distribution throughout the beam which simultaneously satisfy 
Maxwell’s equations and the equation of motion. In solving these 
equations, it is necessary to make some approximations. In particular, 
one obtains linear equations by omitting certain terms from the exact 
equation. This limits the range of validity of the results. 
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In the exact equations the nonlinear term in the alternating current 
comes from the product of the radio-frequency charge density and the 
radio-frequency velocity. If one assumes that the cross product term is 
small compared with the other two terms in the current, namely the 
product of radio-frequency charge density and direct current velocity 
and of radio-frequency velocity and the direct current charge density, 
then the resulting equations are linear in the amplitudes of field, poten¬ 
tial, current, velocity, displacement, etc. Undtu- these circumstances, 
it is possible to find solutions for these (plantdies for the geometries 
commonly used for drift tubes, i.e., ciiTular (‘vlinders or plain jiarallel 
boundaries, in terms of so-called space charge wav(»s which propagate 
through the beam. The projiagation constants '\ill depend on the direct 
(‘urrent beam velocity, beam density, and drift tube dimensions. For 
either of the geometries, there is an iniinit*' set of such wav(^s having 
ditTerent transverse dependence. For example, in tin* case of a cylindri¬ 
cal geometry, the transverse dependence is that o:' .1 Hess(»l function of 
the radial coordinate. "I'he coefficient of the radius r in th(‘ argunumt of 
the Bessel function is determined by boundary conditions at the cylin¬ 
drical boundary, Tlie.s(* wuv(\s and their ecaresponding fnapiencitss ar(‘ 
closely rc'lated to the plasma oscillation which is eharaeterislie of an 
infiniie plasma and whose fr(*({U(mey depends only on the charge density. 
By the introduction of metal boun(lari(‘s, li()\v(‘\'(‘r, th(‘ simple plasma 
calculation is modifier! and oiu' finds a whole set of modes. 

Kacli of these space charge* wav(*s will satisfy the* boundary conditions 
at the widls. It is then ne(*(*s.sarv to take* suitabh* combinations of 
individual waves to satisfy tlu* boundary conditions at th(* two ends of 
the drift tube. "Jdi(*s(‘ an* usually conditions imposed on fields, initial 
velocity, and on eurr(*iit density. Tsing this basic; ai)proaeh of propagat¬ 
ing space charge waves in the* beam, it has b(*en possible to calculate all 
the space charge effects for a number of geometri(‘s and (‘onditions. 
These include cylindrical and plane parallel drift tubes, infinite and zero 
magnetic fields, grid eouiding, and gap ecjupling at the input to the drift 
tube. 

The calculations are such that they are valid only for a cc*rtain range 
of parameters. First it is assumed that the plasma frequency is much 
less than the modulating frequency. In i)racti(*(;, this is usually satis¬ 
factory. Second, it is nece.ssary that none of the elecdron trajectories 
cross, i.e., that no electrons pass each other ahmg the drift tube. In 
terms of the purely kinematic theory, this corresponds to values of the 
bunching parameter x == nXa less than 1. This is a more serious limita¬ 
tion than the previous one. Strictly si>eaking, this limits the applica¬ 
bility of the theory to this range of operation. Unfortunately, there is 
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no known technique available at present of solving corresponding prob¬ 
lems if the trajectories cross. This is the well-known problem of a multi¬ 
valued stream, i.e., in which the velocity at a given point does not have a 
unique value. There has been little, if any, work done on this problem 
to date. However, the theoretical calculation for nonerossing trajec¬ 
tories is still of considerable importance in evaluating the performance 
of the klystron. It (‘nables one to determine fairly accurately the effects 
of the space' charge for j- < 1 and to ge't some qualitative ideas beyond 
this. 

Qualitatively, the effect of the space charge is to slow up the hunching 
process because of the space charge forces; eventually, if the* drift tube is 
long enough, the bunching will stop, and the relative velocity of the 
electrons is reduced to zero. This will corif'spond to the maximum 
density obtainable in the beam. Heyoixl this point in th(‘ drift tul)e the 
density will decrease. Thus there is an optimum length of drift tube. 

The most important results of the tlu'ory are the determination of 
this optimum length and of the numerical factor by which the current as 
calculated by sim[)le kimunatic theory is modified by the (‘fleets of the 
spac(‘ charge. For a beam with infinite cro.ss section, there ar(‘ only two 
spac(‘ charg(‘ wav(‘s and the modification of the IviiK'inatically calculat(‘d 
(‘iirnmt is obtaim'd simply by replacing tlu* distance* along tin* drift tub(* 
by a factor sin hz h wh(*r(* 


h 



I 


I- in rationaliz(‘d MKS units. 
0 


For an infinite beam, or in practice for a beam of a large cross section, 
then* is an optimum distance 1. determined by 


hL - 


TT 

O 


(18) 


Beyond this distance tlu* bunching paramet(*r begins to decrease. In 
Figs. 5 and (» are shown the corresponding functions in the case of a 
cylindrical drift tube of finite diameter and with a finite beam. Here 
a = drift tube radius, h = beam radius 


In these the value of {JiF) replaces the sin hz for the simple case. The 
corresponding valm* of the length for which this reaches a maximum is 
the optimum drift tube hmgth. The curves shown in the figures were 
calculated assuming an infinite magnetic field. 
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5. Theory of Large Signal Effects 

The calcuhtion of large signal efficiency in klystrons is related to the 
general problem of the interaction of an electron stream with a radio- 
frequency field in a gap. However, the methods previously used to 
obtain analytic answers for the energy interchange between an electron 
beam and the gap do not apply if the radio-frequency voltage across the 
gap is of the same order of magnitude as the beam voltage. If the radio¬ 
frequency voltage is small, then one can obtain an effective driving cur¬ 
rent. Idle injected b(‘am merely behaves like a constant-current genera¬ 
tor driving a circuit. Tliis method is valid only if the radio-frequency 
voltage is small compared to the direct-currfmt voltage, so that it is 
possible' to calculate the effects of the* radio frequency voltage only as a 
small p(*rturbation on the total motion. In the output gap of a high- 
efficic'iicv klystron, this is not true. In this case, the radio-frequency 
voltage is almost eepial to the direct-current voltage, a large number of 
electrons are brought almost to rest and transfer a large fraction of their 
total eiH'rgy to the ra(lio-fre(|uency field. It is obvious that under these 
conditions, treating the radio-frequency field as a small perturbation is 
not valid. no\\ev(‘r, it is possible to calculate the efficiency ('ven in such 
cas(*s by graphical methods. 

d’h(* methods are simple in principle, though somewhat laborious. 
One nu'rely calciilat(‘s electron trajectories through the buncher gap, 
along th(' drift tulx' to the catcher and then through the catcher gap, 
obtaining the final exit v(*locity for the given values of the gap voltages. 
In this calculation it is pos.sible to use the analytic theory for the velocity 
modulation on leaving the first gap and al.so for the motion along the 
drift tube. The motion through the catcher gap must be computed 
numerically This [)rocess is repeated for a number of electrons with 
('utrancc' phas(*s at the buncher gap e(|ually sj)aced o\ cr a cycle. The 
avc'rage value of tin* kiiu'tic energy of tin' (‘lectrons aftc'r passing through 
the output gap is compared with their average energy on entrance to the 
gap. Tlu‘ difTerc'uce gives the transfer of pow(‘r. The number of 
trajectorii's which must be averaged depends on the accuracy desired. 
For nonplanar gaps, in addition to the process of averaging over a cycle, 
it is necessary to average across the cro.ss section, since electrons at 
different transverse positions will have a different motion in the gap. 
This ty|H* of calculation has been carried through in some detail by 
Feenberg*’' and by Warnecke and collaborators*’*^ for plane gaps. The 
results are shown in Fig. 7. The normalized current, = Ie/2Io, driv¬ 
ing the catcher is plotted against the relative voltage («!») across the 
catcher, for various values of the transit angle (D>) across the catcher and 
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for various values of the bunchcr voltage (aO. The efficiency is given 
by For zero width gaps = 0) is a constant up to the point 

ao = I — ai where electrons begin to be turned back by the catcher field. 
This accounts for the sudden break in the /).» 0 curve's and also the 

drooping of the J)> 2 , = I curves for large a-,. T'or small o-: the curves 
vary according to Fr ~ ().58d — a///, 2(/n us predicted by the analytic 



Fir.. 7 Lar^c hignal roincision <*ai(‘ionrv. nz is the ratio of th<* ladio-frcqucncy 
voltage at outjHit gap to hcaiii \oltagc, ai is this ratio for the input gap. Tlie ordinate 
I,y is the efT(*eti\e driving euiient and the conversion efheieney is Oile. The curves 
are labeled with the values of the diieet-eurrent transit angle aeioss the output gap, 
Di. aiisihe effrctivf voltageat the input gap anil contains iiniilieitly the input transit 
angle. 

small signal theory for finite gaps It should lx* noted that for finite 
catcher gaps and large catcher voltage the efbcieiicy is reduced below the 
theoretical 58S value calculated in the v(‘ry simph^st theory. 

The results .shown in Fig. 7 represent total conversion efficiency, i.e., 
the power delivTred from the beam to the cavity and includes power 
delivered to the load as well as cavity losses. Hy changing the loading 
of the output cavity, it is possible to change the resonator voltage and 
it is also possible to measure this relative voltage. From such a combina- 
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tion of measurementKS it is possible to determine the total conversion 
efficiency and it has been found to be in fair agreement with the theory 
indicated here. 


(). Theory of Complex Bunching Systems 

The last major field of theoretical development involves the study of 
structures whi(*h attain larger efficiencies than the conventional klystron, 
and/or larger gains (for amplifiers). '^Fhese can be grouped under the 
title of complex bunching systems. One of these structures will be dis¬ 
cussed her(‘ briefly, namely, a klystron ani})lifier, with thre^e resonators 
instead of two. 

The tirst resonator driven with a low pow(T produce's a small current 
at the sc'cond r(*sonator. Hut because of the high impedance of the 
second cavity, it can produce a relatively larger voltage across this second 
buncher. If the paramet(*rs involved an' correctly chosen, the' voltage 
across tlu' s(*cond cavity v\ill produce a much larger amount of modula¬ 
tion than that diu' to the' first cavity. The effect of the first cavity at 
the output gap can almost Ix' negU'cted. In this method of operation, 
the tul)(' is nu'rely a high-gain amplifier and its efficiency and all other 
properties are similar to those of a two-resonator amplifier. 

lIo\s(‘V(‘r, if there is a large radio-frecpK'iK'y voltage across the first 
cavity, tlu' curn'iit at the s('cond cavity can be' appreciable and under 
normal circumstance's woulel preieliu'e* a very large raeliei-freepiency voltage 
perhaps eif the eirele'r eif the be*am veiltage. 1 lowe've'r, hy suitable detuning 
eir leiaeling of the' .see'ond cavity this radiei-freepiency veiltage can be 
n*eluc('el tei abenil the' same value as that acreiss the first cavity. Two 
things must now be' peiintexl out. First, wlu'n the beam arrive's at the 
secemel cavity, it is alre*ady partially bunched. Second, meielulatiein 
proeluce'el by the voltage eif the .se'cemel cavity is ne)t in phase with that 
produeTel by the first, d'his re'lative phase can be contredle'el by the 
amenint anel elirection eif eletuuing e)f the secemel cavity. The net result 
of the two mexlulations can be such as to proeluce meire effective bune'hing 
with a larger funelamental e*omponent e)f current at the cate*her. Figure 
8 shows the arrival times of the electrons at the catcher if velocity moelula- 
tion is preieluced by only one gap and alse) when ])rodue*ed by two moelulat- 
ing gaps .suitably spaceel anel tuneel. In the figure, cj /2 — ^0 is pleitted 
against w/i. w/, is the eleparture time freim the first gap, co/o is the 
arrival time at the catcher, and Oo is the transit angle between initial and 
final gaps, feir an unmodulate'd electrem. It can be seen that me)st*e)f the 
electrons arrive during a much shorter interval of time in the second 
case and, therefore, produce a larger fundamental component of current. 

Hy a similar simplified theory, which predicts 58^c efficiency for a 
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two-cavity klystron, one finds that for a suitably adjusted three-cavity 
tube the efiiciency is about 80^1. Of course, the effects of space charge^ 
large signals, etc., will reduce both these numbers, but the ratio is signifi¬ 
cant. A close examination of the theory indicates why this improved 
current is obtained from two gap modulation and also suggests alterna¬ 
tive ways of getting this improvement. 

From the theory,it can be shown (hat the effect of this double 
gap bunching, with suitable phase adjustment of the se(*ond cavity, is 
e(|uiv'alent to modulation by a combination of two sinusoidal voltages, 
the second of which is at twice the frecpuaicy of the fundamental and 



Kir,. 8. Kloctroii amvai tinir at cjiIcIht for o|)timiiiii hunchmu. 

with the amplitudes and phas(‘s of the two comjionents relat(*d in the 
s.arne way as in the Fourier exjiansion of a sawtcKith voltage. Thus, the 
two-gap modulation is a method of approximating th(‘ r(*sult obtained liy 
sawtooth modulation. It can eai-ily be sliown that a sawtooth modula¬ 
tion would firoduce maximum possible radio-fre(|uency current ampli¬ 
tude (and indeed at all harmonics). 

An alternative way of getting the lieneficial (‘ffects of a second har¬ 
monic term in the modulation has been suggested.It involves using a 
very wide input gap and a v^ery large radio-frequency voltage. Hy wide 
gap is meant a gap with a transit angle ecpial to or greater than one 
cycle. An analysis of the motion of the electrons through such a gap 
indicates they emerge with velocities like those produced by modulation 
by the first and second harmonic terms of a sawtooth voltage. Therefore, 
the resulting bunching also has the same characteristics as those pre- 
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viously described and can lead to higher efficiency. An obvious third 
scheme which has been suggested would be to use two bunchers back to 
back, one at twice the frequency of the other. 

IV. Klystron Amplifiers 

As pointed out previously, klystrons are useful for several classes of 
amplifier service. "Fhcse will be discussed separately below; however, 
some remarks can be made which apply generally. 

Practically all contemporary klystron amplifiers use three cavities. 
In the case of high-power tubes, the third cavity makes it possible to 
increase the efficiency or to increase power gain, whichever happens to be 
more irrij)ortant. In low-power amplifiers, the addition of an extra 
cavity makes it possible to build extremely high-gain tubes. In low- 
noise amjfiifiers, the addition of an extra cavit}^ improves the noise level. 

It is natural to ask, then, why not use more resonators than three? 
In the first place, an exti a cavity adds complexity to the tube. Secondly, 
because of the extra length of drift space the loss of beam current to the 
walls of the tube becomes a serious factor. This is especially true in 
electrostatically focused beams. In the third place, the addition of extra 
cavity or cavities is not always helpful. For example, addition of a 
fourth cavity does not materially change the efficiency of a high-power 
amplilier. For such applications as voltage amplifiers, extra cavities 
would be of value in increasing the gain. The limit to the number of 
cavities would be determined by the regenerative effects due to fast sec¬ 
ondary electrons returning to the cathode from the collector. In prac¬ 
tice, it has been found that a six-cavity tube with (K) db of gain could not 
be operated without oscillation. 

Another important distinction between various klystron amplifiers is 
in the constriu'tion of the cavity interaction gaps. There are two ways 
in which cavity gaps can be made, as shown in Fig. 3. Figure 36 indi¬ 
cates a gap formed by two cylinders facing each other. Figure 3c has an 
electron permeable membrane, called the “grid.” A grid must not 
intercept a large fraction of the beam. If it does, the loss in current 
reduces the efficiency. In high-power tubes this causes overheating of 
the grids. 

The gap with gridvS prevents fringing of the gap field. In this case 
the gap spacing is the only parameter that affects the beam coupling 
coefficient. Then the grid diameter can be chosen as an independent 
quantity. In particular, in beams with large diameter, low-current 
density can be used; and the beam spreading problem is relatively 
unimportant. 

In the case of the gridless gap, the coupling coefficient depends upon 
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both the gap spacing and the diameter of the gap. l^ecause of this, the 
diameter of the gap depends upon the beam voltage and, for the usual 
voltages used in klystrons, the gap diameter is considerably smaller 
than it can be with grids. Hence, the ])eam focusing problem is more 
severe, especially in low-voltage tubes. 

As a consequence of these considerations, low-voltage tubes are always 
built with grids. Hut when the power input exceeds, for example, 1000 
watts in a 10-cm tube, grids must be abandoned. In high-power, high- 
efficiency tubes, with carefully designed fo(‘using systems, the grids are 
both impractical and unnecessary. 

/. Low-Xois( Amplijirrs 

Very little work has ])een done to develop low-noise klystron ampli¬ 
fiers for receiver applications. Klystrons, designed for j)ower service, 
exhibit noise figures of 25 40 db. * ddie nu'chanisin of noise generation, 
the efTect of space charge smoothing and tlie variati in of noise along the 
beam due to noise velocity modulation at the cathode are factors w'hich 
are still insufficiently understood to allow one to design tubes intelli- 
gentl 3 \ However, during th<‘ last three years, experiments at Stanford 
Tniversity and (4sewhere liave indicated that space charge smoothing is 
almost as eflectivT at microwave* fre(juenci(*s as it is at the* low(*r ones. 
Mucli of the noise geiK'ratcd in pr<‘.s(»nt-dny klystrons is due to defects 
that can be corrected: an (‘xamiih* is the* ordiiiary int(*rc(q)tion noise 
caused by grids. 

It is believed that klystron amplduus (with sev(‘ral caviti(»s) (*an lie 
built to have a noise figure of about 10 db at 10 cm by careful design of 
the cathode gun and an optimum choice of other parameters. The gain 
of such a klystron can be moderately high, such as 20 db, but its band¬ 
width will be in the order of a few' niegacycl(*s. In applications where 
simple me(‘hanical structure's arc* de.sirable and w'here the performance 
such as given above is of interest, the klystron may find ev(*ntual use. 
At this date, however, theie does not seem to be any special advantage 
of the klystron over the wide-band traveling w^ave tube, wdiere noise 
figures of approximately 10 db have already been demonstrated. 

2. Low-Pov'cr Amplifier a 

There are many applications w'hcre high amplification is desirable 
and the noise problems are of secondary importance. An example is an 

* Noise figure expresses the ratio of receiver noise, referred to the input terminals, 
to ATa/, where k is Boltzmann's constant, T is room temperature in degrees centi¬ 
grade, and A/ is the bandwidth of the amplifying system. Superheterodyne receivers 
employing crystal converters can be made to have a noise figure of about 6~8 db. 
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intermediate stage in a crystal-controlled transmitter. For such use, 
cascade klystron amplifiers are ideally suited. 

C'onsider first the two-cavity klystron amplifier. The radio-frequency 
current 1 2 at the second cavity is given by the expression (Webster) 

/, = 2IoJi(jc) (20) 

where h = direct current beam current 



N ^ transit time from buncher to catcher, in cycles 
Vi -= peak radio-freciuency voltage at buncher 
Vo = direct current beam voltage 

If the bunching voltage is small compared to Vo, then Ji{jr) can be 
replaced by j/2, and the radio-frequency current becomes 



l)(‘fining traiisconductancc' (/,„ in the usual way, 



For a set of ty])ical values, such as .V = 5, /„ = M) ma, 1’,, = TiOtt volts, 
gm has a valu(‘ of )11 I micromhos. This is not a particularly high value 
of transconductanc(*. Fortunately, the shunt inip(‘dance values of 
cavities are high, and a value of 1 X 10*’ ohms at 10 cm is a typical value. 
Hence, voltage amplification per stage of t]i(‘ ord(*r of ,‘1() is possible. 

If higlier amplification is desirable, two klystrons could be connected 
in cascade. However, it is more efficiemt to construct a single tube with 
three caviti(‘s along the same beam. In this arrangement, th(' density 
modulation at tin' second gap produces a voltage across the sc'cond gap. 
This in turn produces further velocity variation in the beam. Fecaiise 
of the high-voltage gain of the first stage, the resultant velocity variation 
at the second gap is practically entirely due to the second gap. It is 
possible to considc'r the action of the second-thinl gap region as if it were 
practically indepc'ndent of the first-second gap space. 

The second gap is not connected to any external load. Hence the 
voltage gain of tlu' (irst-second gap region is higher by a factor of 2 than 
it would be if the second cavity were the output cavit\’ and were matched 
to an external load. Thus, the voltage gain of a three-cavit}" cascade 
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amplifier is twice the gain of two identical two-cavity klystrons. In 
addition, there is one beam instead of two, and three cavities to tune 
instead of four. 

The high gain of a cascade amplifier is ohtaineil by operating the 
second cavity unloaded, and tluM-ofore with a high Q. ddius. the price 
paid for the high gain is the decrease in bandwidth. This may or may 
not be important, depending u])on specific applications. 

Very few klystrons liave been spe<*ifically <lesigncd for high amplifica¬ 
tion service. Sperry 2K35 tube was designed for comlMiiatiou i)ower 
amplifier-voltage amplification use. While' not at all idc'ally suited as a 
voltage iimplifier, it has the following approximate characti‘ri>!ics: at a 
beam voltage of 2000 volts, 80 niA. beam current, at 10 cm, the power 
amplification is about 2000; and the' bandwidth ol alioiit !.•'> nu'/sec. 
Much Ix'tter amplifier’s could be' iiuilt if ni'e'di'd. 

Six-cavity, five'-stage amplifiers have be‘en built at ' t -uford. i )perat- 
ing at about 1000 volts aeid 30 m.\., such tube‘s have' lue^ jiower aiujilifica- 
tion of about 10*’ at 10 cm. The number of stage's in sue'h an amplifier is 
usually limite'el liy the })r(‘se‘ne*<‘ (»f returning ser'eindary e'le'ctrons frenn the 
<*(jllector. 


S. Power AmpltfKr,s 

Power amplifier klystrons ele) not difle'r mate'rially from veiltage' 
amplifiers in appe\arance. Noise, voltage' gain, anel line'arity we're of 
paramount importane'C' in voltage' amj)lifie'rs. In the' tube's de'signe'd fe)r 
powe*r amplification, the* main factors of intere'st now are*: powe'i hanelling 
capacity, eflicie'iie'y, bandwidth, e*ase of me)elulation, j)e)we'r arnt)lificatie)n. 
The relative importance e)f the'se facte>rs e)bviously de*i)ends upeen specific 
use. 

The powxr handling capacity e)f the* klystre)n is very large, 'riiis is 
due to the fact that the regions of electron e‘missie)n. raelio-fre'ciuency 
generatiem, anel heat dissipation can be conve'iiiently se'paraterl. Hy 
proper choice of geometrical configurations, the cathexle area and heat 
dissipators can be made ve'iy large, even for a simple* klystron such as 
show’n in Fig. 1. In such a structure, larger sj)herical catliodes can be 
used to fe)cus the beam into the elrift .space. With the aid e)f suitable 
magnetic fields, almei.st the entire beam e'an be deliven'd to the e‘ollecte)r. 
This can be as large as one wi.shc.s. Thus, there* are* ne) probh'ins cejn- 
nected with available curre*nt ne)r w ith di.ssipation. The* power handling 
capacity of a klystron at a givem veiltage dej>ends almost entirely upon 
space charge phenomenon in the drift space. \Vh(*n the space charge 
effects become serious, or if it is de.sired to increa.se the* catheKle* or dis.sipa- 
tion areas, the various configurations di.scussed in Section II can be used. 
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To give some idea of possible numbers, klystrons have been built at 
40 cm with a total input of 25 kw. It is believed that 250 kw would be 
just as practical. 

The efficiency of a power amplifier klystron depends upon a large 
number of interrelated factors. I'he more important of these have been 
discussed in Section III, 8, 4, 5. The following expression contains the 
various factors which afTect efficiency. For simplicity of discussion it is 
intended to describe the behavior of a two-cavity klystron. Similar 
expressions can be written for cascade amplifiers. Let rj be the efficiency 
of a two-cavity amplifier under typical conditions of operation. Then, 

V = 0.58ABCDK (23) 


where the factors A,B^C,D, and E express the reduction in efficiency due 
to the various effects and are equal to, or less than unity. These are: 

A. Large Higiml {kinematic) correetion. Owing to the space charge 
debunching efTects, it is nec(‘ssary to use a short drift space and large 
bunching voltage a\. Also in the catcher, the voltage ao i« large and is 
ideally eciual to I'o. In practice it is approximately (‘(pial to FoO — 012 )- 
'rhese effects, together with finite transit time through the catcher have 
been analyzed and the resultant efficiency is shown in I4g. 7. (Correc¬ 
tion factor A is the ordinate of Fig. 7 divided by 0.58 'ao, 

H, Direct current /on.v. In practical tubes, some of the beam is lost 
because of imperf(‘ct focusing, pre.sence of grids, etc. Fractional current 
through the tul>e is the factor li. 

C. Tranfivirsc debunching. Due to transv(‘rse debunching, the effec¬ 
tive radio-fre(piency current may be reduced. In a good design, the 
drift space and beam geometry are so chosen that this effect is not 
important. However, if the beam fill.s the drift tube, the loss in current 
due to debunching is given by 


r = 




(24) 


where / is the length of drift space and h, 2Tr i> the debunching wave num¬ 
ber. In many practical tubes, it is found that is about 0.85. 

D. Cainixj losses. Not all the direct current power that becomes 
converted into radio-frecpiency power appears outside of the klystron. 
Some is lost in the catcher in the following ways: 

(1) Ohmic losses in cavity walls. 

(2) Beam loading; this effect ha.s been included in A above. 

(3) Secondary electron loading due to acceleration of secondary 
electrons. 

(4) Multipaetor loading due to synchronous oscillations of secondary 
electrons with the field in the cavitv. 
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Effects (3) and (4) can be minimized by suitable choice of cavity pro¬ 
portions and focusing of the beam. In properly designed tubes, effect 
(1) is negligible. However, the combined effect of all of these can be 
very serious. 

E. Decrease in radio-frequency current due to wall effects. The 
debunchiiig forces are not uniform across the beam. At the edges of the 
beam, the debunching forces are at a minimum. They are greatest in 
the center. Thus, optimum bunching does not occur uniformly over the 
cross section. This effect is not important if the bunching distance is 
chosen to minimize normal debunching. 

The factors and E are all iiiterdf^pendent. For example, 

the diameter of tlie drift space .simultaneously aiT(‘cts the effective gap 
coupling coefficient and tlu‘ current density. (\)nsequently, this affects 
the debuncliing, the percentage of the current througli the tube, and the 
shunt impedance of the cavities. I'he proper chou‘(^ of tlu* various 
parameters cannot be made in uniqiu* fashion, and, in tact, can be made 
only on the basis of practical (‘xpericnce. 

The efficiency of practical klystron amplifiers vanes with frecpiency. 
This happens because the problem of pas.sing a b(‘am of el(‘ctrons becomes 
harder at shorter \vavelengths and because the (‘ircuit losscss imu-ease. 
In continuous wave operation, a power output of 50 w'atts w’ith 
efficiency at 3 cm has been obtained. At long(‘r w’avelengths tlie power 
and efficiency increase. Tvv(*nty-five hundr(*d watts at 20^' efficiency 
is typical of w'ell-design(*d tubes.l^fficiency of 10^ has been reported 
in experimental tubes in tlie vicinity of 1000 me. 

\\ Reflex Klystrons 

A schematic drawing of a reflex klystron is showm in Fig. 2g. Elec¬ 
trons from the cathode pass through the resonator. If a radio-frequency 
voltage is present the beam is velocity modulated. In the region between 
the cavity and the rc.sonator the electrons an* brought to rest, the motion 
is rev'ersed, and they return to the resonator. The tran.sit times in the 
reflector region for electrons of different velociti(*s will be different, and 
consequently bunching will occur. For the usual variation of potential 
in the reflector region, it is easy to .show' that the electrons w'hich have 
been accelerated on the first pa.ssage through the resonator wull penetrate 
further into the reflector region and will take longer to return. In the 
reflex tube, therefore, in contradi.stinction to the drift tube type of 
hunching, the slow electrons overtake the fast ones. If the average 
transit time is suitably adjusted by setting the reflector voltage properly, 
then the bunched beam current comes back through the resonator in such 
phase as to deliver energy to the n\sonator and maintain the oscillation. 
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'i'he advantages of the reflex klystron and the reason for its wide 
application are: simplicity of tuning a single cavity; since the cavities 
commonly used have fairly high Q, frequency stability of these oscilla¬ 
tors is quite good; simplicity of electrical tuning, i.e., by varying the 
reflector voltag(\ ('hanging the reflector voltage varies the phase of the 
effective driving current relative to the resonant voltage. The oscilla¬ 
tion occurs at a frequency consonant with the circuit characteristics and 
this relative phaH(‘. Since* the refl(‘ctor draws no current and its capacity 
is small, it is i)()ssil)le to obtain frequency modulation or frequency con¬ 
trol with no appreciable consumption of power. 

The tlu'ory of the reflex klystron is (piite simple,and experi¬ 
ments have* shown that it (piite accurately describes all the plu'iiornena 
appi'aring in this type* of tube. Briefly, the theory can be summarized 
as follows. Th(‘ ra(lio-fre(iu<*ncy voltage across the gap produces a 
known velocity modulation of the electron beam. From the analysis of 
the kiiH'iiuitics of the* (‘l(*ctron motion in the rc'flector region, it is possible 
to calculate the radio-fr(*(pi(‘ncy current returning to the gap. The 
simple bundling calculation for the refk'ctor r(*gion includes only linear 
terms in tin* modulation velocity just as is commonly done for a field- 
fr(H* drift spacf*. It turns out that tin* radio-fre(piency current is also 
repr(‘sent(‘(l by a ihxssel function as in the* drift tube case. The only 
(lifTerence* introduccMl by the refl(*ctor bunching is that there is a phase 
.shift of 180 d(‘gre(\s in tlu* curr(*nt as compared to ti(‘ld-free bundling, due 
to th(* fact that the fast (fleetrons have a long(*r transit time* than the 
slow oiu*s. 

flflK* result of the analysis can be stat(*d in the form of the ratio of 
the radio-fnMpKMicy curnmt in the returning (‘lectnai b(*am to the gap 
radio-fr(»(piency voltage*, flfliis is call(*d the* (*l(*ctronic admittance. It 
is, in general, nonliiu'ar, i.e,, the ratio of the curr(‘nt to voltage will not be 
a constant. In p:irticular, it will dep(*nd on the amplitude of the radio- 
frcHpiency voltage as well as on the fix(*d parameters such as the transit 
angle in the reflector region, the dirc'ct current and the direct-current 
voltage, vspi'cifically, it can be written as: 

y, = (^2 ' (cos <t> ~ j sin <t>) (25) 

where d = the beam coupling eoeffici(*nt 

.y /o 

t»0 ” “ir- 

» 0 

Oi) — the transit angle in the reflector n'gion 



^ 6 — 2ir(n fl“ if) 
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The radio-frequency current returning to the gap will constitute an 
effective current generator driving the cavity. The voltage produced 
across the cavity is determined in magnitude and in phase by the cavity 
properties and the frequency of oscillation. Tliis ratio of current to 
voltage as determined by the cavity is given by 



where = the unloaded Q of the cavity 
~ — the conductance of the cavitv 

VO 

5 = ^ = th('fractional de])artur(‘of Ih(‘ojx rating t‘i(‘(Hi(‘ncy 

OJd 

from the n'sonant frecpiency of tlu* unloiuh'd cavity, :iMii f// jHl is th(‘ 
load admittanc(‘ measiinxl at a suitable plac(‘ in th(‘ transmission line' to 
which the tubt» is cou])le(l and normaliz(‘d with r(‘s|)<M*t to the* cluirac- 
teristic admittance' of the* line*. 

Qc is known as tlu* (Xfd'nal (J which iiK'asure's tli(* coupling Ix'twex'ii 
cavity and transmission line. Its signilicanci' may b(‘(‘ome apparent 
h’om its lelation to th(‘ load(‘(i or operating (J of th(‘ loadt'd tub<‘. 'I'his is 

1 ^ 1 (i. 

Q. Qc 

In the steady state th(‘sc two valu(‘s tor the* admittan(*e. one det(‘r 
mined by th(' eh'ctron bunching proc*(‘ss and th(‘ other by th(* cavity, 
must be eipial. Setting them e({ual d(‘terinin(‘s tlu* two (‘(piations, om* 
from the real part and one from the imaginary j)art. TIk'si' t w'o (‘(piations 
determine completely the behavior ol the r(‘fl(‘\ klystron. It is common 
to discuss the bcdiavior of the refkw klystron in terms oi twa) (‘((nations, 
the real (Mpiation and the ratio of the r(*al and imaginary (‘(piations as th(‘ 
second. This results in 

where G, = /il2(9(Go/2. 

It has been assum(‘d that the voltage distribution in the reflcictor 
region is linear. Owing to curvature of the reflector electrode or owing 
to space charge effects, the voltage distribution is often nonlinear. I'hc 



74 R. U. WARNECKE, M. CHODOROW, P. R. GUENARD, AND E. L. GINZTQN 


analysis can be modified very simply to take this nonlinearity into 
account. The transit angle appears in the theory in two ways. First, 
in the argument of the Bessel function having to do with the bunching 
process. Second, in the phase angle which has to do with the phase of 
the radio-frequency current. I'he phase of the radio-frequency current 
actually depends on the average transit time of the electrons in the 
reflector region independently of the form of tlie reflector field. This 
dependence will not be altered by changing the reflector geometry or 
charact(*ristics in any way. However, any reflector elTects which make 
the potential distribution nonlinear will make the magnitude of the 
bunched current depend on the transit time in a different way than 
predicted by kiiK'matic theory. 

It can be shown (juite generally** that the argument of the J^essel 
function for an arbitrary reflector field should be given by 


( d0\ ^ 0, V 2\\JdO\ 

2 r« do \dvJ,^o 


(29) 


where (dO dV)\^o is the change in transit time of the electrons with 
radio-fn‘(|uency voltage. For a linear reflector field (dd, dV)(2Vi)/do) 
= 1, arul .r n'duces to the previously stated value. For a reflector field 
which is not linear, one must evaluate dd^dV. transit time do as 

used jin the simple theory must be replaced by the etT(‘ctive value 2]'o 
{dd/dV} everywh(‘re (*\c(q)t in the phase. Ilow(*ver, the evaluation of 
dd, dV for a [)art]cular ndlector geometry or spa(*e charge condition may 
be diflicult 1 ven if a si)ecific determination of eflective transit time is 
not possible, it should be recognized that the th(M)i\y does contain this 
factor and that it must be considered in any attempted c()rr(‘lation of 
reflex tube performance 

Fapiation 27 determines the amplitude of oscillation as a function of 
all the operating parameters, including the ndlector voltage \ arying 
the reflector voltage chang(‘s the transit angle in the reflector region and, 
therefore, the phase 0 of the radio-frecpiency (*urrent. lupiation 28 
specifies how the frequency of oscillation varies with change of transit 
angle. 'J'hese variations of frecpiency and amplitude with reflector 
voltage lead to the typical aj)p<»arance of a mode, characteristic of reflex 
klystrons. This is shown in Fig. 9. .\s the cos (p is varied from its 

optimum value, then for oscillation to be maintained 2«/i(.r) .r must 
increase. I'he values of reflector voltage for which 2Ji{x) .v has to tie 
unity determines the edges of the moile. For values of the reflector 
voltage beyond this, Ovscillation cannot exist. 

In applications of the tube the two quantities of greatest interest are 
the c^timum power for a given transit angle and the frequency width 
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between the half-power points on a mode. To find the optimum power 
delivered to the load one can write load efficiency as 


Vl = 


Oo Ge Qc 


(30) 


To get the optimum value of riL and the corresponding values of ,r and (ri 
it is necessary to differentiate this with respect to .r using tlu* relation 



REFLECTOR VOLTAGE 


Kkj. U. Power (a) and fn'qneney ih) variation in reflex klystron mode 

between .r and the load admittance given by (‘q. 27. After some manipu¬ 
lation, it (*an be shown that at optimum power x will satisfy tlie relation 


and correspondingly 


The efficiency will then be 


*/ o(*r) 


(if (Ju 


co(7 (h. 

J ~ ri 

t/e Vc 


, Jlij) 


riL == X 


'o 


(31) 
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Figure JO shows a curve of relative efficiency normalized in a con¬ 
venient way plotted against transit angle, also normalized in a suitable 
way. From this curve, one can get the efficiency for the various modes 
and also (l(‘termine the effect of changing any of the parameters of the 
tube, i.e., beam v(»ltag(‘, beam current, and cavity properties. It can be 
seen from this curve that th(‘re will be a best mode, i.e., one which 
(h*liv(*rs th(‘ most power For thi.s case, it can bo shown that power 
dissipat(‘(l in ttie load \Nill ju.st ecpial lh€‘ pow(T dissipated in the cavity. 
1'h(‘re will be inod(‘s on either .side of it which may not be much less 



I'i(. U) NoniiMli/tMl cHk nn<n»jni(l\M(h h rui \ 

efiici(‘nt moch* to tiu' right will correspond to a short(‘r transit time 
in th(‘ refl(M‘tor region and cavity lo.s.ses wliich are largc'r than the load 
losses On th(‘ oth(*r side of the peak, the transit angle is longer and the 
cavity losses are l(‘ss than the loa<l Io.sm's. For the values of load cal¬ 
culated by this nu'thod, it is also possibh' to calculate* the half power 26/. 
bandwidth for eacli such motle. This is also plotted in Fig. lO. It 
indicates graiihically that it is possible, with some slight .sacrifice in 
efliciency, to increase the bandwidth considerably and this is a property 
of con.siderable importance in applications where a wide electronic tuning 
range is important. 

As far as electrical tuning is <*oncerned, another property of impor¬ 
tance is the modNlation acnsitinti/ at the center of the mode, i.e., df dW. 
This cannot be specitieti in terms of the cavity and beam properties 
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alone, but will also depend on the reflector spacing. A closer reflector 
spacing will result in a lower reflector voltage for the same transit angle 
and also a higher modulation sensitivity. One can write the expression 
for the modulation sensitivity as 




,’•'■^4-“' 'oit 

\' 1 oQ I 


(32) 


where S is reflector spacing in centimeters, and Qi is loaded Q. It is 
assumed here that the reflector field is linear, but this relation is probably 
accurate even when this condition is not exactly satisficed. This ecpia- 
tion gives some idea of what modulation sensitivities are possible, but it 
must be memtioned that there is a restriction on a rc'llector spacing, or 
more strictly speaking on reflector voltage. If the voltage is too close to 
zero, i.e., cathode potential, then elc^ctrons which have bc'en acceleratc'd in 
the n\sonator gap will strike the reflc'ctor and (‘xtrenie distortion of the 
mode will occur. Therefore the reflector spacing ma^t l>e great enough 
to prevent this. 

//?/.s 7 f 7 T.s 7 ‘.s. Th(‘ small signal th(‘ory discussed up to now assuinc's 
that the phase </> of the currcuit depends only oi; the reflector voltage and, 
in particular, is independent of the amplitud(‘s of oscillation. This is 
only true for small amplitudes and. then*fore, ecp 27 determiners the two 
values of <t> (and Vr) at which oscillation will start, if th(\se value's of Vr 
are approached from the nonoscillating region outside* the* mode. How¬ 
ever, for large* amplitudes there arc* efT(*cts not includc'd in the simple* 
theory which ma,y cause* the* phase to be a function of the amj>htude. In 
that case it is possii)le that, at large am})litudc*s the phase* for some range 
of Vr nc*ar the (*dge of the mode will be* shiftc'd c*nough from the zero ampli¬ 
tude value so that oscillation is possible* at this amplitude c*vc*n though it 
cannot exist at small signals. Thiaufore, if the* reflec'tor voltage* is varie*d 
from the oscillating region at the e*e*nter of the* mode through this range 
of Vr at the edge, os(*illation will continue eve‘n though it could not start 
from zero amplitude if the mode were* apf)roache*d from the* outside*. The 
width of the mode will, therefore*, dc'pend on the* dire*ctif)n in which W is 
swept. 

Long Line hJjI'ects. Anoth(»r soure*e of hyste*resis may be me^t with 
when the load admittance (it + j/f/. varie*s rapidly with the* fre*ejuen(jy. 
This is particularly the case whe*n the reflex klystron is conne*cte*d to a 
long line not perfectly matche*d. The amplitude of the variation of the 
le)ad admittance is de*termined by the rt'flection ce)eflici(‘nt at the end of 
the line but the rate is proportional to the length of the* line, giving rise 
to very rapid variations when the line is long. Mven when the* reflection 
coefficient at the end of the line is not large enough to give rise* to hys- 
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teresis, then “long line effects“ introduce a very large distortion in the 
frequency modulation characteristics of the tube. 

Typical Characteristics. As an indication of the properties of prac¬ 
tical reflex tubes, it might be useful to list the operating characteristics 
of some cornmercially available tubes: it has been found possible to get 
as high as 12 waits with a bandwidth between half-power points of about 
20 megacyel(‘s at an operating frecpiency of 1500 megacycles; and as high 
as 5 watts with a l)andwidth between half-pow(*r points of about 40 
megacycl(‘s at an oi)erating frequency of 7000 megacycles. The modula¬ 
tion sensitivity varies from about megacycle per volt for the former 
tiibe to *2 1 megacycle pcu* volt for the latter tube. The efficiencies 

obtained vary from about 7 or 8^^ down to 4 or 5^,r for the tubes men¬ 
tioned. (Corresponding powers, bandwidths, and efficiencies are either 
available or obviousl> possible anywhere in the frecjiiency range between 
these two exampl(‘s. Somewhat lower powers have been obtained at 
higher fr<‘(|uencies, and small bandwidths at lower fnMpu'ncies. The tubes 
rncntioiu'd were desigmal primarily for transmitter* use in microwave 
relays and for practical nrisons did not incorj)orat(‘ extensive* mechanical 
tuning ranges, t’or use* in bench me*asurements, this amount e)f pejwer 
is ne>t re*e|uire*d. Fe)r sue'h purpo.se*s the*re are tubes available which have 
a tuning range of plus or minus 20^ <, anel a pe)wer in the neighborhoe)ei of 

to 1 watt e‘ve‘rywhe*re from abemt 13,000 de)W’n to about 1000 mega- 
e'ycle*s. At highe*r fre'epu'ncies the pe)wer available is somewhat less, 
being perhaps as little as 30 or 40 milliwatts at 30,000 megacycles. 
This de)e*s ne)t neer.ssarily rei)re'.sent the ultimate limit pejssible at these 
frequencic's. 

\T. Summary 

By necessity, the fore‘going eleseriptiem e)f klystron theory and per- 
femnance has be*e‘n brief. In summarizing, it is probably most illuminat¬ 
ing te) list the most important functions which can be performed by 
klystrons; des(*ribe how* much improvement can plausibly be expected in 
the light of present knowledge and performance; and finally, to make 
sonu* eoniparisons with other types of microwave tubes which perform 
the.se same functions. 

Loral Oscillators and Laboratory Oscillators. Ib'flex tubes fall into 
three categories: 

(a) The narrow* timing range, low-power output tubes used in super¬ 
heterodyne receivers as local oscillators. For this service, the reflex 
tube is ideal and will probably not be displaced appreciably by any other 
device now* existing. As presentl> constructed, these tubes are simple 
and lend them.selves to quantity production. 
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(6) Wide-range tuning, medium-power tubes are used in laboratory 
oscillators, searchreceivers, and in other special applications. Kly¬ 
strons of this type require complicated tuning mechanisms and may 
eventually find serious competition from tubes of the traveling wave 
type. Both the reflex klj'stron and the traveling wave tube have about 
the same low efficiency; this is seldom an important consideration. 

(c) High-power reflex tubes. The.se will be discussed in a .separate 
section below. 

It is useful in many applications to have a simple method of automatic 
frequency control. In a reflex klystron, this can be provided b\ con¬ 
trolling the reflector voltage. This can al.so probably be ac'coiiipli.shed 
by beam voltage control in a traveling wave osciMator. However, the 
latter is not as convenient as using the high impedance' i(‘fl(‘ctor electrode. 

Laboratory oscillators have to perform various functions. Iteflex 
tubes are very convenient because of the ease' of tuning low power supply 
requirements, and fairly large outinit 

Relay Transnutters. For low power vl H) watts) point-to-point 
microwave relay links, the reflex tula* is useful becau.se of its simplicity 
and its modulation characteristic.s. traveling wav(‘ oscillator is also a 
possibility. However, little is known about its modulation characteris¬ 
tics, and for this application, its wide mechani(*al tuning range would be 
of little importance. A variation for such links might lu' a combination 
of reflex tube and travc'ling w^avc amplifier. In such a case the reflex 
tube could be designed for optimum modulation charact(*ristics. 

Power Amplifierfi ntid ]\Iulti~Cavitij OsnUafors. .\s i)ow'(‘r amplifiers, 
klj'strons have been u.sed over a range of fre(piency from 500 me to 
higher than 10,000 me with powder outputs ranging up to 5 kw continuous 
operation and up to ten megawatts pulsed operation.’*^ lOfliciencies 
as high as 35-40have b(*en obtained, and 20 25is not uncommon in 
the modern tubes. For amplifiers wIhtc high power and or (‘fliciency is 
of importance the klystron, at present, seems preemiiH'nt. Some w'ork 
has been done on special types of traveling wave tulx's which seems to 
indicate comparable efficiencies and pow ers as high as perhaps a kilow^att. 
This work is still at too early a stage to indicate what may be possible 
in this direction. 

It seems probable that the maximum efficiency cpioted above can be 
pushed slightly higher for klystrons. Most of the work on high pow^r 
C.W. or pulsed amplifiers has been done since the end of the w^ar. Iffie 
efficiencies and powers quoted WTre obtained by cascade bunching: i.e., 
two bunchers, gridless gaps, and well-focused beams. In tliese more 
recent tubes the operating conditions have begun to approach the ideal 
conditions upon which the theoretical analy.sis is based and their effi- 



80 R. R. WARNECKE, M. CHODOROW, P. R. GUENARD, AND E. L. GINZTON 


ciencies approach the theoretical values quite closely. In the light of this 
progress and the verification of the theory it seems possible to indicate 
what future trends in frequency and power may he. First, as to fre¬ 
quency, in all microwave tubes the limitation on frequency arises from 
shrinking of dimensions as the frequency increases. To keep transit 
angles small, th(» dim(‘nsions must be small, with the ratio of linear 
diimuisions to operating wavelength being proportional to the square root 
of the operating voltage. In any such devic(‘, for a given voltage there 
will be soim* minimum current reejuired for successful operation and 
therefore^ some minimum input d-c power. If the geometry is such that 
some or all of the* uneonvert(‘d d-c en(‘rgy must h(‘ (lissipat(‘d by th(* radio- 
fre(|ueney structure' IIk'ih' is a possibility that the structure cannot dissi¬ 
pate this eiK'igy. For a gridle.ss klystron amplifier, by a combination of 
electrostatic and magrjetic focusing, it is possible in prineij)!!' to get zero 
interception of the* beam by the radio-frecjiiency structure. In practice 
one can come fairly close* to this ideal. On tliis assumption as to prac- 
ti<;al focusing, it is possible to use large* d-c inputs at rc'lativedy high fre- 
([uencies eve'n thoeigh the* raelio-frequene*y structures are small. Putting 
in reasemable numbe*rs fe)r the amemnt e)f convergence that can be pre)- 
dueTel in a well-fe)cuse*d be'am and the currc'nt densitie's that can be 
e)btaineel from available* e*athode materials, it se*c*ms that klystre)ns will 
still have consielerable gain anel efiicie*ncy at .‘10,000 me in pulsed opera¬ 
tion. It is impossible* te) e*ale*ulate‘ the* high-freejue*ncy limit with any 
precision without making a more* e*areful analysis of the* beam fe)cusing 
problem than has ye*t be*e*n d(»ne*. It must be stre*ssc*d again that the*se 
pivelie'tions depend iqx)!! be*ing able te) get a high vedtage, high density 
be'am ea)mple*tely through the radie)-fre‘eiiu*ncy part of the klystron with 
little or no beam interception. The practicality e)f this assumption is 
base'd e>n the* Micce*ss that has be'em attaineel in the feicusing of such beams. 

Se*e*ond. as to powe*r. ’Fhe ultimate peiwer that may be eibtained freim 
a klystre>n is re*late*d to the previous problem of the maximum pe:)ssiblc 
fr(*e]uency. Here also. be*cause of the ge*e)metrv e)f the klystre)n it seems 
peissible to use very large d-c inputs, anel the*n by good feicusing to have 
the* be'am dissipate itse*lf in a se'parate*, aeleHpiate'ly coole*el, anel sufficiently 
large collee'tor with little, eir no interen'ptiem by the radio-frequency 
structure. Fsing practical current eiensities and known data as to 
fex'using possibilities, it seems peissible* to have amplifiers with input of 
the eirder of 100 nu'gawatts for pulsed operatiem in the wavelength range 
above 10 cm and seve*ral hundreel kihiwatts input for C\W. operation with 
efficiencies e)f perhaps 20 -40^;. The.se numbers are not the ultimate 
possible, however. .Vs was tlescribed in a previous section, it is possible 
to construct klystrons with cavities of the conventional cross section but 
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which extend linearly perpendicular to this cross section. Such cavities 
are essentially sections of reentrant wave guide. The cathodes used 
would extend parallel to these cavities, being segments of cylinders 
producing a line focused beam rather than spherical segments producing a 
point focused beam. With this geometry the cavities are resonant 
essentially at the cutoff wave length of the ret*ntrant wav('guide. The 
gap field for this type* (»f re.sonance is everywhere in pha.se. With these 
e^xtendenl resonators and cathoele\s it is obviously possil)le to ineava.se the 
tedal be^am curre*nt by large factors. This current, in fact, is proportiemal 
to the length e)f cathode. Ms.sentially, u.sing this structure* is eapucaleuit 
to putting a large numl)(‘r of eonveuitional klysire)ns in paralle*!. inside the 
same vaeiiiim enve'lope, and ge*tting the* .sum eif th»*ii* outputs. 

PiTsumably the* only limdatiem on the* leuigth of such a tube would be* 
the* probable* difncully of maintaining the e*ross si*clions of the* e‘avitie*s 
suffieiently uniform so that the* fields would stay in phase* o\a*r the* whole* 
leuigth. ('(*rtainly for le'iigths of the orde*r of a waveM iglh oi two eorre*- 
sponding to ])e*rhap.s 5 10 eonwiilional klystrons in paralle*!, this .she)iilel 
not be a re'al difliculty. I>y this m(*ans one should easily be* able* to 
ine*rease* the* available* powe'i* by factors eif 5 to 10. One ean use this 
sort e)f structure for inulti-cavil\ o.seillateirs; how(‘ve*r, in such e‘ase*s, if 
the* eavities aie* too long the‘i’e* is the* probl(*in of e‘\tra mode‘s which may 
be* (‘.\(*it(*d. The* powe‘r attaine*d could still be* made* to re*ach p(‘rbaps 
5 10 lime*s that of a conveuitlonal structure* without running into the 
extra mode* problean. 

It .se*(*ins like'ly that the* future* (*nde*avors in klystron l•(*s(‘a^(‘h will be* 
in the dire*etions indicated toward higher powers and high fre*fiue‘neie's 
— both of which se*e‘in cpiite IVasible*. In addition, in the light of new’ 
knowledge* about shot noise* at microwave* fie*(pie*ncie*s, it appears that a 
raelio-frt*epie*ney amplifie*r with a noise* figure* of 10 12 db is pe>ssible. 
This is another avenue of investigation whie*h woulel be* worth feilleiwing. 
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1. iNTUODrrTIOV 

A typi(‘al magnotrt^n .strurturo comprises a cylindrical cathode sur¬ 
rounded by a cylindrical anode, both of finite length. An almost uniform 
magnetic field parallel to the axis of the tube* is provided. When the 
theory of such a tube is developed, a first approximation is usually made, 
neglecting tlie effect of finite length and discussing a structure of infinite 
length. This is known to represent a crude simplification since the 
perturbations due to both ends of the tube are fairly large, and it has been 

* This paper is based on work done for the Office of Scientific Research and 
Development under contract ()EM.sr-1007 with (olumbia University (1944). 
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known experimentally that the detailed design of these ends is of impor¬ 
tance. A great deal of attention has been devoted to the role of the 
cylindrical structure and of the ratio of anode to cathode radius. Despite 
many interesting theoretical facts discovered in this connection, it does 
not seem that this point is of vital importance, and the disturbance due 
to the diff«M-(Mice in anode and cathode dimension is often of the same 
order of magnitude as tin* perturbation due to end effects. 

Most modern magnetrons are built with a small anode to cathode 
distance, th(‘ ratio of tli(‘ radii being less than 2, and this leads to the 
conclusion that the main theoretical results could be obtained from a 
discussion (jf tlu* phim* case, when tlie anode to cathode distance is con¬ 
sidered as very small wlaui compared with th(‘ average radius. 

A similar situntion was found in the problem of other electronic tubes 
(diode, triod(*, t(‘trodc) where a discussion of the plane problem proved 
very instruc.tivi* and lead to interesting n^sults. 1die plane structure 
olTers the* great advantage of yielding mu(‘h simpler ecpiations, which in 
many cases can be solv(‘d rigorously. Tims the physical difficulties of 
th(‘ [)roblem, which are s(*rious, do not mi.x with matlu^matical complexi¬ 
ties, and on(‘ can avoid a suf)(‘rposition of approximations, which very 
oft(*n proved misl(‘ading, or at least very confusing. 

The problem is ahvays to obtain a ‘‘self-consistent” tield distribution, 
namely one whi(*h })roduc<*s electron traj(‘ctoii('s from which a space 
charge distribution is obtained, that again produce's the assumed field 
distribution. Field eeiuations are usually hanl to discuss, but the equa¬ 
tions for “self-consistent trajectories” are not too difficult to work with 
and can be solvt'd rigorously if the current is (‘hosen as a primary datum. 
'Fhis is very similar to the situation found by Llewellyn for other electron 
tubes, w'lu*n' h(' was abh‘ to obtain a solution for the anode voltage as a 
function of the current, wiiile the inverse ])robl(‘m of finding the current 
corresponding to a givcui \'oltage was impractical. 

The solution of th(‘ st(*ady case (constant curnuit and voltage) has 
be(‘n known for soim* time* and is summarized in Section 11. 'Fwo dilTer- 
ent types of .solutions are found when the voltage is below cutoff: 

A. A “double stream” solution, for which there is a constant flow of 
electrons from the cathode and an equal flow' of electrons back to the 
cathode, resulting in a total current naught. 

IL A “singlt' stream” .solution, with no electrons emitted from the 
cathode, but a constant flow' of previously emitted electrons, which run 
parallel tt) cathode and amnle, never reaching any of these electrodes. 

Solution A was first proposed by Hull and has been very carefully 
discu.ssed by Hartree and Stoner in the first British reports of the Series 
C.V.D. Mag.« 
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Solution B was first found by Hull (1924) and its importance was 
emphasized by the author of this report in a series of papers.® 

The question arises of which type is stable or, better said, which one 
is actually obtained when the majjjnetron is lit up and put into operation. 
This problem is discussed in Sections VI. \'I1, The theory proves 

that the space charge will, after som<‘ time. s(»ttle down on a “single 
.stream” motion of type li, and th(‘re does not se(Mn to l>(‘ any practical 
way of generating a '‘double .stream” motion below cuiolT. 

A general di.scu.ssion is given in S<‘ction IX of (•onditi(ais where 
electron trajectories may or may not cro.ss each other. TIkmv arc* some 
difficulties with problems vhere negative currents may fio\\ through the 
tube during certain time intervals. If no nnja^.rt' rnrrcnts are allowed, 
the following theorem is provcnl. 

For .single* anode j)lane magn(*tron.s operatc'd lHh}w satnralion with 
space charge limited curr(*nts, the* single .strc'am H solution is the* only 
possible* one, and chelron irajeetorn to nr entst< cacti x>ih(r. If saturation 
is reach(‘d and the eairrent is te'inpe’rature* limite*d, traje‘e*torie‘s will inter- 
eu’o.ss and .some* sort of double* stre*am motion will appear. This is true* 
for any arbitrary law of eMirre*nt in a single* anode structure. Multianode 
structuies would behave dilTe*re*ntl\. 

The .steady charae-te'iistic (Mg. S(*e*tions IV and \) exhibits some 
regions with negative* resistane*e*, thus .showing a possibility to use a 
.single-anode magne‘tron for sustaining ose*illations in an outer circuit. 
Steady characteristics can i>e u.se*d only for a eliscussion of low-freejuoncy 
operation. 

The general method of inte*gration deve*lopeMi in Se*e*tion \'J is use^d 
in Section XI for the .solution of a problem whcrci small oscillations of 
arbitrary frequency are suj)e*rimpo.se‘ei upon given static conditions. 
This enables one to compute the characte*ri.stic inipe*dance of a planer 
one-anode magnetron for .small o.scillations (Section XU). The case 
of a low' freeiuency (Section XIII) .shows complete eigre'(*ment. with the 
results obtained in See*tiejn X from the static e*haracteri.stic. For high 
frequencie.s (Sectiejn XIVj a general formula is obtaine'd, and conditions 
leading to negative resistance are discuss(*d. 

The.se general formulas have been u.se*el for the discu.ssion of .several 
special case.s, and the corre.sponding tyjK*s of trajectories are shown in 
Sections XV and X\TI while Section XVI is devoted to the problem of 
double stream solutions that appear in .some of the examples chosen 
for discussion. 

These special ca.ses justify a .statement made from the general theory 
that negative resistance cannot be obtained at exact resonance; a small 
difference between the proper frequency of the rnagncitron and the 
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frequency of oscillation is needed and the beats between free and 
forced oscillations play a very important role in conditions for negative 
resistance. 

A comparison of those rigorous results with those previously obtained 
by difTeront authors is very instructiv^e. It definitely shows what was 
wrong in the approximations used !)y many scientists (including the 
present writer). The point is worth explaining since similar difficulties 
certainly occur in the more complicated (and much more important) 
problem of multianode magnetrons. The magnetron structures exhibit 
some internal resonance frecjuencies and th(' jdane problem is simpler 
than the cylindrical case, since it has only one fref)uency which is just 
twice the Larrnor frc'ciuency. When a perturbation is applied, as for 
instanc(‘ a periodic pc'rturbation of a given frequency o), an e(juation is 
found which is similar to that of an harmonic oscillator with right-hand 
term 


UJ II 


// + = /(/) 

uo ' ' // T..armor fr(‘(iu(‘ncv 
ni 


where mo = permeability, 
c = (‘lectric charge 
m = mass of the electron 
U = magnetic fi<*ld 

There is no damping term (.sy) in the e(|uation, but this is due to some 
oversimplifications (infinite plane structure), and in practical problems 
one may assume a certain amount of dam])ing (‘aused by radiation 
through both ends of the magnetron or by r(*si^tances in the outer 
circuits. 

When dealing with such an eipiation the mathematician builds the 
solution with a forced oscillation (satisfying the eijuation with right-hand 
term) plus a free oscillation, adjusted to fit tlu* initial condition. Engi¬ 
neers call these terms “permanent” and “transient,” since they ahvays 
have to do with damped oscillators. 

In the magnetron probhan, it was generally as.sumed that the transient 
could be safely ignored, since there must be some damping in the actual 
problem, and it seemed to be only a matter of waiting long enough to 
give the transient time to die out. The underlying assumption was that 
the delaj" could be counted as the time elapsed since the tube was put 
into operation. 

Ihit actually the time delay which comes in is not the time of opera¬ 
tion, but the transit time for electrons betw'een cathode to anode—and 
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this transit time is not so very large. This makes it necessary to keep 
both transient and permanent terms in the solution. 

Such circumstances could hardly be revealed by a discussion of sys¬ 
tems which had been submitted to apiiroximations of different kinds 
from the beginning. The great advantage of the plane problem is that 
it can ])e discussed rigorously throughout, and in this case there is no 
doubt about the right way to build the actual solution. 

From this experience one may conclude that all treatments of the 
multianode magnetron based on perturbation methods should be taken 
with great caution, while discussions based on actual comt>utation of 
trajectories (Ilartree, Stoner) should be much rnon' reliable, i ven when 
the computation is not very accurate in itself The most important 
feature is to satisfy exactly the conditions on the cathode. 

II Steady (\\se 

The theory of the plane magnetnm with space chargt' represents a 
very interesting special case of the general i)robh'm of magnetrons, since 
it is possil)le to find a comph'te rigorous solution involving no aj)proxima- 
tion. Th(‘ solution for the steady case was apparently first disc’overed 
by MoullinJ indep(*iid(‘ntly by F. F, Fondon and J. i\ Slater,^ then 
again by Page and Adams.-'’ 

Tlie pr(*s(‘nt writer lound it ])ossible to (‘\tend to th(‘ cas(‘ of the plane 
magnetron Llewellyn's nu'thod of integration, which was originally 
designed for tlu' plan(‘ dicule without inagn(‘tic fi(*ld.* 

Let us first summarize tlie results for the steady <*ase. The current 
valu(‘ entcu'ing tlie (‘(piations is the sum of th(‘ ab.solute value's of two cur¬ 
rents w’hicli may (*venfually flow' in opposite dirc'ctions, sirna' eciuations 
only yield th(' absolute* value* of the vel(>e*ity e-ompone'nt perpe'iidicular 
to the plane electrode's, but do not say anything about its sign. The 
general situation in that re‘spee*t is ve*ry similar to the one ene*ounter(Ml by 
Fay, Samiu'l, and Shockle'y in tht*ir pap(*r on the diode. ‘ 

The difT(*r(*nt j)e)ssibilities are*: 

(1) Flections move continuously fremi cathe)de to anoele, thus yield¬ 
ing a direct curre*nt em the anoele*. 

(2) Fleetrons start fre)m the cathode, reach a virtual cathode, and 
turn back to the cathode. 

(3) In case many virtual cathode's are found between cathode and 
anode, electrons always make a ste)p on each virtual cathode, and may 
then start either forward or backward. Hence each virtual cathode 
offers a possibility for partial transmission and partial reflection of the 
electrons. Loops are impossible, since the x component of velocity can¬ 
not be reversed. ()nly the y component may change sign. ()n the whole. 
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the magnetron exhibits successive regions of bunching and debunching 
of the electron beam. 

The total current density I flowing through a unit square area of the 
tube is a constant. It may be obtained as the superposition of two cur¬ 
rent densities I\ and lo flowing in opposite directions. 


/ = /, - /. 

J = Il + > ./, 


( 1 ) 


The current, density entering the equations is the sum ./ of tlie absolute 
values, and not the total current density I. lietween two successive 
virtual cathodes, J \ and /;. are sc^parately constant, and so is J. On }>oth 
sides of a virtual catliod(‘, / obtains the same value, but J may make a 
sudden change*. J nil(*s the* wlioh* space chaige and voltage* distribution 
(see Fig. Ir). d'lie prol)lem (jf nitojf condition!^ is very interesting to 
consid(*r. d'wo diflVniiit types of solutions have* be(‘n proposed. 


\ h 

r M w'li M jfht ( K rx>f* Virti It) ' ’*hrx1» 

Fi<;. 1 

A. Douhh stnani motion, wheri* (»lectrons leave* the cathode. r(‘ach a 
virtual cathode soim'when*, in front of the anode*, and turn back to the 
cathode*, ddn* total e*urrcnt / is z(*ro and 

J = 2 /, I, = /, ( 2 ) 

Inside* the* .space* <*liarge, half of the* e*]e*e*tre)ns are* me)ving up and half are 
nie>ving elown. 

=■ IpI) ( 3 ) 

where* ^ /) are the vele)citie*s e)f be>th gremiKs e)f e*leclrons. 

B. Sitnjlv ,strram motion, where electrons me)ve alemg straight lines 
parallel te> eathe)ele anel ane)ele. 

/i = /i* = 0. = 0, J = 0 (4) 

There is no electremic emission from the cathode and no back bombard¬ 
ment either. This solution was proposed hy the present writer in a 
series of papers.* 
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The B solution appears as the natural limit of single stream motions 
(Fig. 1) with final anode current, when the magnetic field is increased 
and the current progressively drops to zero. 

,/ = /, = / 0, I, = 0 (5) 


III. Statement of the Pkohlem: A Methcd of Inteoiution Similar 
TO Llewellyn’s Piux EnruK for a Diode 

The magnetron consists in a plane cathode (y - 0) and a plane anode 
(y — d), with a magnetic ti(‘ld // in the r direction. Mh‘ctrons move in 
the xy plane since the (dectric field, in the steady i*ase, is alv. Mys along y 
and the Lorentz force has an x component. Tla‘ r motion can be readily 
integrated: 

rnx — ^^^(Ily, t < 0 M KS unit.s ((>) 

X = fjL()-~^Ily = —2o)i{y, (^ii = Larmor’s ingular velocity) (7) 

oin — — 1: yni ^ H ( 8 ) 

2 m 

Therti is no intc'gration constant in vq. 7 sinct^ ehadrons are emitted on 
the cathode y = 0 without velocity. 

(’ailing Viy) the electric j)otential, and taking T = 0 on the cathode, 
we may now writ(‘ the energy ndation 

2( 

X’ -f- y’ ■' d //“ ~ ~ fff ^ 


L(d us first a.ssurm* a single flow of eh*<‘trons, with y ^ 0 and no (dec- 
trons flciwdng backwards toward th(* cathode (B motion, e(j. 5). 

The whole problem can be di.scussed along a lim' familiar to electronics 
engineers if one proceeds from the well-known Llew‘(dlyn formtila: 

~ -j" y = ^ V — — E, electric fi(dd (10) 

(It (ty ' €(, 60 


where d/dt is a d(*rivativ(‘ taken along the j)ath of an electron, 
for a constant J value, 

E = — — r, r, transit time 
(0 


Hence, 

( 11 ) 


and the motion of the electron in the y direction, including the Lorentz 
force, is 

f c ♦/ 

y = 2aj//X — E = —4o}ii^y -r 

m m €o 


(12) 
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using eq. 7. This is the equation of a harmonic oscillator of frequency 
2a>ji acted upon by an external force proportional to the time r. The 
solution must start from i/ = 0, ^ = 0, y = 0, for r = 0 (no velocity, no 
acceleration on the cathode), hence: 

.V == “ W ^ 3 ^ 

rn €0 no}/r 


Once ?/ is obtnined, j' can bo found by integration of 0 (}. 7 and the trajec¬ 
tory is defined by th(‘ parametric ecpiations: 


A// ./• — 

i — — j = i — — cos }// 

£ = —2o3nr] 

17 =-Seno)//'* 7 = — sin ip 

r J 


(14) 


This represents th(‘ motion of an electron alw^ly^ traveling forward (single 
stream B motion). 

d’he possibility of other solutions (double stream A motion) where 
some electrons flow back toward the cathode* is discussed in another 
section. It involves a dinVre'nt eh'linition of the eurr(‘nt J in eejs. 10 
and 11 and the* use* of a double sign in e*e|. b^: 

yp ~ i 2a}//T (15) 

which yieltls a double sign for //. 

One* sheiuld neitice* that any reversal of the motion must take place on 
the virtual calho(l(,s, whe*n the velocity // anel the ae'celoratiem y are both 
zere); 

\'irtual calliodrs I* (eventual motiein reversal) 

\p - 2//7r " rj, 77 = (1, »7 = 0, £ - — \uirix)H (16) 

The 77 ve*loe‘ity is maximum em the folleiwing layers, whie'h we shall call 
anticathodes Q. 

yp = (2// -f I )7r = 77 , 77,„h» = lu)//, 77 = 0, £ = —(4a -f- 'Dttujh (17) 

IV. Oise ussuiN OF TiiK Hv:srLTs: Stand.vud St.vtic Char.vctehistic 

Keiuations 14 rejiresent a e*ycloid and its image {± sign) (Fig. 2 a), 
and the mention of electrems ceirrespemds to a uniform generation of the 
cycloid. The catlmele is at the origin (^ = 0), anel similar conditions 
are founel again em the virtual cathe)eles eq. 16, hut fe)r the fact that the x 
component of the veU)city does not vanish on these virtual cathodes. 
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These are the only positions where eleetrons may actually reverse 
their motion, with a chan|]i;e in the ± sign of the component y of the 
velocity. These circumstances explain and justify our assumptions of 
Section II. higure 2/> shows y as a function of which is proportional 
to the transit time. 


n 

•I 



Let us take y = d and discuss the r(‘hition h(‘twcen th(; voltage V and 
the current J on the anod(‘ for a giv(*n magnetic field (given cj//). For 
low voltages we obtain no current 

- ~ T’ < A^u-d-. ./ = 0. <r- (19) 

These are the ‘^cutoff” conditions. For higher voltages we obtain a 
current J from eq. 18, where \p must be computc'd from conrlitions (13) 
and (14). A small current J mean.s a verv large \p, then yp decreases 
when J increases, and \p goes down to zero for very large current values. 
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Accordingly, (—2c/m)F oscillates between the limits given by 
^ * 2nir {virtual cathodes) or ^ = (2n + 1 )t (which were called anti- 
cathodes) 

< - — V< 4a,„V^ + ,(20) 
m 4:eo‘-in^o)H 


For very large currents, small rp values are reached and power expansions 
of sin ip or <*os \p can be used in eqs. 14 and 18. The result is 



where \\o is the cutoff value (19). The first term in ecj. 21 isLangmuir^s 
voltage for a plane diod(' without magnetic field 

The characteristic curve shown on Fig. 3 summarizes the results. 
It has been drawn with dimensionless variables by a convenient choice 
of units: 


Unit of voltage: the cutoff voltage Vca (eq. 19) 

Unit of current: the current obtained, at Vc, in a plane diode (22) 
without magnetic field, according to Langmuir 

Hence the reduced voltage is given by 


U = 


V 


( r 

771 2u)/rd^ 


(23) 


The reduced current is repn*sented by 


C - 


c 9./ 

771(0 


(24) 


while the final asymptotic curve, eq 21, for large currents now reads 

r - + (25) 

The standard characteristic curve of Fig. 3 shows the PiPnPz points 
{virtual cathodes, eqs. 10 and 20) and the points corresponding to 

anticathodes, eqs. 17 and 20. It is a typical 8-shaped curve with negative 
resistance along PiQ^ or P-Qi. 

If the voltage is increased above cutoff and no oscillations can possi¬ 
bly start, the current should suddenly increase to its Pi value, C = 0.72. 
The parametric equation of the whole curve is obtained when C and U 
are expresvsed as functions of \p. Equation 14 yields 
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A plot of W versus reduced distance b is shown on Fig. 4 and gives the 
voltage distribution inside the space charge for a single stream B motion. 
The curve always climbs up with positive curvature and oscillates 
between the P parabola {\V = 5‘^) and the Q parabola [\V = 6- -f 4) 
according to oq. 20. 



Fici. \ 


Virtual cathodes P correspond to 

^ = ‘Jtt Aw (hr • • ' 2a7r 

r = 0.718 0.358 0.239 • • • 

n 

r = 1 


(29) 
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A nticathodes Q are found for 

^ == TT 3ir Ott • • • (2// -f 1 ) 7 r 

C = 1.43(i 0.4S 0.288 • • ■ ' (30) 

'2n -|~ 1 

( =1.405 1.015 1.0010 •• 1 + 

The discussion recently piiven by and Adnms^^ refers to the case 

when there is only one virtual catho(l(‘. 

\’. DoriiLK Stukvm Som tions 

In case of a double str(‘am motion, type A. Stclion II, we must use 
the definition of ecp 1 and divide the space charf^c* into two ])arts. 

p = Pi -f po (31) 

Pi corresjxinds to el(‘ctrons with a po.sitive v(‘lo(‘ity i)\ and />:» for nepitivc 
vidocity 1 / 2 ^ In ord(‘r to obtain a uni(ju(* solution for the potential V 
(ecjs. 9 and 1<S), we have 

!h - -/b (32) 

henc(‘ 

/1 ^ P1//1 I- = P2//1 

I — li— lo — ipi— P 2 )fh total current (33) 

./ = /i + /-j = (pi 4 * p2t//i = P//i ( 34 ) 

Llewellyn’s formida (10) can still be used, provid(*d th(' ./ value is substi¬ 
tuted for the I total current. Since we aln'ady wrote ./, e(js. 10 to 14 
tire unchanged, but for the introduction of ti double' sij!;n in eep 15. 

We may now' come back to the* discussion of rutojf conditions A 
zero total current may be* obtainc'd, as state'd in Section II, Lejs. 2 and 5, 
in tw'o dilTerent w'ays: 

A with ./ 7 ^ 0, //i 7 *^ h - I 2 - 2 ‘/ 

H with J — 0, //i = 0 

In case B, the r,.y curve is the lower panibola of Fi^. 1, and t.his solution 
corresponds to the one given by the presemt writer in a former paper.® 
In case A, the V,y curve is the wavy curve 0 Q]PiQ 2 i * * * of Fig. 4, 
w^here the anode must be located tit one of thf* virtual cathodes P 1 P 2 , 

• • * , in order that electrons just reverse their motions in front of the 
anode. But these points, /bP 2 , * * * . correspond to the beginning of 
the instability curves of Fig. 3 with negative re.sistance. Hence these 
positions are unstable and the stable conditions should be rc'presented by 
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case B. Electrons are moving on straight lines parallel to cathode and 
anode 

y = Constant 
X = -2a,//?/ (Eq. 7) 

and then* is a uniform space charge density 


m 


Po == €o — 4a,//’ 


,, m 

V = —~ 


(36) 


This is a special case of a solution given by the present writer for the 
cylindrical magnetron ^ wher(‘ electrons run on circular orbits around the 
tilam(‘nt, while the space charge exhibits a density pn near the filament, 
dropping progressiv(‘ly to ^ 2 Po large distance from the filament. 

One may notice on Fig. 3 an additional dotted curve running from the 
origin to th(* first P\ i)oint (virtual cathode). Similar curves would also 
run from 0 to their meaning results from the following discussion. 

TiCt us suppose the magnetron to be first operated with high voltage 
and high currcmt. '14i(*n by decr(*asing the voltagt* down to the cutoff, 
our rei)resentative point com(*s down along the Q\P\ curve and rea(*hes 
the point wh(‘n a virtual cathode is built up just in front of the anode. 
This corresponds to a certain current C = () 72 on Fig. 3. Here we must 
remember that (' is related with the total absolute current J as defined 
in eq. 1 or 34. While we were following down the Q\Px branch, there w^as 
an electronic current running one way, with electrons flowing from 
cathode to anode. Now, at P\, a virtual cathode is obtained, where 
electrons may revert their course and run back to the cathode. This 
means that the space charge distribution obtaiiual betwecm cathode and 
anode may correspond to any one of the two ft,llow4iig cases 


I. One-way current + J 
II. "J'w'o-way currents \ J — 


/ = 0 


U 


C - 0.72 


(37) 


This last type of current distribution can be maintained for low’cr volt¬ 
ages, below' cutoff, in which case the space charge will extend from ?/ = 0 
to y *= ?// with a virtual cathode at yi and vacuum without space charge 
for yi < y < d. This means the following voltage distribution 

OQiPi curve of Fig. 4, 0 < y < yi 
Straight line (no space charge), yi < y < d 
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The straight line is the tangent the parabola at the point Pi of Fig. 4^ 
in order to insure continuity of T' and dVjdy at the virtual cathode Pi. 
Its equation reads 



m 


fti 



(38) 


and yi is obtained from the relation giving a virtual cathode at yi, point 
Pi (eq. IG) 


2c . 

— ./ = ' — ?// 
meu T 


(39) 


or, according to eq. 24 


r - 


Att d 


We now substitute in I'q. 38 and take y ~ d on the .i.tode, hence 



Tliis is the parabola drawn as a dottcMl curv(‘ on Fig. 3. As explained 
before, it represents the sanu'ty|)e of space (*liarg(‘ distribution as obtained 
at Pi, but now realized with currents running ])oth ways, whih* th(‘ sjiace 
charge shrinks as a whole* towanl the* e'athoele* wh(*n the* anoele* voltage is 
decre‘ase*el. Whether tliis space ediarge* anel current elistributiem can 
really be obtaine*d by simply ele*cre‘asing thej anode* voltage* b(‘l()W <*ute)fT is 
an e)pen ejue'stion. 


\T. Tuansiknts \.nd Ose iLL\rioNs KKi:i»iNe; the Plwk Symmetry: 

1^UI.N(TPLE OF THE METHeil) 

The jiroblems diseaissed in tlu pre*ceding se*ctions we*re* limited te) 
stead}^ conditions, with e*onstant curre*nts and voltage’s. It is neiw neces¬ 
sary to extenel the eiiscus.sion to the case eif varying e*urre*nts and voltages, 
and we shall first assume that the plane* symmetry is maint.ain(*el, all 
varying quantities being only functiems of y anel t, hid not of i. Under 
such conditions the equations of meition (7) and (12) are maintaineel 

X — —2iciiy 

y + 4a)/;’y = ^ 

We must introduce the displacement current into the definition of current 
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The minus sign yields a positive current for electrons moving toward the 
anode. We assume a one-way flow of electrons. The Poisson relation 


^ P 

€(, 


(43) 


together with ecj 42 yields the Llewellyn formula 

ilK ^ ^ _ r 

(/f dt iiy ^ Co 


(44) 


As in ecj. 10 d dt is the tinu* derivative taken along the path of an elec¬ 
tron. 4'he important point is that the total current I ih a Junction of t 
only and docs not depend upon y. This results dir(‘(‘tly from Maxwell’s 
theory of the displacennuit current. 

Let us use as param(*ters. the time /o at which an electron leaves the 
cathode and th<‘ fra}isit time t The time t at which this electron is 
observed is 

/ = /() + T (45) 

On the catliode {no saturation) the electric field is zero, and eep 44 is 
readily int(*grat(‘(l 

1 r 

A;(/o,/) - - / I{t)dt - Fit) F(/o) ( Hi) 

Ji, 

where !(t) - -ii)(dF dt) 

/■•(n = - ' / /{I,,11 

(II./() 

This condition applies only inside the space charge. It may happen that 
the space charge does not fill in completely the cathode-anode interval. 
In such a case th(^ position y/it) of the boundary, at time t, must be com¬ 
puted together with the field Ff{f} on this boundary. In the vacuum, 
outside the space charge y > yrit), a constant field equal to Ef{t) is 
obtained. 

When e(i. U) is introduced in e(j. 41, together with the initial conditions 


y = 0, y = 0, at t = 0, t = U (47) 

meaning no saturation on the cathode, the ecpiation can be integrated 
and yields i/(fo,/), namely, the position at time / of an electron which left 
the cathode at fo- The general solution can be vvTitten in the following 
way: let us call f{t) a function such as 


/ + 4aj//y = — F{t) 
m 


( 48 ) 
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then our general solution is 

y(toJ) = /(/) — rciKs'JuJw (/ — /„) -f Ss\n2i*3n{i ~ /«) (49) 


where C and N must h(‘ cho.sen to fit tlie initial ciinditions e(| 47 


r 


-/(/()) -f ! ,/‘'l/n), N = 

m luj//- 



(50) 


What is needed next is the potential V{yJ) at a point // and tine /. Let 
us consider another point yi at t and call 0 the tune /, at \slii< h electrons 
left the cathode to reach y\ at /. 





K{yiA)(ii/x 



or, using etj. 40, 


V{yJ) 



(51) 


(52) 


The important point is that we can compute {dijx from e(|. 49, in 

the general ease 




where 


yn lao/ 


+ eos 2c»j//(/ - t 


T sin '2,wu{t — / 


C^, 


(Hi) rriiwir 


~h 2aj//(^’ — — f(/()) "Z(j:uJ{t{\) -j- /*(/())—() 

dfo Zlo^u mZoin 


according to eq. 48. Hence, rehn-ring to ecj. hi 


r 

mZwn ‘ 


\d/«A. 


(I (ti)) 

tfl€{i Iw // 


(-1 4- VOS Zu},lit - /„)) (c < 0) 


(53) 

(54) 

(55) 


(50) 


(^y/dtii)t always keeps the same negative sign, provided the current I (to) 
at the moment of electron emission is positive. Hence, formula 5() 
proves the following and very important result: If the current is apace 
charge limited (eq. 40) and I (to) is positive, two neighV)or trajectories cannot 
cross each other. Electronic layers emitted from the cathode travel with¬ 
out overlapping, a result which justifies our former assumptions after 
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eq. 42. The only possible thing is that two electron trajectories come into 
contact, when 

== cos 2a)/f(/ — /o) = 1, 2a)//T = 2//9r (57) 

V^to/t 

This m(‘ans injinitc spare charge density on certain moving surfaces 
(lcfin(*(] by vi\. 57. We shall study this question on some special cases 
in th(' next se(*tions. Going back to eq. 52 and using eq. 50 we obtain 

( v<y„ - - ‘ lF(t) - F(e)][i - coi^2<^„a - emme) 

\ /rMco// voo; 

I !{()— — €[)F{t), ?y corresponds to/(,./ 

This gives us the potential throughout the space charge. The whole 
method is a systematic extension of Llewellyn’s discussion for a plane 
diode. This author’s results are found when o)// is taken eipial to zero 
(no magnetic field). 

Th(‘ points to be discussed car(»fully are: 

(1) "I’h(‘ position of the boundary of th< space charge which corre¬ 
sponds to iho first electrons to leave the cathode;, when the total current 

[(to/) first becomes positive. 

y/{to/,n. /(/../) = 0. /(/.,/) > 0 (59) 

(2) The trajc'ctories of ('l(‘clrons after the emission has ceased and 
the last electrons remaining in the space charge fall back on the cathode 

I[Q < 0 (60) 

last electrons, 

toh [(toi) — 0 , /(Li) < 0 

Gask I. (See Fig. 5.) At the In ginning of the discharge the first elec¬ 
trons emitted are at yj(t) = y(tofj) between cathode and anode. On this 
boundary, the electric field is 

K/(t) = F(t) - F{tof} (61a) 

and a constant field E/ extends from the space charge boundary up to 
the anod(‘ (?/ = d). The potential of the anode is 

V[d,t) = V(i/fJ) - Kf{t)(d - yAD) (615) 

During the discharge, when electrons reach the anode, the potential of 
the anode is given bj' eip 58 with y = d. 

Gask 11. At the end of the discharge, when emission stops on the 
cathode and electrons start falling back on it, the limits of integration in 
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eq. 58 must be modified (see Fig. 5). Some electrons, that left the 
cathode at an earlier time /<>, are now just hack upon it at time /: 

/ > U y(toJ) = 0 cathode (()2a) 

and the integral in ecp 58 mu>t he taken from to instead of fed tof, 




since the cathode now corresponds to electrons emit ted at and no more 
to electrons emitt(‘d at / 

vuu) = - / , f”'!- • ][■ • if'wdo mb) 

where the brackets are the same as in (‘(| 58 
This works during the interval 

toi <t < Ui (03) 

if we call tdi the time when the last electron reaches the anode*. In the 
case of Fig. o, it was assumed that Ui > Lu electrons being able to reach 
the anode for some time after the cinrent has been reversed. The 
opposite situation [tdi < lot) may not be excluded. 

When t is larger than tdi, there is again a moving boundary yi{t) for 
the space charge and a vacuum between yi(t) and anode. Hence the 
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formula for the anode voltage must now read 

V',d,o = - • / - J r (• ■ ■][• • ■W(e)^6 - E,(d - yiit)) (64) 


similar to {iWb). 

Some other troubles might occur in case of ov^erlapping of two succes¬ 
sive discharges, if a new discharge would start at a time when some elec¬ 
trons still remain in iho tube as residue of former discharges. This will 
be discussed in sp(‘cial (‘xamplos. 

Hie whole method is straightforward, provided a certain function 
/(/) is given for the total current through the tube. This same method 
was appli<*d iiy LI(‘W(‘lIyn for small oscillations in a plane diode and more 
recently by I*rillouin for large oscillations (class Cj in a diode. 

As explained before, a certain current I(t) is givcm, and the space 
charg(» and voltage* an* ()btain(*d. 'Hk* fjuestion remains of how to 
realize /(/) and the* corresponding and how to build the circuits 

outside* of the tube* whie*h e*ould yie*lel the ne*ce*ssary relation between 
I anel V. We shall neit dise*uss this pre)ble‘m here. 


VII. ()eKu\Tie)N e)F \ Mvej.NKTiteiN with \ SuentT Imcvi.sk e)F C'uuuf.nt 

There was some une*e*rtainty, in our dise'iissieins of Sectieins IV and V, 
about the* stabler spae*e charge elistributiem eibtaincel in a magnetron 
when the* aneiele* veiltage* is below cutolT, Le‘t us elise*uss this preiblem in 
an empirie*al way. A magnetron is first kept under zerei vedlage (no 
space e'harge*). The*n a e*ertain current impulse I{t) is imiire.ssed on the 
structure, yieleling a finite teital charge Qo. This re\sults in building up a 
space charge Qo and heaving a e*e*rtain veiltage ein the anode. We may 
thus ceimpute* the ae*tual structure of the* spae*e charge anel the final 
velit age. 

Tlie case e)f an expone'iitial impulse (sen* Fig. (>) 


I 0 feir t < 0 

I /o( / > 0 


(05) 


was elise*usst*el in repeirt,^ It yielels trajecteiries of the general type 
sketcheel em Fig. 7. A final stage is reached after a long time, and 
exhibits no current whatever (nei a-c component). Oscillatiems take place 
insiele the spae*e charge, in such a way that electronic and displacement 
current cancel each other exactly and undamped voltage oscillations may 
be observed on the anode. I'he successive sheets of electrons emitted 
from the cathode never overlap each other. 
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Similar results can be found more easily for a rectangular current 
impulse. 

(0 ^ < 0 

/ = j /o Q <l <T (I) (60) 

(o T<i (II) 


We apply the jrcuerul method of Section \’l and build the function F of 
eq. 


F{t) 


0 / < 0 

- < 0 < t < T 

- T T < I 

in 


(07) 


hence the /(/) of e(i IK 


m = 


0 / <- (» 1) = - ‘ 

m 


1H 

/>l 


0 < / < T 

T 4- J sin 2o>ii(f - T) 

-CO// 


( 68 ) 

T < / 


Th(‘ sine term is ru'oded to safeguard the continuity of / and df/dl at T. 
The solution ohtaiiuHl for //(/o, t) is zero when /o < 0 or /o > T and 
obtains a finite* value wh(*n 0 < < T 


//(/o, /) - /> 


T - /o- 


l 

2a' // 
1 


sin 2 co//(/ — /„) 


< f < T 


sin 2a’//(^ - /,)) -f o' ‘"^61 2co//(/ - T) 

Zco // Z(j 0 // J 

T < t (09) 


These trajectories an* seen on 8 with the coordinates 

</> = iojHf V ~ — - tii(/ (70) 

hence 

_ j </» — 00 - sin (0 — 0o) 

^ I <1> — 00 — sin (0 — 0 o) 4- sin (,0 — 4>) 


These are the same dimensionless (plantities as used in Secti(jn V. 
In the drawing, it is assumed that 'ZojuT is 37 r, giving large oscillations of 
the space charge boundary. With ^ = 2aj//7’ = 2 /i 7 r one would obtain a 
fixed nonoscilluting boundary, but the voltage would nevertheless go on 
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oscillating since internal oscillations of the space charge cannot be 
avoided. Each electronic layer oscillates around the average position, 

71 = 2MT - /o) = ^ - <#>0 ^ (71) 

Infinite space charge may be observed on the lines 



corresponding to condition (57). '^Fhis gives 

t < T horizontal lines rj - ‘Jz/tt 

T < 1 7 ] — ^ — (f> 'Imr + sin (0 — 1>) (726) 

which gives the curves marked (p oc ) on J^'ig. K. 

In all these examples, the same following points are observed; («) 
oscillating voltage on the anode, in the final stage when the current is 
identically naught; (6) Constant electric fi(*ld betw'(»en sjiaee charge and 
anode, hence no displacement current on the ano(h‘; (r) comiiensation of 
electronic and displacement currents inside the space charge; (d) no 
electronic motion on the cathode, hence electronic current zero on the 
cathode. 

The computation of the anode voltage proceeds along the same lines 
as before. Let us obtain it for the second part of the process, when 
t '> T, We must first take eq. 58 which reads 

V = D- r (7’ - 0)(1 - cos 2a)»«- e))dB 
*0 Ji. 


( 73 ) 
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The integral extends from U to T only, since F{B) becomes zero for B > T. 
Taking /o = 0 we obtain Vf on the space charge border 


—~ Vf — IP f — ^)(1 — cos (<#> — ^ = 2o)hB (74) 

m Jq 

— Vf = ^ ~ ^ ^ (<#) — ^) — cos <#> j (75) 


and we hav(‘ to add tlu* int(‘gral of 1li(‘ field l)ct\v(*eti /// and d (oq, 015j in 
order to ol)tam the* anode potential 



c 

m 


Va 


I f + PJjid — ///•) 

m ni 


tn 6(, 


'■ T,l 
m fo 

d- IP 


\'f — — sin <t> + sin {<f> — <^)] 


<1** -f cos {4> — 4>) - cos — 4> sin — 4>) 


This ke(‘ps on oscillating, exiai in th(‘ caM‘ 4> = LV/tt when the boundary 
of the spac(‘ charge* is not moving and oscillations an* found only inside 
the si)ace charge. In this (‘vainph*. we thus obtain undamped voltage 
(jscillations with no curr(*nt etsi'illations. d'his m(‘ans that the resistance 
of th(* outside circuit is suppos(*d to lx* infmiK*, a condition which does 
not olT('r any possibility for (*nergy dissipation. The fact that there is no 
energy dissipation ('\plains tin* abse'uce* of elami)ing in our example. 

The voltage* oscillations would die* out if the* anode were supposeel to 
be ce>nnecte’d te) the batte*rv through a very high (l)Ut ne)t infinite) 
resistane*e*. \fte'r a time the* spae*e e*harge would settle* dowm te) the 
st(*aely motie)n een paralle*! layers (li motion, Se*<*tion \'), wdiich actually 
appears as the stal)le* type*. 


\TII. I)rs<’rssi()\ of Hiutisii liueouis ox Simil\k Pkoblkms 

The (|ue\stie)n of the* spae*e charge* elistributieen e)btaineel in a magnetron 
operateel bele)w cutofT was first eliscusseel in se>me Hritish reports.® As in 
this paper, the idea whkS to e)htain the space charge elistribution realized 
when the voltage is applied upe)n the magnetron and a short current 
impulse brings in the necessary amount e)f electric charge. These former 
discussions will be examined now, but it is necessary to stress immediately 
some differences in the statement of the problem. 

(1) The British reports consider either plane or cylindrical magne¬ 
trons. with ratios of anode to cathode radius of 2 or 3, while our discussion 
W’as limited to the case of a plane magnetron (ratio 1 + c). 
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(2) In the British reports, it is assumed that the law of variation of 
the applied voltage is given. Trajectories, space charge, and current are 
computed by a very tedious process of numerical integration. In our 
case, we started from a given curnnt law and obtained the trajectories, 
space charge, and voltage. 

(3) Since they start from a given voltagi* law, the British authors 
assume that the final voltage is a constant, 'fhey obtain a final oscillat¬ 
ing current, which shows no sign of damping Hence, the final stage 
corresponds to a zero trshstana in the outsidi' (*ireuit. In our problem of 
Section VIl, a final zero current was assumcMl, yieldiiux an undamped 
oscillating voltage, which meant an injnun rtsistancf m die output 
circuit. 



Both cases exhibit undamped o.scillation of som(‘ sort, a circumstance 
related to the fact that th(‘re is no possibility for dissipating (*n(*rgv in the 
circuit outside the magnetron. 

In actual conditions of operation, th(‘ output circuit w’ould (‘xhibit a 
finite resistance, hence energy dissipation, and the oscillations inside the 
space charge would thus be damped and die out fset' eml of Section VIl). 

The British authors first discus.sed th(‘ cas(‘ of a given voltage* suddenly 
applied on the magnetron. In this probh'in, the* current is temperature 
limited at the beginning, and then becomes gradually space charge 
limited. For sucli examples it was found that tin* electron trajectories 
would cross each other after a short time. Hartrec* afterward assumed a 
voltage gradually applied on tin* tube in such a way that saturation 
(temperature-limited) current would never occur, and he obtained non¬ 
crossing trajectories. 

We may immediately notice the similarity between Hartree’s empiri¬ 
cal result and our remarks of Section \T, eij. 5f>. The question of condi- 
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tions leading to noncrossing trajectories will be completely discussed in 
Section IX. 

Some examples of the results obtained by E. C. Stoner and D. R. 
Hartroe are shown on the next figures. Fig\irc 9 is taken from Stoner’s 
report (W.D. Mag. 10 (May, 1912) and gives the electron trajectories 
in a cylindrical magnetron when a constant voltage is suddenly applied 
onJ[the anode. This means that the current is temperature limited at the 



beginning {.sntnnUioit cKrrrHl). Fhe anodi' radiu-^ /•„ is twice the cathode 
radius and (he not at ions are 
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(70) 

(77) 

(78) 

(79) 


The curves are labeled with the initial value.*^ Oo of 6. The figure corre¬ 
sponds to « = 2 and bin - 8 wliere is the sattimtion current. Trajec¬ 
tories cross each otlier, and looking at the first few ones one may notice 
that the crossings witli neighbor curves occur just before 

6 < 1 (80) 

which means 

2icn(t - to) < 2ir (81) 

Figure 10 shows the total current as a function of time. It should 
be noted that the saturation current is obtained up to 5 = 0.7, after 
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which the current is space charge limited. During the time intervals 
when the current is negative (1.1 < 5 < 2) some electrons fall back on 
the cathode and a displacement current is obtained on account of the 
positive field on the cathode 
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Figure 11 is from Ilartree's icpiat C\\ 1). Mag 22 (HM2) and shows 
the anode voltage and the curient as functions of ^ (vshidi is the same 
as 6). 

Figure 12 shows the traj(‘ctories On account of the slow increase of 
the voltage, saturation is never reached The ratio r, is 2 7IS Here 
S = r /'(. instead of r^rn 



Fh. 12 


Figures 13 and 1 \ are similar l)Ut for a Mill slower increase of voltage. 
In both cases most trajectories do not cros'^ each other, and as in our 
former examples, some trajectories come very close and build up lines on 
which the .space charge would be very large (perhap.s infinite). How¬ 
ever, just near the cathode, some intercro&sings may develop, a point 


mecn rod<js 
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which will be discussed later The final voltage is constant and results 
in an oscillating current, which shows no sign of damping 

As noticed in Section VIII, Hartree's theory is substantially the same 
as developed in Section VI of this repoit, but for the fact that the electric 
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field on the' Ciitlioele is not nssumed to he al\\a\s naught Let us call it 
/i’o(f) and ie\M it('('(| l() 

- r{t) - /’(/o) + /to(/o) ( 82 ) 

/■’(n = - ’ / i<ii ( 83 ) 

dE 

I[t) ^ -pi — ea—- total current (42) 

Ul 

At the instant to when an electron is emitted E()[to) is cither zero (space 
charge limited current) or negatne, yielding a positiv'e force cEq which 
pulls all electrons out of the cathode (saturation current) There is no 
emission wlien Eo is positive. 
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Let us choose our time origin i = 0 at the instant when the magne¬ 
tron’s operation is started. For t = 0 there is no charge in the tube, and 
the total charge introduced at time / is 


(/{r) = 0 


m 


A fraction 7 — coA’oW) of this charge a(‘tually found insid(‘ llie space 
charge while eoA’o(n roprcM'nts the (‘harg(‘ induced by the fic'ld /io on the 
surface of the cathode. This ind\iced charg(‘ is positive or negative 
according to the sign of Ku (lU'gative for saturation curnmt positive 
during most of the intervals when electrons ar(‘ falling back on the 
eat bode). The case' of space charge limit i*(l eiiin'nt (Section \T) was 
much simi)ler, since Ko was always assiiiiKMl z(ao. 

The pot(‘ntial Ttr/,/) of tiu* anode is obtained from (‘cp 51, \vhi<*h 
Ilartree int(*grat(‘s by pai ts: 


VidJ) 



Eujj \iiij 


I 


- E{yJ)y\ 
'0 


— E\(i,t )(i 4 

- Ei(iJ)(l -f 



4 



(Hf)) 


by Poisson’s ndation. 'rids int(‘gration by parts has the advantage of 
taking care of tb(‘ (add in vacuum, between the border of tin* .sj)acc charge 
and tli(‘ anod(*, A.s,sinning (bctnins mnr tn nnrfi tin anode, that held is 
uniform and cuual to the field on the bonha- of tlu* s|)ac(‘ ebarg(‘, namely 
(eq. 82), 

= nt) A’n(t)) (80a) 


sin(‘e the electrons on tin* l>ordt‘r l(‘ft the cathode at / 0 . If wc further 

assume no sntnmiion at tin bufinnunj, A’(i( 0 ) = 0 


E{dd) - E{i) = ^ 7(0 ( 8 () 6 ) 

to 

and we obtain 

tol'lf/./i = -v(/k/+ U !/p{y,t)dy (87) 

This is the tranolation, for the plane magnetron problem, of a formula 
used by Ilartree. 

A discussion of the physical meaning of this formula and of its appli¬ 
cation to multiple stream motions will he found in Section X\T. 
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IX. A General Discussion of Electron Trajectories in a Plane 

Magnetron 

The aim of this section is to discuss tJie conditions under which tra¬ 
jectories may cross each other or not, and to establish the limits of 
validity of the “single stream'’ motion, wliich was a basic assumption 
for the introduction of Ll(*wellyn\s formula (44) in Section \T. 

1110 (piestion was discussed for the case of space charge limited current, 
an<l it was f)roved that the trajectories of two electrons emitted at U and 
t(i -b dtu could never crcjss eacJi other. Let us now examine that same 
problem for trmperalure limited current^ \vh(*n there is a field £'o(/o) on the 
cathode ami ecj. KJ must be r(‘placed by 0(4. 82. The field acting on the 
electron at time t is 

K{tJ) = Fit) - /'’(/,)) + Eo{to) (82) 

Let us again define a function f{i) by 

/ + 4(0 „V = F (48) 

The position y of the (‘l(‘ctron is a solution of 

y Aoiiry — E (41) 

w’ith th(* initial conditions 

y =: 0 y = 0 when t = to (47) 

Instead of e(i. 49 the solution now reads 


y(lod) ~ f{l) ~ 7a Ici) “ T ^'os 2co//(^ — to) 

+ Si sin 2uii(t - to) (88) 

with 

- n,L‘ + mL> (*«> 

= « - - ^ y((o) (90) 

As in eq. 58 we want to compute 





ho) + cos 2Q3u{t fo) 2aj//*Si^ 

+ sin 2aj//(/ — to) + 2ii)HC^ (91) 
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but 


Hence 




dto 


w4a>//* 


{f\ - Ko) 


(92) 

(93) 



m4w/f* (^0 - A’o)!-! + cos 2wi/(/ - to)] 

~ in!2u 2o)H(t io) (94) 


a result ^\hic•h dilTers from eq. 5G by the Eo terms 
eq. 42 and note 

Fo — Eq — - (I (to) + €o/i’o) = 

€o 


Here we make use of 


to 


(95) 


where t{to) is the electronic pait of the current leaving the cathode at 
time lo. 

If there is no hack current on th( cathodf at to but only electrons leaving 
the cathode, lo(to) is positive and 


/d!/\ ^ <lo ,, 

\d/o/t €Qn}\o)n‘^ 


cos 2 ai//T| — ^ Eq sin 2 a) //T 


transit time r - t — to (90) 


The field Eo on the cathode is negative, and the force cEq acting on elec¬ 
trons is positive when saturation is obtained. Hence, for small r, 
{dy/dtQ)t is negative, but it may become pototivc later on, when 

ty 

1 — cos 2 a)//r < (Q Eq sin 2 aj//r Eq < 0 ( 97 ) 

iQ 


a condition \vhich is satisfied for 2 w//t < 27r when I ~ cos 2 w//t is a small 
positive quantity and the sine is negative. 

Trajectories obtained under conditions of space charge limitation 
(Eo — 0) do not cross each other, but with saturation conditions trajectories 
will cross just before 2w//t equals 2r. 

This is exactly what is observed on Fig. 9 where trajectories cross 
each other when 6 = 2o}n7/2v <1. As soon as this happens the single 
stream theory ceases to apply and the more complicated equations of 
Stoner must be used. 

This checks very well with the results obtained in Sections VI and 
VII where no crossings were observed with space charge limited currents. 
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As for Hartree's problem (Section VIII), it needs a more detailed 
discussion. 

All we have discussed is the question of trajectories crossing each 
other when electrons have been emitted at a very short interval of time 
dt. But it ma}' happen that electronic emission stops for a finite time 
interval during which electrons fall hack on the cathode (negative cur¬ 
rent). When electronic emission starts again afterward, it is perfectly 
feasible that the new trajectories may cross those of electrons emitted 
before the interval. As a matter of fact, this almost happens on TTartree’s 
curves* (Fig. 14, at the bottom, ciirv(*s tb, tS, 50 and Fig. 12, curves 
24, 30). ''fhere is nothing to prevent el(‘ctrons from l(‘aving the cathode 
at a time when .some of the previously emitted el(*ctrons are still falling 
back upon it! 


X. Stkadv Pkoulkm: Xi.(i\TivK Rlsistwce i-ok Vioin Low 

Fkeqite.nciks 


The problem of the plane magnetron operated under steady conditions 
was discussed in Section 1\’, Fig. 3. From formulas (24), (2(i), and (28) 
we obtain the relation between nMluced current C and reduced voltage V 


I > = —1® — 


. 1 / = - > 0 


r =.- 


2 5 )./ 

M 32aj//‘V ^0 


1.5 

- sin ^0 


r Y 

L = 1 + ;j'rj <*<>« ^o) ^0 = 2co//t, r, transit time (98) 


and we compute the static internal resistance of the magnetron 


R 

iir 

dV 


dv ^ s)d^dr 

dJ Kcoco/f d( 


2(^ 

(4.5)'^ 


(1 


cos ^o) 


— cos ^0 -f sin 


^0 


dipo 

dC _ 


From the C formula above we derive 


dC{\l/Q — sin ^o) ("dipoil — cos ^o) = () 


hence d(\ and 

”■ ^o(^o - sin ^o)] 

2C 

= (4"5y2 12-2 cos ^0 - ypo sin ^o] 

* This could not hftppen on the examples discussed in Section VII because the 
current never went negative. 
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and finally 

^ ^ 

This expression becomes negative along the branches P 1 Q 2 , P^Qzy 
• • • of Fig. 3 which correspond to a negative l>racket in ecf. 99. 

P 1 Q 2 branch 27r < ^2 < 3x 

P 2 QZ branch 47r < ^0 < ^s. < Stt 

and so on. Optimum conditions for negative resistance are obtained, 
for low frequencies, near 

1/^0 = 2a7r -f ^ (99a) 

in the middle of the PnQn+\ branches. 

Looking at the PiiJ ^ branch on Fig. 3, we note a possibility for oscilla¬ 
tions with 

Average direct current C « 0.1)35 
Average d-c voltage T « 1.02 

Ourrent oscillations 2Ar = 0.72 — 0 55 = 0.17 
Voltage oscillations 2Af = 0.04 

hence an efficiency for low-fr(*(juency operation 

^ 1 = 0.0013 (100) 

2 CU 

that is very low. 

XI. Small Oscillations of High Frequency: Fundamental 
Fqtutions for the Trajectories 

The general method which will be followc*cl was given in Secticm VI. 
It was shown that the single .stream solution can be used, provided 
saturation is not reached, and the current never becomes negative. Both 
conditions will be assumed in this discussion. We start from the assump¬ 
tion of a current 

/ = /o "f* /i c*os o)t = /o(l “Ha cos u)i), CL <C 1, /i = a /0 (101) 

with a constant /o term and superimposed o.scillations. Imaginary 
exponentials will not be used in the computation since most of the for¬ 
mulas are nonlinear, which makes it safer to work only with real quanti¬ 
ties. Referring to eq. 46, we introduce 

F{t) = - - [' Idt= --(< + -sin wi) 

€0 Jo to \ u / 


( 102 ) 
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and we write the equation for self-consistent electron trajectorieSy assuming 
saturation conditions never to be reached, hence the field Eo on the 
cathode to remain zero. The integration proceeds exactly along the 
lines of eqs. 49 and 50, with 


m = 



(103) 


and after computation of the C and S coefficients according to eq. 50, the 
net result is 


h 

'M8co//» 


^0 — sin t/^o + a 


I sin oj/ 


SP 


" sin cjfo 


with 

and 


^0 + COS coto sin ^o) 
IpO = 2(j3ii(t — to) 


(104) 

(105) 


The first terms in (^o — sin ^o) represent the static solution (eq. 14), 
and the a terms yield the perturbation of the trajectory. It should be 
noted that the perturbation of y is purely linear. Nonlinear terms will 
be found only in the computation of the voltage. It is convenient to 
regroup terms in the a bracket: 


!'••) = [sin wf - (1 - ft2) sin 


+ (1 — fl^) sin oj/o cos ^0 + (1 — fl) cos coto sin ^o] (106) 

1 r sin u)t — sin (oj/o + W , • , / . , , x 

j-J - 1-122 - + sin (-1 + cos ^o) 




2 sin (1 - O) eoa (<*> ^ "^ ^“ + ^) 


cos sin ^0 
1 *4" 


' (107) 


I - 


I * j / 1 I f \ I COS wfo sin ^0 

+ Sin ajfo(~l + cos ^o) H- 


(108) 


This expression shows that no term becomes infinite at resonance when 


2a7i 


Q = 1 
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The first term is 0/0 and a simple computation gives 

J. . ‘j s= j — cos 2ajjr< + sin + cos ypo) 

Q-l L ^ 

+ ^ cos 2(j)»to sin ^0 j (109) 


These trajectories never cross each other, and the electronic motion 
retains the “single stream” type, provided a < 1. When a > 1 a 
special discussion is needed. In particular, the case of no direct current 
(/o = 0, /i 7 ^ 0) presents all sorts of difficulties. 

As stated before, nonlinear terms appear in the computation of the 
voltage (eq. 58). 

y(y,t) = f!.‘, ~ ~ ^)f^t))de (111) 

with }p = 2o)H{t — 6). 

Equation 111 yields the potential at point ?/, time /, provided U and y 
are related together by eqs. 108 and 110. Using eqs. 101 and 102 we 
obtain 


(1 — COS ^)(1 + a cos u)$)d6 (112) 

Assuming small oscillations we keep only terms linear in a. 

- Jfc- C‘. 

+ a cos 0)0 + -^ sin ojt — ^ sin j (113) 
This, together with eqs. 108 and 110 builds the basis for our discussion. 


XII. Characteristic Impedance of the Oscillating Plane 

Magnetron 

The internal impedance of the oscillating magnetron is obtained by 
building the ratio 

F- I dV ^ . . v . , 

-rr- =s -=- ~ R cos (at •j-' X sin (at 

alo /o da 


Fc. 

h 


( 114 ) 
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where Fom represents the oscillating terms in V, There are terms in 
cos (at and sin (at, and we may write down a complex impedance according 
to usual definitions by taking 


Z = R + iX 


(114a) 


In computing dV/da we must remember that a enters the integral (113) 
in two dilTerent places: (a) in the lower limit to according to eq. 110, (b) 
in the integral proper. According to our rule to keep only the terms 
linear in a, we shall drop the a terms in the integral when taking the 
derivative relative to the lower limit, hence 

h = vjt? [ - (fi) + ii L 

[12^ cos (aO + sin (at — sin (a 


I'he first term in tlie brac.ket represents the derivative with respect 
to the h)W(‘r limit to, and we obtain (dto/da)y by difTercntiating eq. 110, 
since ij must be kept constant while a and to vary simultaneously 


since 


— 2w«(l 


-cosf.)(^)^+ {. • .) =0 


da 




da 


(115) 


where the bracket {• •} is given by eq. 108 and represents the coefficient 

of a in eq. 110. This yields 


1 ^ 
/o da 


-1+U.' 

cos (ad 4- sin <at — sin 12^ = w(i — d) (116) 


The computation of the integral, if somewhat lengthy, does not otTer any 
special difficulty and yields 


/: 


(• ■ Oi- • W = 


(t — d) sin wd -f- d sin cat + «— sin cat sin m 

^(atf 


1 + 


/ I I 1 *“ ^) 

-^ COS (^ + (ad) 4* < 


(2uj// — (o)^ 


fsin (^ 4- (ad) — 


4 - 


(2ci;/r 4“ w)® 
(a(t — d) 


2(2(0ir 4" w) 


2(2(i)tf — (o) I 

cos {yp — (ad) 
sin (^ — (ad) 


e-t 


( 117 ) 
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where ^ = 2ioH{t — 6) 

^0 = 2caH{t — to) = 2c»jjrT, t transit time 
This result is easily checked by direct differentiation of the right-hand 
terms. Substituting in eq. 116 one notices many term compensations 
between the two groups of terms. 

P'inally, 


10 do 


R cos ut + A” sin oji 


€oMlGcOff^/ 


/ ojr sill ^o\ . 

cos oj/ r 1 1 

212 [ (1 - 1>)“ ‘ (1 -t- f2)v 

__ cos (\po 4" , cos (^0 ' w/o) 

212(1 - 1' 212(1 + Uj^ 


but 


^0 i (J^to = 2u)n(t — to) ± Ciiio = ia>/ -f" (2w// -f u))t = -fo)/ + ^o(l T 
COT = f2^o 

hence, after some elementary transformations 



e 


- cos (1 - 12)^0 _ 1 - 
(1 - 12)'-^ 

Hypo __ MU \po , sin (1 - 

- 12^ 12 2l2(r- 


cos (1 + 12)^0 
(1 4- 12)'-^ 

- 12)^0 , sin(l -f- 12 )^ 0 1 

- 12)2 212(1 + 12)2'J 

(118) 


1 e „ 
ypo — 2(*)H{t — to) 

'J'hese formulas completely describe the electrical properties of the one 
anode plane magnetron for small oscillations at all frequencies. It is 
obvious from the formulas that R is an even function of co and X an odd 
function of co. 


XIII. Magnetron Impedanc e for Low Frequencies 
Low frequencies are defined as 

CO « 2coi,, Q « 1 


(119) 



h. BKILLOmN 


V£i 

hence 

and eq. 118 yields 
R 


= 1 T 2J1 




Ll\\ 

16«kV L 


(1 ± Q)’ 

cos (1 + n)^o — cos (1 —■ 12)^0 
212 


-4- 2 — cos (1 + 12)i^o — cos (1 — 12)i^( 


j? = / /j_V_ 

\foMl6cCH*/ . 


sin ^0 sin cjt 


Q 


4-2 — 2 cos ^0 cos ojT 


, 'I'O = 


•] 


2ci> i/T 


The transit time t is finite while a> goes down to zero hence 


sin COT « CUT 

cos ojr « 1 

and 

2 2 '^“1 ( 120 ) 

Since ojt/U = ^o. This is exactly the result previously obtained from 
the static characleristic (Section X, eq. 99). The reactance X can also 
be computed from eq. 118 for low frequencies. Keeping terms in Q we 
find, after similar reductions 

^ ~ a>T( — 1 + 4^0 sin + 2 cos * • •) (121) 

This is proportional to w but depends in a rather complicated way 
upon the direct current /o through jpo. The bracket oscillates with 
increasing amplitude when increases, and takes positive and negative 
values. The zeros of A" are just below^ 2mr and (2a 4* l)7r, as can be 
easily seen from the fact that sin represents the main term. The 
reactance X for low frequencies (eq. 121) takes rather large positive 
values for the values == (2n + 32 )^ which yield negative resistance. 


XIV. Magnetron Impedance for High Frequencies 
High frequencies correspond to the neighborhood of Larmor frequency: 

« « 2<joh 0 == 2 ~ ** ^ ( 122 ) 

Looking at eq. 118 for the internal resistance of the magnetron, we note 
that the first term in 1 — Q is always positive whereas the second one in 
14-0 contributes to negative resistance. 
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R = 


h ^ [ 1 — COS ( 1 — 0)^0 1 — COS (1 + Q)^ol 

^€oAfi6a) • whV L (1 “ U + n)* J' 

— e > 0 electrons, /o > 0, = 2waT, t, transit time 


(123) 


The first term becomes very large when Q approaches 1, hence if we 
want to obtain negative resistance, we must make it zero, while increasing 
the second term. 


Negative resistance: 

(1 ~ Q)^o = 0, ±2ir * • • ± 2nir (124) 

(1 + ~ TT, ±3ir • • * ± (2p + l)7r 

The solution in (1 — 12)^o = 0 does not work, since the first term is 
0/0 and not zero, and its actual value becomes a finite quantity. 

The solutions of eq. 124 are 

^0 = (n + p + i)T 12^0 = (-n p + i)7r (125) 


with positive and negative n values, hence 

J?, n, p integer (120) 

This yields all the possible il values giving negative resistance. High 
frequencies (eq. 122) are obtained for p large, for instance 

n = ± 1, p large: 

n = 1 il = < 1 (127a) 

T' + y 

n = -1 12 = f > I {127t) 

P - i 

but the larger the smaller the negative resistance, on account of the 
factor 1/(1 + Qyincq. 123. For 12 « 1 the negative resistance obtained 
under conditions (125) and (127) is 


R ^ - 


1 _ lo 

4 eoMlGcJii* 


(128) 


Assuming conditions (124) to (126) we compute the reactance 


A = - 


( lo \\(-n + p + iKn + p + iy 
\€oM16ajHV L 2n(2p + 1) 

-h (-1)"+'' 


TT 

n + p + j 1 
~n -f- p + iJ 


(129) 


since (1 — i2*)^o* = 2nic{2p + l)ir. 
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For Q « 1 we must have p'^ 1, \n\j hence 

^ - C-OTsiri) f s ]■ ” <'2“) 

Negative* resistance is thus connected with large reactance. 

I'rom the physical picture of the process, one might imagine that 
resonance conditions 

w = 20),/, 12 = 1 (131) 

\II - 10G55, (X centimeters and H oersted) 

should correspond to liigh cfFiciency for the one-anode plane magnetron, 
but this view is not confirmed by the theory. 

Our tlK'oretical investigations were limited to small oscillation 
Ji < /u with a noru anisliing direct current /o. They do not show any 
specially favorable conditions corr(‘sponding to resonance. The question 
of high efficiency is actually connected with large oscillations, where 
a = /i//, > 1, a condition whicli is contrary to the assumptions made 
al)out eq. 113 and wliich may even impair the whole method, since it does 
not seem to lx* compatible with the single stream assumption and the use 
of Llewellyn’s formula (Section J\'). The general discussion given in 
Section IX does not leave much hope for the validity of the single stream 
solution when the current becomes negative <luring certain time intervals. 
As shown in eq. 125, negative resistance is obtained for 

^0 = T ^ ~ 4 ' P integer 

For low freciuencies (see end of Section X, eq. 99a), half of these points 
drop out and only those corresponding to even k values remain. 

XV. I)is(’ussiON OF Some Special Examples 

A number of special cases were computed, in order to reach a better 
understanding of the behavior of the tube. Computations can be found 
in the original report,*® and we shall only discuss the practical results, as 
shown on the drawings. 

Figure 15 refers to a case of oscillation> without direct current 

/=/,COSu;f (132) 

starting at To where a)7’o = —tt 2. The lower curves show' the variation 
of I and of its integral, the charge Q, The upper curves describe the 
motion of electrons, with y (distance from cathode) as a function of time. 
It was assumed that a certain amount of space charge (extending up to 
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y == 2) preexisted in the tube. These electrons give the trajectories 
above the B line. Trajectories below the B line correspond to electrons 
emitted from the cathode during the interval ~t/2 < o>t< 7 r /2 and falling 
back upon it when Tr/2 < wr < 37r/2. Trajectories do not intercross 
each other during the first period, but a layer of intercrovssing trajectories 
(shaded region) develops after the first time interval of negative current 
and should progressively expand afterward. Tliis figure illustrates the 



fact pointed out at the end of Section IX, that m^gativc* currents lead to 
intercrossing trajectories. The figure corresponds to the case 

(j3 <C 2co// w ~ ' 7a>// (133) 

Figure 10 refers to a similar proldem when exact resonance oscillations 
are used 

CO = 2co// — I 

Electrons which were previously in the space charge between cathode 
and anode take larger and larger oscillations until they finally hit either 
cathode or anode. In the final stage one findrs only electrons emitted 
and reabsorbed by the cathode. This means a positive resistance due to 
energy losses by cathode back bombardment. 

Electron trajectories in this final stage will now be discussed. Three 
cases must be distinguished: 
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C Initially no space charge, and no charge on the anode at the start. 
Moderate amplitude of the oscillations /i, electrons never being able to 
reach the anode 

2/m.. < d 

D Initially no space charge, but anode initially charged negatively. 
Or also: anode initially uncharged but large /i oscillations, which bring 
some electrons to the anode during the first oscillation and charge it 
negatively for the rest of the operation. 



I'ki. 10 

In both cases V and D the motion is ^‘single stream.” 

E Initial space charge, as shown on Fig. Hi. Hence anode initially 
charged positively. Some electrons hit back the cathode, hence double 
stream motion, with positive charge on the anode. 

Case C corresponds to moderately large oscillations, when electrons 
never reach the anode (anode in position C on Fig. 17). Electrons are 
emitted during the whole interval of positive current (—ir/2 < </> < ir/2) 
and reabsorbed during the negative current interval (7r/2 < <#> < 3 t/2). 

For a large amplitude 1 1 one would find yj^^^ > d (anode in position D 
on Fig. 17). During the first oscillations, some electrons reach the anode 
and give it a negative charge. This negatively charged anode creates a 
field retarding electron emission from the cathode. Instead of starting 
at ^ = —ir/2, emission is delayed until </> = as shown on Fig. 17 
(case D). These electrons strike back at 4>i, and the cathode does not 
emit between 4>i and 2 t + since during this time interval the negative 
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charge on the anode induces a positive charge on the cathode, and the 
structure simply behaves like a condenser. 

Similar oscillations and operation can be obtained even for small I\ 
amplitude, if the anode has been initially charged negatively. 

A remark should be made here to explain a mistake which must be 
avoided: one might be tempted, in the case of large /j oscillations, to 
assume an electronic emission starting at <#> = —7r/2 on every oscillation 
thus giving each time a bunch of electrons reaching the anode. But it 
would be a serious mistake to imagine this electronic motion to represent 
a solution for oscillations li superimposed to a small direid current 
(corresponding to the electrons reaching the anode). We have assumed 
from the beginning that there was no direct current 7o = 0 and trajec¬ 



tories computed for Figs. 16 and 17 are valid only under this assumption. 
A computation of the voltage proves that the resistance is always positive. 
The average anode voltage Va is below cutoff, and depends upon the 
amplitude of oscillations h (Fig. 18). C'ase V corresponds to a curve 
starting from F = 0, /i = 0 and rising up to a point hm when electrons 
would reach the anode. A typical D curve starts from F = 0 at a 
certain Iio amplitude of oscillations and rises up to the I) limit curve when 
electrons reach the anode. 

In an oscillating magnetron (not self-sustained in our case!) electrons 
may reach the anode for voltages much below cutoff. 

A possibility for self-sustained oscillations can be found only when a 
direct current /o is added to the /1 oscillations, since such a condition is 
necessary to draw some energy from the d-c supply battery connected to 
the anode. 

Case E involves double stream motions and is discussed in the next 
section. 
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XVI. Double Stream Electronic Motions: General Formulas 

Up to now, double stream motion was considered only in the steady 
case (Section \') when it could easily be reduced to the single stream 
problem. 




Ijct us now consider a magnetron operated with variable total current 
I(t). At a distance // from the cathode, the space charge density p(y,t) 
can be divided into two parts: 


piiyU) moving with v'elocity t’l 
P^iyA) moving with velocity Vg 


dE 

€o-^ = P 


Pi + P2 


“/ = piCi 4 " P2C2 “h €0 


dt 


( 134 ) 
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Here again we assume a plane space charge distribution in the one- 
anode magnetron structure, and we state that pip 2 depend only upon y 
and t but not upon x. 

According to Llewellyn’s method (Section VI) we build the expression 
(dE/dt)i following the motion of the p,vi stream of electrons. 



following Cl electrons, and in a similar way 



following ?’2 electrons. 

The single stream solution of LlewTllyn was 


(137) 


(iE 

dt 


to to Jin 


Integration of formula (18()) yields: 


+ - / {-[)dt f - / pj(/'i “ V2)dl (138) 

to J h ^0 Jfo 


where Eio = the field on the cathode at f,, when i , (ieetrons were emitted 
Qito,t) = /:< —I)dt is the charge emitt(*(l from th(‘ cathode between 
to and t 

Q‘i = p-{ri — V2}dt 

is the charge brought betw(‘(‘n our electrons and the cathode by the 
C 2 stream, since (?’i — v^) represemts th<‘ relative velocity of the Ci, 
V 2 streams. Let us call QiyJ) the total charge (per unit area) of the 
space charge between the electrons we are considering and the cathode. 
Assuming no saturation (Em = Oj, eq. 138 yields 

= ^ = - f' + - f ~ 

€o €o €o J tn ^0 J tfi 


This result has a very clear physical meaning and can he used also 
for a direct interpretation of Llewellyn’s formula for single stream 
motion. 
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The situation is explained on Fig. 19, assuming a stream V 2 of electrons 
to strike back on the cathode during the emission of another stream Vj. 
Both streams cross at AB, the charge Q below the vi trajectory is 
thus increased and so is the force eEi acting on the V\ electrons. This 
results in a deflection, but most important of all is the fact that the addi¬ 
tional force eE\ persists all along the trajectory. Hence the main change 
consists in an additional constant acceleration. This is easily proved: 
the V 2 stream strikes the cathode between t 2 t 2 and is immediately reemitted^ 
since the total current I(t) is our primary data, and must follow its 
regular course. Hence there is an additional Q 2 emission from <2 to t 2 , 
with trajectories spreading fanwise between the ‘^deflected” and the 



Fig. 19 


“normal” single stream trajectories. The point is that the additional 
charge Q 2 cannot be lost, hence the force on the vi electrons is permanently 
increased by an [e(Q 2 /€o)] term. 

With any type of trajectory, the anode voltage can always be com¬ 
puted from eqs. 51 and 85 

Va = - f E{y,t)dy = ^ ydq (140) 

Jo ^0 J y —0 


where Ea = the field on the anode 
y = d and 

dq = pdy represents the space charge. 
We may have a field Eo on the cathode, and 

E^ - Eo ^ j dq 


(141) 


Eo is zero during the intervals of electronic emission (space charge limita- 
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tion) but it may become positive (eE^ < 0) when electrons strike back 
upon the cathode and the current is negative. 

From eqs. 140 and 141 we obtain 

1 < r anode 

Va = ~E«d -/ (rf - y)dq = -Ed - - zdq (142) 

^0 JymQ €o y cathode 

1 r anode 

= —Eod H-/ z\dq\ 

j cathode 

where z d ^ y \s the distance from the anode of the layer with charge dq 
per unit area. The final result is obvious and could have been directly 



obtained by considering each negative layer dq and the equal positive 
charge \dq\ on the anode as a plane condenser of capacity co/z per unit 
area, then adding each contribution to the voltage. Explained in simple 
words it means that charges dq are more elTectivc in building up the 
anode voltage Va when they are located near the cathode {z » d) rather 
than near the anode (z « 0). 

We may now discuss the last case E of oscillations without direct 
current, which was stated in Section XV but could not be discussed with 
the single stream method. This is a problem of positively charged 
anode, with small oscillations and electrons never reaching the anode. 
The solution is obtained by adding an additional layer of electrons on 
top of the trajectories of case C, as shown on Fig. 20, where the additional 
trajectories have been drawn as dot and dash lines. The motion is 
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''single stream^’ for the main part of the trajectories, with intercrossing 
trajectories and double stream just near the cathode around ^ = —ir/2, 
37r/2, 7ir/2 • * • In Ihese regions, the disposition of the trajectories is 
similar to that shown on Fig. 19. Such should be the motion for a small 
amotmt of added space charge, but it would become more and more com¬ 
plicated for large space chargers and small oscillations. 

The average voltage F« is obviously higher than for the V case, and 
we may complete our schematic drawing of Fig. 18 as shown on Fig. 21 
which is self-explanatory. I'he limiting curve of Fig. 18 can now be 
prolonged to the left until it reaches the Va axis at the cutoff voltage Vco, 



NO [)C lo (' 

% n tiY h O t UJ c 

Fir. 21 

hut it is hard to foresee' whetheu- the steady case obtained at the limit 
/i —> 0 will be the single stream B or the double stream A solution. 

We have thus obtaiiuvl a (pialitative description of th<^ different 
C, D, E, type's of ivsonance eise-illations in a magnetron operated without 
direct current. .Ml the'se eliffe'rent type's must be sustaineel fre)m outside 
by a radio-freeiuene*y po\Ner supply, but the peiwer needl'd is small and 
oscillatiems reach high amplitude's. 

XVII. liAueiK Kkso.wxt ( )scill.\tio.\s with Modehatk Direct 

("lUlUEXT 

The prc'ceeling eliscussion sheiweel that no negative resistance could be 
obtained at exact rc'sonance (a? = 2aj//, 12 = 1) for small oscillations. 
We wish now to discuss the case of rather large oscillations /q = /i 
(a = 1) when the single stream solution of Section XI can still be used. 

Trajectories are given by eqs. 109 and 110 in the case of exact 
resonance. 
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PLANE ONE-ANODE MAGNETMON 
RESONANCE 
lo- I 



LARGE CURRENT LARGE CURRENT LARGE CURRENT 


Fig. 22 


The limiting case a = 1, = 1 is very interesting to consider and 

corresponding trajectories have been plotted on Fig. 22. They exhibit 
large oscillations of increasing amplitude and a very remarkable Imncliing 
effect, which increases as time goes on. Large electron (‘mission is 
obtained during the intervals 



Stt 

T 


< 4>o < 


5ir 

T ‘ ’ 
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and the trajectories in these bundles corresponding to <t>o *= 0, 2ir, 4ir * • • 
have been drawn in dashed line. 

Most favorable conditions for sustained oscillations should be found 
when anode bomV)ardment is low. Hence we should attempt to locate 
the anode at a distance where the main trajectory has a maximum and 
its electrons reach the anode with zero y velocity. This is obtained at 
Y = 5.7. The main trajectory reaches this distance at 0 = ir + (7r/4) 
with zero velocity, but the following electrons take a large swing and 
strike back on the anode with full speed between 2v + (Stt/S) and 
3ir + (ir/4). The actual result is not satisfactory. A computation of 
the voltage yields a positive radio-frequency resistance. 

When time goes on, the electron trajectories exhibit larger and larger 
oscillations, and smaller terms (like sine or cosine terms) can be neglected 
in front of other terms increasing linearly with time. Keeping only these 
dominant terms in eqs. 109 and 110 we obtain 


Y 


'f r y 
J 0 


— (0 — </)o)(l — y COS <!>)''' 

=1, (Z = l, <p — 1 


(144) 


Neglected sine and cosine terms contribute less than ±2.5 in the final 
result. An electron beam corresponding to a whole period is obtained 
by taking 


-|<0o< 


St 

2 


which gives an overall variation 

Al' = 27r(l ~ 4 cos <p) 


The average trajectory (0o = 0) oscillates between Y = and 
Taking AF as a measure of the amount of bunching we find 

F = (2A* + 1)t, AF = Stt min. bunching 

F = 0 = 2A:ir, AY = T max. bunching ^ ^ 

the curves of Fig. 23 visualize these constant results. Y increases with 
while the AF’s keep constant values, which indicate an increase of the 
relative bunching, since AY/Y decreases steadily. 

We may again try to see what happens if the anode is located at one 
of the maxima of F 


anode D = - 


lo 



00 — 0 

0 = (2A; -f 1)t 


(146) 
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but here again the magnetron exhibits a positive resistance. The large 
oscillations of electrons in front of the anode result in a succession 
of cavitations alternating with heavy bombardment on the anode. 
This means a large energy dissipation on the anode and explains the 
positive resistance obtained. 



Fig. 23 

XVm. Efficiency and Negative Resistance in One-Anode 

Magnetrons 

In the discussion of efficiency for vacuum tubes, there is a well-known 
result. 

Best efficiency is obtained when a virtual cathode is built just in 
front of the anode. The explanation is straight-forward. On a virtual 
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cathode, electrons are slowed down, and their velocity drops to zero. 
Hence energy losses by anode bombardment are prevented. 

It is very remarkable that we did not reach a similar conclusion in 
the discussion of the operation of magnetrons. As a matter of fact, the 
conditions for obtaining negative resistance correspond to large velocities 


STATIC TRAJECTORY 



• • • VIRTUAL CATHODES 

OOP NEGATIVE RESISTANCE FOR HIGH FREQUENCIES 
XXX NEGATIVE RESISTANCE FOR ALL FREQUENCIES 

Fig. 24 


for electrons impinging on the anode. For loir frequencies (Sections X 
and XI11) negative resistance* was found when 

V-o « 2r,w + I (147) 


w^hile for high frequencies (Section XIV) the condition \vas 
^0 = h'TT + 

^0 = 2aj//(/ — to), t — to, transit time 


(148) 


This does not correspond to virtual cathodes (^o = 2mr} on the static 
trajectory (see Fig. 24) but to a finite average electron velocity, since the 
steady average motion is 
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- 4'o — sin 

Y 

io 

1 


Y' = - Y = 

2o>„ ^ 

t/ = 1 cos 

i 0 


^0 


(149) 


and both preceding conditions make cos = 0, ^ finite. 

This situation justifies a discussion of the physical meaning of the 
conditions resulting in negative resistance. 

When the magn(‘tron is operated under steady conditions (no oscilla¬ 
tions), a current /o corresponds to a voltage To and energy considerations 
prove that 

—e\\ = -f !r) = + y^) (150) 


where y is the anode distance and Jc ~ 'lomy as shown in ^'ection 111. 
The number ()f electrons hitting the ano(h‘ p(‘r s(‘cond (and per unit area) 
is ( —l/e)/o; hence the energy dissij)ated p<‘r sc'cond oy anod(' l)oml)ard- 
ment amounts to 


1 


(’ 


W(4w//“//*’ -f- //“) = /(d’o 


(151) 


The wliole power supplied by the battery is used in lu'ating th(‘ anode. 
Now' w'hat happens when curr(*nt oscillations 

l\ cos <t> = /oCt cos (t>, <t> — oit (152) 

are superimposed on the average direct curnait /o? 'Vhv voltage* is 
represented by an exj)ansion 

V = Vo + a{Vic cos (t> + Vt» sin <l>) + a-( cos- <t> 

+ Vc 9 COS (f) sin 0 4- k-j. sin- 0j (153) 

and comparing this expression wdth C(j. 114 we note 

Tu = /f/o - A7o (151) 

Averaging over one period, we obtain 

V' = Fo + ~ (T'2c + v„) (155) 

which yields the d-c power mpply from the battery 

y/o = Fo/o + ~ UiVu + Vu) = (156) 

On the other hand we obtain a similar expansion for the velocity of 
electrons hitting the anode, 
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1/ I/O + a{ute cos <t> + Ui» sin <t>) + a^[u 2 e cos* ^ 

+ Uct cos (t> sin <l> + U 2 b sin* <^] * * • 


hence 


(157) 


= yo* + 2ayQ{u^c cos <l> + a*, sin </>) + a* {(• • 0^ + 2yol • •]} (158) 


The amount of energy lost by anode bombardment is obtained by multi¬ 
plying the kinetic energy by the number dn of electrons hitting 

the anode 


P 


bomb 


r = 



t»* dn per second 


27r 

0 ) 


= period 


(159) 


For high frequencies, dn is a function of </> whicli must be computed from 
the trajectories but for very low frequencies (when the field on the anode 
is almost constant and displacement current on the anode can be neg¬ 
lected) we may write 


dn = /o(l + a cos <t>)dt 

\n 


and 


rnfo 

2|.l 

Fo/o + a* ■ 


/'bomb = + ,</o^ + 1’ ■ •)) 4 Iuy»u,^^ cos^ ^ 

-r w'/o 


2i.| 


+ 


rn 

2in 


/ oi/o«ica“ 


(160) 


Negative renistance appears when the energy Pu,„t, dissipated by anode 
bombardment is less than the d-c energy supplied by the battery: 

7 « ~ 7 do / bomb (Ibl) 


the power thus available on the frecpiency w appears through the 
mechanism of a negative resistance P < 0 


P. = = i|/e|/o*a2 (102) 

This is a rather indirect mechanibsm, which bears no precise connection 
with the formation of virtual cathodes. Hence one-anode magnetrons 
should exhibit rather low efficiency since negative resistance and virtual 
cathode conditions cannot be realized together. 

These energetic considerations are clear enough and can be checked 
in the case of low frequencies, where computations are simpler on account 
of relation (100). One can prove that condition (147), which corresponds 
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to negative resistance, also yields a positive value for P« in (151) and 
that both formulas for R and P« are identical. 

For high frequencies, these considerations lead to condition (148). 

XIX. Physical Meaning of Conditions for Negative Resistance 

The discussion of the preceding section showed the meaning of one of 
the conditions for negative resistance and emphasized the rather indirect 
process involved. The other condition will he found to have a very clear 
physical interpretation and to explain our failure to obtain negative 
resistance in the examples involving exact resonance (Sections \V and 
XVI). Let us first rewrite the conditions for negative lesiMance, as 
obtained in Section XIV 


(1 - 12)^0 = (1 -f 12)^0 = (2/> -f D^r 

^0 = — to) = {n + p + ivrj 

n = ^ ^ ^ 

2oih m + P + 7 


(124) 

(125) 

(126) 


We want to discuhs Uio behavior of the t’^ajectory, which in Riven by 
eqs. 108 and 110: 

y = ^0 - sin ^0 4- I [ - , ^ Mn ^ (1 - U) cos 4- 

4- sin <f>o( — 1 4- cos \l/o) 4 j q cos <t>o sin if'n j (163) 

with = cot. 


^ -b ^o) = + 2co/i)t 4" — 2coH)to 

To visualize the results we choose a specific example 

q 5 

n = 1 p = 10 S2 = . = 0.820 

' ll.o 

»-' s - 1 


(164) 


(165) 


These conditions correspond to negative resistance when “ 11.5ir. 

We choose a 1 and large oscillations to obtain a situation similar to 
that of Section XVII and we select the main trajectory 4>n = 0 which 
corresponds to the largest electronic current: 
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since 

hence 


K = ^0 - 0.337 sin - 7.6 sin cos (0.91^o) 
^0 =■ 0 yields <t> = 


il) = j'j . = Q.mi„ 

♦-2('+li)= 2 


(166) 



o> I Vi/ 

p «10 ^0 

rtt I 

n » 0.026 

Fu;. 25 

This main trajectory is plotted on Fip. 25. Negative resistance is 
obtained for * ll.oir which corresponds to a node in the oscillations. 
The exact shape of the trajectory near the node is ditTerent for p even 
(Fig. 25n) or odd (Fig. 25/)^. Hut in both cases the difference between 
u) and 2 u)h results iu heats between forced and free oscillations and condi¬ 
tion (124) indicates a notle in the beats. This means no cavitation in 
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front of the anodCj hence the disappearance of an effect which was obvi¬ 
ously the cause of all our troubles in Section X\1I. The beginning of 
the trajectory is very similar to that of Figs. 22 or 23 for exact resonance. 

The next main trajectory (</)o = 2ir) was also drawn on Fig. 25 to 
visualize the bunching effect. It is parallel to the first one at a distance 
2 t Q » 2.42t. The points of negative resistance did not correspond 
to zero y velocity on the unperturbed trajectory (Fig. 24). and they do 
not coincide with these points on the perturbed trajectory either. Any¬ 
how, the present discussion clearly shows why it was impossilde to obtain 
negative resistance for exact resonance. 

It must be noted also that the closest the resonance, tlit^ longest the 
transit time, since w close to 2w// means that it tckes i\ long time to reach 
the first node of the beats. 

The plane problem may certainly be considered as a special example 
of cylindrical structures, and it seems a safe guess th.il negative resistance 
should always be related with the api)esran(‘e of a node in the beats. 
Conditions prevailing in cylindrical magnidrons differ, ho\\ev(‘r, seriously 
from those found in the plane structure. A plane magnetron has just 
one well-defined prop(*r fre(|uen(*y 2wn wle‘reas cylindrical structures 
have a whole freiiuency spectium, starting from 2w// near th(‘ cathode 
(radius a) and extending down to ww \^2 + 2(a‘ /d) n(‘ar the cathode of 
radius b. This means that beats and nod(‘s will app(‘ar in all cases and 
that there is no such thing as (‘xact r(*sonance. X(‘gativ(* resistance 
should probably correspond to a node near the anode 
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Appendix 

Exact electromagnetic equations for a magnetron, with a discussion of 
some approximations usually introduced. 

Let US rewrite the complete electromagnetic equations and check the 
kind of approximations involved in the theory developed in the main part 
of this paper. We start with the definition of the total current density 

-7 = pF + eo I E (A.l) 

The minus sign is chosen to yield a positive current in the direction of 
motion of electrons {e < 0, p < 0). Maxwell’s ecpiation directly result in 

div .7=0 (A.2) 

and read, with our sign convention 

curl // = — J div 11=0 (A.3) 

curl E = div E = ~ (A.4) 

We assume a plane structure, with a cathod(‘ at // = 0, anode at y = d 
and a magnetic field //o along 2 , to which we must add a variable part Hu 

//, = //o + Hu c*)// = — “Mo /7o Larmor (A.5) 

2 w 

Electronic motions are now given by eipiations of the type 

j A’, +- - (yll. - illy) 

m m 


Singling out the //o terms, we obtain 


J (X + 2u„!/) = ^ Ey-\- «„ {yliu - f//„) 
dt m m 

~ ~ -h Mo {Hfy - xHu) 

y — L // q- ^ [xU — yllj) 

m m 


The z dependance of all quantities, and also the Hu terms were ignored 
in the main paper. This may be justified in the following way. 

Let us assume no current J, to flow in the z direction, and J^y to 
depend only upon x,y,t but not upon z. Equation A.2 yields 


dx ^ dy 


(A.7) 
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and we take 

dHu T 

dx 

n 

1 

II 

(A.8) 

which satisfies eq. A.3 provided 



= 0 

//, = 0 

(A.9) 


and the remaining Maxwell’s equations A.4 yield 

dE, _ ^ ^ ^ _ d/ij, 

dy dz dz dx dx dy ot 

Hence we may choose 

Eg = 0 EyyEg functions of x,y,t not j i A.IO) 

y.d «o 



Fici. 20 


Conditions (A.9) and (A. 10) give no electronic motion and no displace¬ 
ment current along z, that is consistent with our initial assumption 

J, = 0 (A.ll) 

and we are left with the equations of motion (A.O) with //u terms but no 
Hy terms (on account of A.9). 

This rigorous method contains two new features, namely eq. A.8 and 
the Hu terms in eq. A.G. 

There is a curious peculiarity in this solution. Since we have a 
direct current between cathode and anode, Jy has a non-zero average J^, 
and consequently Hu increases linearly with x. 
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In an actual structure this increase of Hi» could be avoided by a 
regular distribution of batteries inside the structure. The 

inverse currents flowing through these batteries compensate the direct 
current due to moving electrons and the resulting field distribution is 
shown on Fig. 20. A more d(^tailed analysis of the field can be found in 
the report “ In a cvlindrical magnetron, one single battery inside the 
lube would suffice (Fig. 27). 


Anod« 



The api)n)ximations involved in the main paper consist in neglecting 
the //i, variable fudd due to electronic curnuits inside tlu' magnetron. 
A num<‘rical computation proves that this additional field always remains 
very small and can be lu'glected in front of tlu‘ constant JIo field. 
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I. Si MMAU^ .\N1) Inthodi c riON’*' 

The aim of (liis report i.s to present a summtiry of the thtuiry for 
cylindrical magnetrons. Solutions of the geuieral etpiation for ‘*self- 
consistent trajectories” in the static case* are oLltiined eith(*r hy api)roxi- 
mations or by numerical integration on the (lifTtu’ential tinalyzer of the 
Massachusetts Institute of Technology. 

Similar computations had been already performed by I). R. Hartree, 
W. P. Allis, or E. C. Stoner, but it was felt necessary to extend tlie field of 
integration beyond the limit of the first maximum, wIktc all these authors 
stopped their computations. This continuation of the curves has no 
physical meaning in the steady case, but may be useful later for the dis¬ 
cussion of oscillating magnetrons. Furthermore, these curves are very 

* This paper is ba.scd on work done by the authors for the (Iffice of Scientific 
Research and Development under contracts with (-olumbia University (L. B.) and 
Harvard University (F. B.). 
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useful for a better understanding of the continuous distortion of magne¬ 
tron characteristics when the anode radius is increased. 

The static characteristic of a magnetron is an important information 
to be obtained from the theory, since it represents the practical summary 
needed by technicians. These characteristics are completely discussed 
in this report and some important results are underlined. 

It is well known that: (I) plane magnetrons, (11) cylindrical magne¬ 
trons with li < 2.273 {H = ratio of anode radius to cathode radius), or 
(111) cylindrical structures with li > 2.273 should behave differently. 
For cas(‘ I (plaiuO the static characteristic yielding current C with respect 
to voltage I \ has been given in a preceding report. It is very interesting 
to noi(» that the characteristics of cylindrical magnetrons Ji < 2.273 
(case IIj difT(‘r very little from the plane characteristics and that the 
differen<*(* can be ignored for most practical purposes. These charac¬ 
teristics explain the possibility for sustaining oscillations with a magne¬ 
tron, since they exhibit some typical branches with negative resistance. 

In case III (li > 2.273) a complete theoretical characteristic can still 
be drawn which is obtained by a continuous distortion from the preceding 
ones, and otT<*rs branches with negative resistance, but some special physi¬ 
cal limitations apiiear in the static case and cause us to erase large parts 
of the curve, including the negative resistance branches. These limita¬ 
tions how’cver cannot be maintained in case of oscillations, and the 
negativT resistance branches reappear on thl^ occasion. 

The whole discussion is found in Sections \’lll and IX, together with 
a typical characteristic for the case li = 3.73. Some details are worth 
mentioning. 

(1) The current at cutoff voltage is. in all case.s, almost three-fourths of 
the Langmuir current for a similar diode without magnetic field. The 
actual current ratio remains between 0.65 to 0 8 when R varies from 1 to 6. 

This result had been obtained by ,1. (\ Slater, using some formulas 
proposed by Allis. The proof was far from satisfactory, and the same 
result is now' obtained directly from the general theory. 

(2) In the plane problem, it was found that for large currents and 
high voltage, the magnetron’s characteristics ran asymptotically to the 
Langmuir’s curve, displaced by one-tenth of the cut-off voltage. In 
other words, if 

W - 

is Langmuir’s formula for the diode, the magnetron’s limit came out as 

V T^Vr. -f 

A similar result is obtained for all cylindrical magnetrons on which com- 
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putations have been made. The coefficient may slightly differ from 
^0 but remains of that order of magnitude. 

The most important difference between plane and cylindrical mag¬ 
netrons should be found in their frequency spectrum: plane structures 
possess only one frequency 2wif, whereas cylindrical structures have a 
spectrum extending from wh \^2 + (2 /2'*) to 2wh (wi/, Larmor fre¬ 
quency). Sections X to X\' are devoted to a discussion of a magnetron 
operated under variable conditions, and the first point investigated is 
the validity of the single stream solution. It is found that the discussion 
is much harder than for the plane structure. The first electrons emitted 
by the cathode will intercross at a distance R = 1.431, but their trajec¬ 
tories will disentangle themselves afterward, and steady double stream 
motion is impossible below R = 2.273. Other difficultie. are found if 
there is no cause for energy dissipation in the circuit, since electronic 
oscillations in the space charge should intercross if rhey kee]) going for too 
long a time. 

The conditions for negative resistance in a cylindrical one-anode 
magnetron have been obtained (Section X\’) and have many points in 
common with the corresponding re.sults for a plane magnedron. 

It would be very int(‘resting to check experimentally these theoretical 
results. They arc rigorous and contain the fundamental assumption 
that end effects can b(* safely neglected. The th(‘ory applies only to 
single stream motion and indicates the limits of validity of such solutions. 
It remains an open question whether multiple stream motions actually 
play any important role in a single anode magiKdron. In Sections 
X-XV it is further assumed that the current is small (eep 49). 


II. lUsic Assumptions fok Stkady (’onuitions 


The magnetron structure is supjiosed to contain a cylindrical cathode 
of radius a surrounded by a coaxial cylindrical anode of radius b with a 
constant magnetic field II in the direction of tin* axis of symmetry of the 
structure. The cathode is maintained at potential zero and emits 
electrons without velocity. The anode is at potential V and a steady 
current I flows through the tube. This total current may result from 
two currents flowing in opposite directions 


/ = /i - /2 

j = /. + /j s 1/1 


( 1 ) 


and the current entering the general equations is the sum J of the absolute 
values of both partial currents, rather than the actual total current 7. 

In the cylindrical magnetron, only two cases can be realized in a 
static case: 
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(1) One virtual cathode where all electrons stop and start backwards, 
this means 

U J = 2/i 7 = 0 (la) 

and yields a total current zero on the anode. The cathode emits a 
current h and receives an e<iual back current (hack bombardment). 

(2) No virtual cathode 

/2 = 0 j ^ I, =. I (16) 

electrons n(‘ver stop between cathode and am^de. More than one virtual 
cathode cannot be obtained. At each point in the tube, the theory 
yields the absolute value |cri of the /v component of electrons' velocity; 
and the total space charge p. This total space charge may be divided 
into two parts pi and p 2 , consisting of electrons witli ±/'r velocities: 

/i - — 27rrpj'r/ 

I‘> - -h27rrp2'/v, (2) 

/ = — 27r?‘(pi — p2)\V, 

./ = —'Iwl'p^Cr 

/ and ./ aie the currents {)er unit of length c of the structure. The signs 
are chost'ii so as to yield a positive current when electrons (p < 0) run 

from cathode to anod(* {/v > 0). Th(‘ abholutt' value |?v' of the radial 

vel<»city may Ix'coirn* z(‘ro on the cylindrical surface* 

r = rp\ • • • (3) 

if there is a '^rirtual r(itho(i( 

The fundamental (apiation.s will Ix' summariz(*d in tin* next section. 
They an* practically tin* same as those used in an earlier pa]x*r.' 

It will be shown that the solution proj)os(‘d in this former j)aper corre¬ 
sponds to a limiting case and pre.sents itself as tin* limit of curves whose 
Rtnicture is more elaborate. 

III. Thk PuonLKMs Kgi’vTioNs- Statk’ C ask 

Taking cylindrical c(x)rdinates i\e,z {z being the axis of the structure), 
we assume electronic motions to take place in the r,d plane only, as in 
the case for an intinitely long stnicture. The laws of motion are: 

mf = cE -f PocIIri -f mri' 
rn (r‘6) = —pocllrr MKS units 

E is the electric field, II the magnetic field, and the II term represents 
the Lorentz force, the mr6- term is the usual “centrifugal force.” The 
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second equation expresses the law of conservation of angular momentum 
and can be readily integrated 



w// = — Mo — Larnior's rotation 

2 m 


Klectrons are emitted without velocity on tlu‘ cathode r - u, hence the 
value of the constant in oq. 5. Next to tliese ecjuations have the 
Poisson relation 


r dr 6o 


(«) 


and \\(* derive th(* Llewellyn formula when we compute the d/dt deriva¬ 
tive of iih') along an electron trajectory 



according to ecj. (i. In a pioblem with varying currents to dK dt repre¬ 
sents the disj)lac(‘nH‘nt current density and pi the (‘lectronic current 
density, hence 



the minus sign corresponds to the definition (eq. 2). The formula is thus 
proved for single stream electronic nudion with variable J c\irrent. In 
case of a double stream static motion (eep 2) it is also valid prrjvided we 
follow the motion of an (‘lectron always moving forward, and take 

f = 0 r = l*vl = 0 

In electrostatic units co = the right-hand term in eep 8 is — 2J.‘ 
Integrating eq. 8 we obtain 

rE — aEo = — r (9) 

where t is the transit time for a forward moving electron and /s"o is the 
field on the cathode. If saturation is not reached (space charge limited 
current), we must assume Eq = 0. 
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IV. Fundamental Equation or Motion 

The field distribution can be eliminated by combining eqs. 4, 5, and 9. 
We assume Ea = 0 (no saturation) and obtain 


f = ~E + r6^- 2u>ar6 
m 


t 


m 2ir€o r 


+ w/fV 



( 10 ) 


The problem, as a whole, is one of ‘^self-consistent” field. Starting 
from the field distribution, trajectories are computed; then space charge 
is obtained which must yield the same field distribution from which the 
discussion was started. Eciuation 10 can be described as an equation 
for self-consistent trajectory in the steady case. It was first obtained by 
Hartree. 

The case of the plane magnetron is obtained at the limit when 


r = a + y, y <Ko 

The current Jcyi for the cylindrical problem is the current per unit of 
length while for the plane case we used Jp for the current density per unit 
Hcjuare area, hence 

Jfdfi ~ ^irTtf p 

and it is just a matter of expanding in powers of y/a to obtain the plane 
case. 

It is convenient to introduce dimensionless ratios such as 


R = r/o (11) 

which means that we use the cathode radius as unit of length, but 

(--)——, = L- (12) 

\ m/4Teow«* ^ ' 

is the square of a characteristic length L ([1] eq. 33), which w as found to 
play a prominent role in the behavior of the magnetron. Equation 10 
thus reduces to 

(13) 

Next we note that Larmor’s angular velocity wjr provides a natural time 
unit. Let us define 


B wirT 


(14) 
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we obtain 


de* ^\o/ ^'^R* 


(15) 


which is Allis^* eq. IV-()7. Another way to write the same equation 
consists in taking 

Jt 


0 


which yields 


-oW._ Jr ( c\ 

\a/ 27r€ou3\ m) 


^ _ 1 
r/02 R ^ 


JJ 

4ir*€o^£*)«*a* 


4> = Vm u)nT 


( 10 ) 


(17) 


This is the equation of a nonlinear oscillator, the eiiuiliiirium position 
of which is moving as a function of the reduced time 0, while the ‘"mass'* 
depends upon current and magnetic held. 

The instantaneous position of equilibrium Ro is d(4ined as the point 
for wdiich the ^'accleration" (PR/d<i>^ vanishes: 


hence 


</> = /eo* - 


1 

IW 


«o*(«) = I + \/(^V4) + 1 


The solution we need is 

l = R = F{4>) 


(18) 

(19) 


w^hich must satisfy eq. 17 with the initial conditions 

^ = 0, R = \, k = 0, {& = 0) (20) 


since electrons leave the cathode (r = o, = 1) at time r = 0 (0 = 0), 
with zero velocity, and also zero acceleration. 


V. Discussion op the Fundamental Equation 


The voltage at any point is directly related with the kinetic energy 
of the electrons, since electrons leave the cathode (F = 0) with zero 
velocity: 


2e 


.( a*V 
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Introducing R — r/o and <t> from eq. 17, we obtain 


r 


dr 

dt 


^ d(f> dt 


= a o)fiR' with R' = 


d<t> 


and we may introduce* a diincnsionlcss expression for energy 

- ' ,\-= + Ur - yA ( 21 ) 

rrurujir 2 2\ R/ ^ ' 

We shall first conside'r tlie mathematical problem and discuss it without 
referring to the physical problem. Later on, questions will be raised 



about the limits of validity of the equation itself, and the physical inter¬ 
pretation of the mathematical solutions will be obtained. Figure 1 is a 
graph of the Ro CMirve (eq. 18) around which our solutions will oscillate. 
This curve is asymptotic to a parabola Ro^ = 0 . 

The representative point has a zeio acceleration when it crosses the 
curve (eq. 18) and its acceleration (eq. 17) always brings it back 
towards the Ro curve, which results in oscillations. C’urves correspond¬ 
ing to F = fiR" = ± 1 are shown on the graph of Fig. 1 . 

Initial conditions are represented by the initial horizontal tangent CT 
which makes an angle ^4 with the Ro curve. The circumstances are 
similar to those found for an oscillator with no damping, non-linear 
response, and an initial velocity. This comparison visualizes the oscilla- 
tor>' character of the motion. 

The solution previously proposed* did not take into account these 
oscillations. A solution was worked out near the cathode, when the 
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curve keeps near the original tangent CT, and ii had been assumed that 
the parabola /ii* = 0 represented a good approximation of the curve at 
large distance. 

Attempts made at joining these two curves did not succeed, which is 
easy to understand, since the oscillatory character of the curve had been 
overlooked. 


VI. Small C'uruent, Small Oscillations 

The case of small currents, corresponding to /n < 1 l(‘ads to curves 
exhibiting small oscillations around the /i*o(0) average cur\e defined in 
eq. 18. 

Starting from eqs. 17 and 18 

uRir = 4>- ir- + 

we assume 

R = /io 4 / I/I « 7io J 1 

It is easily proved by direct computation that 7io" remains always small, 
its maximum value 0.003 being obtained for (f> = 0, Ho = 1 The corre- 
sj)onding term can be nogh‘( ted provided 

/", » l7/o"i < 0.0()3 (22a) 

Coming back to ecp 22, exi)anding, and dro])j)ing small terms, we find 

= >-2/(/f„ + 7fo 

= 0 (23) 

where k is 27 r times the frequency in <t> units, hence the actual value 

(jj = k = k \/~n ojii = u)it ^2 -h (24) 

This means that, for small oscillations, we have to deal with a harmonic 
oscillator, the freciuency of \vhich changes slowly with respect to time (or 
to the <i> variable), since 7fo(0) is a function of <t> directly. 

Such problems are known as cases of adiabatic transformation of the 
oscillator. 

A solution of eq. 23 may be found as an oscillation with varying 
amplitude, and we wTite it 


/ = A(4>) sin 


(25) 
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At 0 « 0 we must satisfy the initial conditions (20) 

^ I fl =* 1 but iio * 1 hence / = 0, ^ = 0 


^ = 0 


R' = 0 hence /' = —7^o' = —1 


From eq. 25 we compute 

/" = (A" - A^'*) sin ^ + (2A V' + A^") cos i 

Here we make the assumption which corresponds to *Very slow' frequency 
variation/’ namely, 

A"«A^'2 (27) 

Dropping A" and substituting in eq. 23 w^e obtain 

sin ^ terms: (28) 

cos ^ terms: 2A + Ayp"' = 0 

The first relation, together with the condition ^ == 0 for 0 = 0 yields 


^ == fo 


while the second relation reads 

2 : 1 : . _ fl 

1 r 

1 = 

\/}f' \^A 

where I) is a constant, hence the/funciion: 


- vV'"' 


We still have to satisfy the second initial condition (26): 

« = 0 /' = /L A-0 = - J I) - - 4= = - (31) 

\/A*o 4 v^o 4 \/2 

w^here A:© is the value 2/\/g of A; for 0 = 0, Ro = 1. The final result for 
small pj small oscillations is 

R = /?o + / = Ro(0)-^ 

«•’ -♦ *- L *■''* 
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The solution is good so long as / remains small (eq. 22): 

I/I* = ^ < (& « 1 23 ) (33) 

and it is easily proved that (eq. 22a) is also satisfied, as well as e<|. 27. 

VII. Mathematical and (Iuaphical Dis(H’ssion of the Self- 
Consistent Trajectori es 

Some physical limitations to the use of the solutions obtained from 
the general eqs. 17 and 22 \Nill he discussed later, but we want first to 
examine tlie gemual type of the solutions. For \ ery small m* 've obtained 
the solution (32). It consists of oscillations about the /(‘o curve of Fig. 1, 
as schematically shown on Fig. 2, and the curve crosses liio Ii*o curve at 



smaller and smaller angles (angle > 0). Idu* proc(‘.ss changes in the 
neighborhood of R ^ 2.27 when the R„ curve bend.s down, while the 
amplitude A and freciuency cv und<‘rgo very little change. The electron 
trajectory crosses the Ro curve at almost constant angles. 

These points of cro.ssing are either anti-cathodes ()iQ 2 Qz * * * or 
quasi-virtual cathodes We are especially interested in the 

behavior of the trajectory at these (piasi-virtual cathodes. For 

\ <R < 2.27 (34o) 

the ft'derivative at Q 1 Q 2 ' ' ' is positive, electrons are slowed dowm but 
not completely stopped at the (luasi-virtual catho(l(*H. Above that point 

2.27 < ft (346) 

the derivative becomes negative, w^hich means that electrons would 
reverse their motion. This is the point w^here a discussion of the physical 
interpretation of the mathematical results will be needed. 



156 


L, BRILLOUIN AND F. BLOCH 


Let us first justify the figure 2.27 indicated above. It is based on the 
assumption of very small oscillations, 1. 

The first horizontal tangent will l)e found on the Bo line, hence for 
yp = 2mT. From eq. 32 we obtain 

li' = Ru H-. sin Vk cos 

8 \/2 4 V2 

but \p = makes sin ^ = 0 and cos ^ = 1, hence the condition for 
horizontal tangent 

R,' = Vk (35) 

4 


/I.3 



Computing h\' from e(i. IS and k from eq. 23 we find 


hence 


2 

/fod + Ro *). 


^ u + Ro-*y' 


1 + Ro-* 


2 


(36) 


An obvious solution is Bo = 1. The other solution lies below 2^* = 2.38, 
and an exact computation gives 2.273. A number of solutions have been 
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Fio. 4a 



computed on the differential analyzer of the MaRsaehusetiB Institute of 
Technology and are shown on Figs. 3, 4a, 4h. Figure 3 is a graph of the 
solution for /x = 0.3 and corresponds very clearly to the description 
given for very small mo. The first quasi-virtual P or anti>c‘athodes Q 
are found at 
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Table I 



Q. 

Pi 

0. 

Pt 

Q. 

Pi 

Q. 

P, 

4' • 

ir 

2t 

3ir 

4ir 

5t 

6t 

7r 

Sir 

R - 

1 28 

1 57 

1 88 

2 146 

2.37 

2.634 

2.86 

3.05 

ft' - dR/dit> 

0 53 

0.05 

0 47 

0 01 

0 42 

-0.04 

0 39 

-0.08 


The change from positive li' to negative IV at the quasi-virtual cathodes 
F takes place between F>i (R = 2.146) and Pz {R = 2.634) which are 
below and above our limit 2.273. Other curves, corresponding to 


M = 0.1 0.3 1 3 10 30 100 1000 



Fig. 5 


are shown on Figs. 4 and 5, and they all exhibit the same general behavior. 
The curve /n = 0.1 has its first horizontal tangent at R = 2.3 just above 
the theoretical limit 2.27. As for the curve /x = 1, it seems that its first 
horizontal tangent is at R = 2.067, which is not surprising since this n 
value is too high for our approximations (36) to apply. A plot of the 
position R = u of the first horizontal tangent (first real maximum, and 
actual virtual cathode) as a functitm of b == was given by W. P. 
Allis, using Ilartree’s computations together with his own results. Our 
points are indicated by crosses (Fig. 5). The figure n = 1.2 • • • .10 
represents the number of quasi-virtual cathodes (or hesitations on the 
curve) in front of the cathode (including the last virtual cathode). 
The curve jumps from n to n -h 1 for certain n (or b) values. The 
explanation will be better understood by looking at the curves of Fig, 4. 
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For M « 3 the curve has a real maximum at /? * 2.761, when fx decreases 
and reaches 1 we still find a maximum at — 2.067, but it is almost a 
point inflection. If ^ decreases below 1, this point becomes an inflec¬ 
tion with a positive derivative, and we have to go up to the next step to 
find a real maximum. This means that n jumps from 1 to 2, as shown on 
Fig. 5 (horizontal line b = 0.97). 

Curves representing velocity as a function of the distance for plane 
magnetrons (preceding paper, Fig. 2a) were exact cycloids. A similar 
curve is plotted on top of Fig. 6, for the case ^ = I. It shows the distor- 


I 



tion of the original cycloid into a more complex curve. Knowing the 
velocity R' as a function of R, it is easy to compute the y^R'^ term and 
hence (eq. 21) the voltage as a function of R. The lower curve on Fig. 6 
is a graph of yR'’^. 

VIII. Standakd Sr\Tic CiiAiiACTKUisTirs OF C'ylinduical 
Magnetrons 

Standard current-voltage characteristics can be obtained for cylin¬ 
drical magnetrons by the same method used for jilane magnetrons. First 
the cutoff voltage Veo is chosen as unity and a nondirnensional voltage 
measure V is defined 


r 


(37) 
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according to eq. 21. Next, we use the Langmuir curve for the diode 
without magnetic field 


where is the function tabulated })y Langmuir: 


R 

1 1 25 1 r. 

1 75 

2 

2 5 3 

4 

5 

0 

7 

8 

9 

10 

15 « 


0 0 045 0 IP. 

(i 2 

0 275 

0 512 


0 775 


0 807 


0 925 


0 978 





0 405 

0 065 


0 818 


0 902 


0 94 

1 




We take as unit of current the Langmuir current /lo at Vco and define a 
nondimensional current measure: 

^ Vm 

7/0 2^ /?‘(l - (l//?2)]« 

Since eq. 21 yields 

- f = '^ = 0- M = o 

v\a-ijin' 2\ H/ 

These definitions were introduced by J. C. Slater. 

A standard characteristic curve for plane magnetron was given on 
Fig. 3 of a previous paper. Cylindrical magnetrons should exhibit 
curves of a tlifferent character, as shown on Fig. 7, where the details have 
been exaggerated. For U <2 we noticed that the electrons never stop 
on the quasi-virtual cathodes, where they retain a small positive 72'. 
This means that these quasi-virtual cathodes correspond to a voltage 
above cutoff (Fig. 7a). As a matter of fact, the residual voltage on these 


(39) 

(40) 
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quasi-virtual cathodes is perfectly negligible. Let us take the example 
of Table I for the first quasi-virtual cathode P\ : 


M = 0.3 R == 1.57 R' = 0.05 


AU 



0.3 


0.0025 

0.87 


().0008(> 


(41) 



The corresponding voltage is less than 0.1 above cutofT! And this is 
practically the largest AU which can be obtained. 

It shall thus be predicted that the static characteristics of magnetrons 
of this type (R < 2) will differ very little from those of j)lane magnetrons. 

This is shown on Fig. 8, where the standard characteristics of a plane 
magnetron is drawn, and a few’ points have been com[)uted for R = 1.5 
and R - 2. These points lie very near the curve for the plane magnetron. 

When the ratio R = r/o of anode-to-eathode radius is larger (7^ > 2), 
the behavior of the characteristics is materially modified, as shown on 
Fig. 7b. The rather strange shape of the curve near the vertical cut-off 
line comes from the similar parts of curves of Fig. Cth. An example of 
this type was (roughly) computed and plotted on Fig. 9. The question 
of the physical meaning of the different parts of the curve wdll be dis- 
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cussed later, but it was found advisable to draw the complete theoretical 
characteristics in order to show the continuous and progressive change in 
the shape of the curves corresponding to increasing R values. 



For the plane magnetron, the first anti-cathode and virtual cathode 
were found at 


\X\ (Qi) r - ]A4 

\ X\ (/>,) C = 0.72 


(42) 


On the characteristics of Fig. 9, the virtual cathode is replaced by a 
triangular design, in which we choose the lower corner Pi as most repre¬ 
sentative, since it represents the lower current obtained by decreasing 
slowly voltage and current from large values down to the cutoff. The 
point P\ correspimds to the first horizontal tangent found on a /x curve 
(Figs. 4 or 5) when climbing the curve up from the origin. 

The first nriti-cathode is defined as the first point where a ^ curve 
crosses the Ro curve and obtains a point of inflexion. From the curves 
of Fig. 4 one may compute the positions of the PiQi points for various n 
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and plot the curves of Fig. 10. The dashed curves result from the 
approximate solutions of Section VI for small m- A very remarkable 
result is the stability of point Pii 

First virtual cathode Px C « 0.75 for any N (43) 

This result had been obtained by J. C\ Slater from some general rela* 
tions given by Allis, and it is now proved to represent u very good 
approximation. 



IX. Pn'ksiCAL Interpretation 

The preceding mathematical discussion was simply based on eq. 22 
for self-consistent trajectories. From the physical point of view, there 
is an additional condition to be fulfilled, according to the discussion of 
Section III; at each point, we must obtain only one value for the voltage 
and two opposite values for the radial velocity. This means that the 
trajectories of Figs. 3 and 4 can be followed only up to their first hori¬ 
zontal tangent (virtual cathode). From this virtual cathode on, elec¬ 
trons do not proceed along the theoretical curve but start moving back 
to the cathode along the same trajectory which they have been following 
up from the cathode. 

Looking at the curves of Fig. 6, they must be utilized up to the first 
virtual cathode (m = 1, = 2.94) and the following loops of the curve 
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cannot be reached. The triangular parts of curve, on lower Fig. 6 have 
no physical meaning. 

In this respect, two different cases shall he distinguished: 

/. Magneirorm with It < ^ 

It moans the ratio of anode radius to cathode radius. For such 
structures there is no curve exhibiting any horizontal tangent. We 
proved in Section VII that the curves obtained for small /x values do not 
show any horizontal tangent below It = 2.273. For higher (jl values, the 
limit is lowered and we ncUiced a horizontal tangent Sii R = 2.007 for 
M = 1. The overall limit should be practically near R = 2 (see Fig. 5;. 

Magnetrons with It < 2 cannot exhibit any virtual cathode, and 
their theoretical characteristics have the shape shown on Fig. 7o. Any 
arbitrary current value T can be used and the characteristic is perfectly 
continuous. The only solution with zero total current is the solution 

/, = /, = ./= 0 /i = 0 

for which the ehrtron traj(*ctory, in R<t) variables, is the Ro curve itself. 
Our formtilas of Section \ I proved that for small a the oscillations around 
the Rq curve beconu' smaller and smaller, until for a = b the trajectory 
reduces to the /i*o cur\e 

This, at l(‘ast, is tin* d(‘scri])tion in R<t> coordinates, but if we revert 
to the usual variabl(‘s, Itr, we obtain a different description, since, 
according to e(js. 17 and 10 

= = ('‘‘I' 

When J 0, /i —► 0, a finite reduced time 4> means an infinite transit time t, 
hence it takes an infinite time for an electron to reach a finite distance R, 
This peculiarity of the B solution was already emphasized by in previous 
papers. * ^ 

The B solution actually consists of electrons running on circular 
orbits, with no radial velocity {R — 0) and an angular velocity (eq. 5) 



with a space charge density 

Speaking of the static characteristics of these magnetrons (/2 < 2) w'e 
found that it differs very little from the characteristics of plane magne- 
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irons (Fig. 8), and the PiQt branch exhibits negative resistance as in the 
plane case. 

The only marked difference between these structures and the plane 
ones is found in their spectrum of internal proper vibrations (ecj. 24) which 
extends from 2lou to w // -\/2 + 2 while the plane magnetron exhibits 
only one frequency 2 o3h. This difference in internal vibration spectra 
corresponds to a different behavior of the magnetrons at high freciuencies, 
but it does not appear on the static characteristics. 


2. Magnetrons with R > 2 

These structures may exhibit virtual cathodes, and their character¬ 
istics have the shape shown on Fig. 9. Let us discuss it !nore carefully, 
keeping in mind the fact that the curves of Fig. 4 must be followed only 
up to their first maximum. Let us take the spt‘c!lic example of Fig. 9, 
R — 3.75. For large currents (large m) there i no nuiximum on the 
curves between R — \ and 3.7.’>, hence no special restriction. The curve 
C = 0.79 (m = iO) can be used only up to its maximum at R = 3.S5, but 
the other points should not be used. This nutans that th(* whole QiP\ 
branch can be retained, but that the small dott(‘d triangle a}>ov(‘ Pi is 
fictitious. Current values just below 0.79 (/u < lOj do not cornsspond 
to any physical solution, since these traj(*ctori(»s do not reacdi the anode. 
Decreasing the current to about O.ti (m ^ 5) we finally r(‘ach a trajec¬ 
tory with a horizontal tangent and inflexion just on th(‘ Rn line (below 
R == 3.75) and its first maximum above 3.75. This trajectory gives a 
point in the neighborhood of Qi on the characteristics, and corresponds 
to an acceptable physical solution. Lower currents (0.4 < C < 0.(5) 
and lower n values (0.25 < m < 9approximately; will then yield 
another branch Q 2 P 2 of physical significance, and so on. On the curve of 
Fig. 9, the parts without physical meaning are drawn as dashed lines, 
parts with a physical meaning are drawn with a solid line. It is very 
significant that all the P 1 Q 2 or P 2 QZ branches with negative resisUince lose 
their physical meaning. Such magnetrons with R > 2 should not be 
able to sustain oscillations at very low frecjuencies. But it seems a safe 
guess that the behavior of these magnetrons at high frequency may not 
differ too much from the behavior of magnetrons with R < 2. The 
negative resistance branch PiQj of Fig. 8 will be very much distorted at 
high frequenr‘ies, and the corresponding branch of Fig. 9 will certainly 
reappear. This seems especially plausible if one remembers that the 
condition forbidding loops in the trajectories is the static condition of 
energy conservation and definition of a potential. In nonstatic condi¬ 
tions with oscillating fields, there is no potential to be defined, loops are 
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no more forbidden, and the branches PiQ% or will reappear, with 
some distortion. 

We may now summarize the discussion and state the possibilities for 
magnetrons operated below cutoff when the total current I is zero: 

Plane magnetron both cases A and P, hut only case B is stable (see 
preceding report). 

Cylindrical magnetron R < 2 only case B\ no possibility for a 
case since no virtual cathode can be obtained. 

Cylindrical magnetron R > 2 cases A and B are both theoretically 
possible. 


X. C'ylindkk al Magnetron under Variable Conditions 

The gfiKTal ecpiation given in Section III can be easily rewritten for 
the case of a variable current /. We start from ecjs. 8, 10, and 13 and 
we obtain 


with R 


RR + ojuVC - P--) - RB - 
rna 

r a 

v’(/./o) = L—tE = J I' I{t')dt' 

ma-l<jiir Av^ama^u)ir Jm 


(40) 

(47) 


Electrons leave the cathode at U with zero velocity and zero acceleration 

/ = /o P = 1 P = 0 P = 0 (48) 

the last condition means space charge limited current (no saturation) 
and is included in eq, 47, that makes A’ = 0 at U. Equation 40 yields 
the self-conmstnit trajectories R(to4). Approximate solutions can be 
found for small currents when 


_ 1 _ (—e)ljj) 

2a>// dt 8ir€owa'a>i/* 


(49) 


that means that ip is a slowly varying function and changes very little 
during a Larmor period. Numerical computation shows that this condi¬ 
tion is always satisfied in practice. We may now^ expand 


R^Rq-\~Ri~\-R'z ' (^) 

and obtain tho successive approximations 

i . . . 


- R,-‘‘ = 2^it,lo) 
iii + 2 uh’Ri{i + Ro-*) = -iio 
tit + + Ro-*) = 


(51) 
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The dominant term i?o is given by 

/?0 = vV + 1 (52) 

and isaslowly varying function of time. If the current I is a small positive 
quantity, both ip and fto increase slo\\ly, and the next approximation Ri 
is a small oscillation. Let us introduce the freciuency 


wi(^,/o) — «« “i* 

til “h = — Rq 


(53) 


The second approximation represents the ecpiation of motion of a har¬ 
monic oscillator, \\ith slowly varying frequency wi, under an external 
force —Rq. We start from the homogeneous iqiiation 

I + - 0 (54) 

and assume that we have obtained two indej (‘ndant solutions {|, and 
{a, normalized so as to give, at any time 

U 2 - Ui = 1 (55) 


The solution of e(i. 53 can then be written in the following form 

= m l‘ lunuodt' - m (56) 


that also satisfies the initial conditions (48). Th(‘ next approximation 
/?2 can be obtained by a similar procedure. 

The problem is to build the solution fi and {2 of the homogeneous 
eq. 54, when the function wi of oq 53 is a slowly varying function. 

We introduce a dimensionless variable 0 that measures 2ir times the 
number of cycles between to and t 

u,{t',U)d(' (57) 


dl ~ 


and a new quantity 

I = loR Vwi 


dl _ 1 dull _ 1 dun , 
Id ~ 2u), de ~ 2u),* di ^ 


(58) 


according to eq. 49. With the.so variables, eq. 54 takes the following 
shape 

+ 2rr + f = 0, r = di/de (59) 

A solution is found by taking 


{ = Ae-'+*+* 


( 60 ) 
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with a constant A and two real functions a and b: 


b' » 

a" + 4a « r + a'2 + I'* + + 4a - 1) (61) 


This has been written in such a way as to make all terms on the right 
negligible in case of small currents. Terms on the left are linear in the 
current and yield a solution 

a(e) = I’idi) cos 2(6 - ei)dei (62) 

Quaiiratic terms and higher order terms in the current may be neglected, 
but for some exceptional cas(‘s like V varying in cos 26 or sin 20 , that lead 
to a larg(‘ increase of a. This special cas(‘ of resonance will not be con¬ 
sidered here. When this special case is excluded, ecp 62 represents a 
reasonable* approximation, and we may consistently drop higher order 
terms in the expression of b. Starting from eq. 61 we expand 

// = 1 — 2 u • • • b — 0 + hi •• • (63) 

with 6 , = -2 l\iei)(iei = - fj l'i6i) hin 2(6 - dj)ddi 


The terms kept in e(| (»3 are linear in the current and small compared to 
unity on account of eep 08 The same is true for a. Combining eqs. 
60, t)2, and 63, we obtain the two independent solutions we need 


- 




fo = 



j(9 f h 1 ) 


(64) 


since r ^ .— from eej oS 

V'wi 

Elementary computations show that the normalization condition ( 55 ) is 
satisfied w hen 


.1 


1 


(65) 


since 


U2 - Ux = a>i(£/f2 - {/{i) = wiA222Vr-2^+2« = 2iA2 


on account of eeps 58 and 61. Equations 56 and 62 to 65 yield the formal 
solution of the problem for small currents. 


XL Discussion of the Solution Obt.vined for Small Current 

In using tliese equations we shall consistently keep only linear terms 
in the current. The selection of terms to be kept in the formulas is 
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based on the fact that /io, a, 5i, are linear in the current, according to 
CQ8. 47 , 52 f 58 f 52 f 63 * 


t? (t\ ^ ^ ^ _ 2a>ir6(0 

dt Ro + /?o-» ~ /?o 4- 7^0“ » 


( 66 ) 


on account of eq. 49. Hence 


Roito) = (67) 

since /i^o(/o) = 1. Before lusing eq 50 we integrate by part.s* 


Riit) = -ff„(<o)[i.(oi2(/o) - fAOilUo)] - ut) 

+ t2(') iio{t')Ut')di' (f>8) 


Now', for t = to, 6 - 0 we ha\e a>i = 2a)w (ecj 53) and the e\i)onent8 in 
eq. 64 vanish, hence 

?i(/n) = W/«) - - ] ((>9) 

2 \ IWu 


Since we keep only hneai terms in the curn^nt, we may drop correction 
terms in a and h in e(i. 04 and take 


fdO - - . r 


(2(t) — “ 


\/2io}\(t) 


„ x» 


(70) 


and eq. 08 becomes 


R^(t) = - hill 0 - [‘ ' , Mil (fl - e' = e(t' 

2 j,, I 


Finally, we obtain the complete first order solution 

R(l} = Ro(t) + Rt(l) 


(71) 

(72) 


« 1 


where, to summarize the definitions 
i(t)= 

HTTCoWia^O)//^ 

<p(l) = 2i.)h 

Ro(l) = 'x/tp + y/(p'‘ •¥ 1 


u>i{t) = «jf \/2 -f- 2/fo ^ 

e(t) = f*wi{t')dt' 

/■< 

- e' = fl (0 - e«') = j, wi{t")dt" 


(49) 

(47) 

(52) 

(53) 
(57) 
(73) 
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As stated before, the solution thus obtained for small currents represents 
a slow radial drift (when / > 0) represented by and superimposed 
small oscillations with variable frequency. 

A general theorem was proved for the plane magnetron: when the 
tube is operated below saturation (space charge limited current) and no 
negative currents are allow(*d, electron trajectories never cross each other 
and the motion r(‘tains the single stream character. Electrons that have 
been emitted fnjin the cathode at a later time U will always be found 
closer to it than those emitted at an earlier time, hence 



(74) 


We must now discuss whether such a condition is satisfied for a cylindrical 
magnetron. Retaining only t(»rms linear in the current we obtain from 
eqs. 71 and 72 


^R ^ 1 clfito) / 2 cj// . , 0)2(0 

mi ~ ati ~ 2 ~dt 7 \o>,(n ^ 2 

RoHo) . a \ [^ Ri)(0) 

\/o)\(t)0)\{to) J \/ 0)\(t)o)\{t ) 


c(/«) 



cos B 


|w 2 (n - a) 2 (f')] cos (0 - BOdO 


(75) 


Terms containing the derivatives dwi d/o and dRo/dto have been neglected 
since they contribute only in higher orders, and we have introduced 


0)2 


(/) - - 


dB{t) 


r 

~ 2o)/{ — / 
Jh 


Oo)l(t') 

“d/o 


d/' 


(70) 


The integral in eq. 70 is linear in the current, but it increases indefinitely 
with the time, hence terms in wj must be kept although ihoy appear only 
multiplied with other factors that are aln*ady linear in the current. 
Furthermore 

d/fo __ dR^\ dif _ _c(/o) 

at„ ~ ~ lio + R» ’ ^ ' 


According to eq. 07 we have 


ifn(/o) 


dto 


O)l(to) = 2 o)H 


that shows that the second and forth terms in eq. 75 cancel each other, 
and we are left with 

^ — (/) r ^ B ] . r* Rojt) 

X [o,(0 ~ 0)2(0] cos (6 - (78) 
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This is the expression that we have to discuss in order to find out whether 
it remains negative or not, and to check when the condition (74) for 
single stream holds. 

The special case of a plane structure that was previously discussed is 
obtained when 

r = a + i/, /^ = 1 -f a ^ hence Ho =® 1 (79) 

and Oil == ^ a) 2 » ^ “ 26 i)//(/ — /o) 

The last integral in eq. 78 vanishes and 

= a = nw//€(/o)(“l -f- (*(Ks 0 (80) 

ato aio 


and condition (74) holds. 

The characteristic feature of the plane problem is that there is only 
one constant proper frequency 2o3h instead of tin* variable frequencies «i 
and q >2 of the cylindrical problem. This remaiiv will he very helpful in 
the comparison of both cases. 


XII. Limits of Validity of the Single Stkk\m Solution 

In the cyhndrical cas( the (liscu.ssion is simplified when the current 
varies very vslowly since Ho is proportional to the current (eejs. 07 and 49) 
and Ro can he neglectcul for slow varying currents. Expression (78) 
reduces to the first bracket, that remains negative provided 



0)2 

\/ 2 cJMaJii 

' 

l{» + Ha- > 


or, using eq. 53 

1^2 ^ 1 
U Hp 

/ ^ y* 

Vi + 

(81) 

But eq. 70 shows that 





dw2 dwi dwi /(fo) 

a/ Jio “ dt lit) 


since eqs. 47, 52, and 53 yield 

dciJi dHo dip 

dtp _ dtp __ ^ __ __ €(tp) _ ^ / jtp ) 

dcji dHp ^ €(t) 1(1) 

'W 'W Tt 


On the other hand, Eqs. 53 and 66 give 
_/eo_ 


X 


\/2 €«) 
(flo^ + 1 )^ 




(83) 
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dW 2 _ . , \/2 c(<o) 

d/ 


(84) 


Both wi and W 2 start from the common value 2wh at and decrease 
progressively, since we assumed the current never to become negative, 
hence e to remain always positive. For constant current we have obvi¬ 
ously 0)2 == a>i and condition (81) yields 

2 

1 4- 7^0-* 

/?o < 2.273 (85) 


1 < 


i ( 

1U\ 



that is the condition already obtained in Section VII, eqs. 34 and 30. 
For slovdij increasing current I(t) > T(to) for t > /o and 0)2 decreases more 
8lowly][than o)i 

it) I ^ 0)2 ^ 2 o)// (80) 


0)2 may ev'eii remain constant and ecjual to 2o)// \^hen I (to) - 0 that 
corresponds to the first (‘l(‘ctron leaving the cathode at the start of 
magnetron operation. 

The lower limit in o(\ S(i corresponds to th(‘ case of (amstant current 
and condition (85). Tlu' upper limit in eq. 80 leads to the condition 



For slowly dt creasing current 


(87) 


/(/o) 

/(/) 


> 1 


for i > to 


and according to eq. 82, 0)2 decreases faster than wi hence 


0)2 < 0)1 


since both quantities start from the same value 2o)// at to. The frecpiency 
0)1 always remains positive, and we first discuss the case when 0)2 is posi¬ 
tive too, in which case eq. 81 indicates that the single stream solution 
w’ill retain its validity for Ro values larger than 2.273 (eq. 83). 

There is, however, a possibility that 0)2 becomes negative, and this 
will be better discussed on a typical example. Let us consider the usual 
process of ‘burning on^’ a magnetron b 3 ' letting a small current flow from 
7 « 0 to / = r, and keeping the current zero for t > T, The first elec¬ 
trons leaving the cathode at ^ » 0 will loose the single stream character 
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when they reach a distance Rj = 1.434, but this must be a transitory 
trouble, since there cannot exist a stable double stream motion for dis¬ 
tances smaller than 2.273. During the period of decreasing current, the 
critical distance becomes even larger. Rut ^^}lat happens during the 
later time interval, when / > T and / = 0? 

Electrons run on successive concentric layers, corn'sponding to 
constant Rq and coi values for each of them. Rut w; goes on decreasing 
indefinitely, according to ecp 84, hence there will come a moment when 
condition (81) cannot hold any more, since a?> aui ina> Increase above 
any limit. Single stream solutions will cease to exist at that I me. This 
can be easily visualized; when the current is ztTo, electroiis run on the 
average, on concentric layers and have sm ill oscillations about their 
average circular trajectori(‘s. Electron at Ro has a frequency u)i(/4) but 
his neighbor at Ro ha^ a difTerent fre(|uency u3i(Rq'), Their trajectories 
may run paralh'l to each other at the beginning, bus this cannot last long, 
and after a time beat period), they will oscjT.j'e with oppositi' phases 
and th(‘ir 1raj(‘ctories will cross ea(*h otlier to iliscnitangle thems(*lve8 
after a whih*. Such a situation was not m(‘t for tiu* plan(‘ magnetron, 
where all electrons k(‘pt th<* sam(» frequency of oscillation about tlieir 
average (straight) traj(‘ctory. 

Does this circumstance r(‘pres(‘nt a serious troubh* for th(‘ theory, and 
how’ does it work in practice? It d('pends upon th(‘ value of tlu^ resistance 
in the outer circuit. As already stated in tin* discussion of the plane 
magnetron, the problem discussed lune corresponds to a case of infinite 
resistance in the outer circuit: the current is assumed to become identi¬ 
cally naught at the end, whih* oscillations in the el(‘ctron trajectories and 
in the space charges result in oscillations of the anod(* voltage. Infinite 
resistance means no damping. In an actual experiment, there will be a 
finite resistance in the outc-r circuit, hence current oscillations in the 
resistance accompanying the voltage oscillations, energy dissipation, and 
damping. After a while, the whole system will settle down on a steady 
state, and, if electrons do not reach a distance larg(*r than 2.273, there is 
no other steady motion than the* B single stream motion where electrons 
run on concentric* circles about the cathode, with no oscillations left. 
According to conditions during the discharge 0 < < < this final stage 
may be reached with or without intermediate intervals of double stream 
motion. If the damping due to the outer resistance w’orks fast enough, 
befcire the double stream time intervals are reached, the final stage may 
be obtained directly, without any perturbation of the single stream 
motion. This will be the ca.se, if the current remains very small during 
the discharge 0 < t < since this decreases at will the rate of change 
of u>t (eq. 84). 
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What happens for electronic trajectories larger than 2.273 remains an 
open question. The double stream time interv^als may again be of short 
duration, with trajectories finally disentangling themselves, or a final 
double stream motion may be obtained. The method developed here is 
unable to answer the (juestion. 


XIII. Small Oscillations in \ Cylindrical Magnetron 

The general method developed in Section X and XI can be used for 
an investigation of oscillations in the cylindrical one-anode magnetron. 
We assume a current (per unit length) 

/ = /d(l + « cos (Jit) a 1 (88) 


and introduce, according to eq. 49, the quantity 


(-oy 

//* 


= «<<(1 + « co.s (al) 




We have then, eqs. 47 and 49, 

if = 2u}t/ €{t')dt' = ^0 “f" (*^0) 

with (po = 2u)H€d{i - ^o) 

ipi = u (sin Q)t — sin a>/o) 


and we shall obtain a solution where terms in and au are kept, but 
higher power of td or a are dropped. This corresponds to the assumption 


€da » fd“ €d « a « 1 


(91) 


Wc must now find the quantities Rn and R\ defined in Section X. Start¬ 
ing with Ro (eep o2) we write 


Ro = *p + y/iT 4 * 1 = po + api 

Po = V^o “I" ffo^ + 1 

and, neglecting higher powers of a 

f 

Pi = Po fPi 

with 

' -= ss, \( ^0 V"^0^ 1 

difo 2 \ ifo^ +1 / 

We need computing 

/io Po + ocpi s= Po + apoVi + 2afpoVi 4" 


(92) 


( 93 ) 


(94) 
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According to eq. 90, ipo ipi u and fio ^ po* cj* while po^ u since 
po is a function of €d{t ~ fo) hence the first three terms in eq. 94 are of the 
order of or c^*, and the last term is the only one to he of the first order. 
Using this result in eq. 53 we have 

Ri + = —7^0= —apoVi = a€d2aj«u)po^ sin o)t (95) 


and /?! must satisfy initial conditions corresponding to eq 48 


when 


t - to, Ri = 0, - Ro 

oji = 2a>/, 

Po' = i 


(96) 


A special solution for Ri correct to within linear terms in ta is readily 
obtained 


77. 


Jct) WO) , . 

atd o , Po sin u)t 

(or — 


(97) 


Upon substitution of this expression in cq. 95 terms in «dPo^ <da>i • * • 
appear m Ri and are neglected as of higher orders in c^. In order to 
satisfy condition (96) \\e add to this special solution terms in 

_cos 0 sin 0 

\/<^j Vw, (9g) 

^ oJiit )dt “ B{\ “h 


that represent a solution of the homogeneous eq. 95. After determination 
of the coefficients A,B by means of eq. 96, we obtain 


R = Ro -f- /?! = po "f" «Pi 4" 77] — Po 


-|- atdpo 


, 2a)// _ 

O) 0)1^ — O)* 


Id /2a) // 

2\^ 


sin B 


sin o)/ — sin u)to 


td 

"2\ 0)1 


2w//a) ^ gin ^ (99j 

4a)//2 - a)“ 4a)//* — o)^ J 


Next we compute eci 98 to obtain 60 and 0i. We first separate in wi the 
independant terms, and terms in a 


, do)o\ 

0)1 = 0)01 “r -j— cx<pi 
a<po 


(100) 


with 


0)01 = wi# \/2 + 2po * 
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according to eq. 53, and we have 

^0 ~ ^ woi(^ 

0, = f‘ f (sin a' - sin u,t,)dl' (101) 

Jto «^0 0 ) Ju (i<P0 

Because of its oscillatory character, the first t(*rm in sin cui' contributes 
only a term in €d that is negligible. The second term on the contrary 
yields a finite contribution since 

dcoiii ., _ d(A)oi 1 . 

j/o ■ Ju 

henc(* 

0i ~ — - (cooi(n ” woi(/o)) = ~ — (condo ~ 2co//) (102) 

CO c«) 


These expressii)ns for Oa and di must be used in the general solution (99) 
where we note that Bi can be dropped in the last term that is already of 
order but it must be kept in the second one, where 


€d 2oj// (fi /2a)// /I 1 /I 

TT \r sin 6^ = ~ ^ (sm do -f aO 

2 \ coi 2 \ 0)1 

€d /2u)// . ^ , frf l 2 o)/f 

^ T "T \ 

2 \ 0)01 2 \ 0)01 


1 cos Oo) 


sin a)/() cos Oo (103j 


We have used o/m and instead of looO, since the whole term is of order 
td and the correction would be in ae/, since is in*«e,/ (eq.[90). P'inally, 
our solution (99) reads 


R 


Po 


(d Z-W// . , 2 oj/// 0)01 

- - sin f/u *t- afdpi) 1 — 

2 \ 0)01 o) \o>oi*' - 

— ^ I ( 2o)//o ) 0)01 ~~ 2o)// \ 

2 y <*>01 ^ / 


sin w/ — sin coto 


sin a/o cos 00 + 


4o)//- 


4o)h^ — c*)^ 


cos o)fo sin 00 (104) 


TIjIb formula gives the self-consistent trajectories of electrons in a magne¬ 
tron operated with a current (88) consisting of a constant direct current 
Id plus small oscillations aid of frequency o). 


XIV. CALCrL.VTION OF THK .VxODE VoLTAGE 

The anode voltage W is obtained by integrating the field, at a certain 
instant t, from cathode to anode, and the field itself results from eq. 47: 



ELECTRONIC THEORY OF THE CYLINDRICAL MAGNETRON 177 


r, = - p 


Edr = - 


ma*2w 


Ja r 


where ipit,to) is a function of the time of emission to and of time t. We 
may write 

dr dU d log R , 
r = Ttl- 

calling to the time of emission of electrons reaching the distance r at time t 
and to* the lim(‘ of emission of those reaching tlie anode r = b at t: 


-i^Va ^ ^ p 

■(((-■•Ja-H- J, 


d log R 


p(tJo dto 


For o.*'(*illiition purposes, all we need is the term in Va that is linear in a, 
h<‘nce proportional to the oscillation current, 


dva f'Hog 

dot iui) da 


/■'"* l<r l<-R R 

Jt \ dtuchx 




d log R dipitdo) 
dto da 


dto (107) 


Init'grating hy pjirts we obtain 
dl'a d log A* dto* , d 1 


da dt{ 


III *\ j. *' III *1 '* *‘'*5 ti II 

da da da 

^ I d log R dip d log R dtp 

Jt 1 dto da da dto 


dto (108) 


Xow’, according to tlu* definition of to"* 


log R {i,to*, ot) = ^ catluKle radius, /> anode* radius (109) 

a log dto* , d log R 

hence - 0 

and the first two terms in eq. 108 cancel out. The third term is zero since 
p{t,t) and the field on the cathode are zero, and there remains only the 
integral of eq. 108. 


1 dR dip dR dip 

jt R dto da da dto 


We w^ant the derivative dva'^da for a = 0, hence from eq. 90 

dip 2w« . . . . 

— = ipi = (d — (sin u>t — sin (Aito) 
da w 


\d/o/a—0 
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Furthermore, we obtain from eq. 104 
dR 


da 


, 2 (aH [ «oi® . . • i 1 / 2 a)H r , 

€dP0 - ( -2-2 ““ ^^0 j T\ - I * * * ] (112) 

u) \a)oi — o)* / 2 >/ 0)01 


where the bracket is the same as in eq. 104, and 


/ dH\ _ dpo €d j2(jJii 
\d/o/a-0 dto 2 \ 0)01 ° 




but according to cqs. 90 and 101, 


hence 


dpn dpo diPQ / A ^^0 o 

•U ^ : 7 ~" JT '-^(^HfdPo and = “2co// 
fi/() a^o dto dto 

Finally, we obtain from ecjs. 110 to 113 

dVa _ 4a)//‘’f,/‘ ([ /*^“ pi)ii}“dfu , 1 Z*^®* /2a)//cos do j, 1 • 

<. ijj, + 2 j, 

I f f^Ui /—wh r/ itj//* 0)01 — 2(i)//\ . 

- 2 J. po V <. 0 , I Vlw„^ - - 2a,„ - j 

where we wrote, according to ecj. 99, 

(-) =- 
\/^/a—0 PO 


dropping terms in {td/ 2 ) y/ 2 an a/oi sin do that are of high order in €d. 
To evaluate the integrals in eq. 114 we use the relation 


and we write 


c/do 

dt^^ 


o Id. 

cos do = — .y— 3 - Sin 
ZwHClto 


1 


(115) 

cos (ojto — do) 


d Id 

2 sin 0)^0 cos do = ‘ — :ir cos (wio + do) — -; — -j- 

450) n — w afo 2 u)h 'T o) d^o 

2 cos w(o sin So - „ - -1— 4- cos («<# + So) + a— K— 4r cos (u/o — flo) 
2<jih — udtii 2a>H 4- W <Ko ' ' 
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Next we integrate by parts, and keep only the boundary terms, since the 
remaining integrals contain cfpo dt.) and dojo dto that are proportional 


to €d. 

Hence 

« „ 

la’Zi 't,r 

(ia 

cO 


to* t • I. 

P(I a’ l{*(\ 

Jt ~ 


/’Jo,’//I" 


lao/pt) \ u'l 1 j 
1 / Jo.'/y ^ Ju'// “ u'ui j 

P(i \/ u'di \(2u'/y u, » ‘2o) ji{'2u.'n — u'* / 


vin u)/ 


Ip 


cos (u>/o “l~ ^ 0 ^ 

to* 


\t.* 

t 


1 -a’y// -u'/y // - a’oi ^ , I 

+ , ,> , COS (uj/(. “ Oo,, > 

4p(, \ a'lii Cl > ‘ Ju)//(JaO/ -t a’) J 

Now we w*rit(' 

P,(/./ *) - P,." COy,</do*) - a>0i* tWf.*) = <?0* 


(lib) 


and 


7 ~ t — li »nsil litnc 

W/./ * ft,* iX>t - U'T t P„* 


(117) 


Tnit!icriuor(‘. for — / wt‘ 1 m\cp(, - 1. ft, - ft a)„i - 2u)// laaici 

It lu.' II “e,," ( 


tia 


I I sin u'f I 


I / u' n a? II \ 

li y ^ liu' II a’ I (liu? It I a’) / 


cos iAit 


1 2.l'ii I 2<j: II 2fj) II uJ„) ^ \ 

. + \ " I .> • ^ .) t ) ) "■ ^ 

lp(i ya’di^ 1 o; Ju'/yf Ju.'// - u'' / 

( - to /; litO— u-ii 1 * \ . 

t I ^ , 1 cn'- ,ui/ - OJT - 

\i 2 <j: n 4" a Ju-’/z'-u.'// -f w / 


(MS) 


where ( ] IIh* saiiu^ lerni as in e(j lift 


XV HL'-Is'I \\( I \M) Hl\<I\\(h OI \ ( N F.INDHIC M. MxGNETIKJN 
I'Ih* internal le^i^tan(a>+ aial iea(*tanc(‘ A’ of the tube an* <l(‘hn(*(l by 

1 ^ ^ l{ cos u;/ 4 A’ sin u-'f 

/,/ 

Xow\ according to ecjs lOfi and S9, 

1 ()\\, _ wir2o)ir (ha _ 1 dva 

I,i (Ux nc I rUx 

* The* resistanez* R uill not h<* with the nOif) R r/a previously UHcd 

in the diseussion. 


(119) 


( 120 ) 



180 


L. BKILLOUIN AND F. BLOCH 


and we obtain R and A” by separating terms in cos (at or sin a>i in eq. 118 


27rfoa \(2ij)n — w) 

1 I 


..(i - 

2qj// 2a;// — a>oi* 


cos (Oo* — a?r) 


2po* \ CL’dj*‘2a>//(‘2a;// — w) 


COS (Oo* — U)T) 


Pi. \u>n,* y 


. f-a;// -10// — a;()i /n * i .1 

+ , V COh (6»|,* + 0)7) ( 

2p(. \ tOo* 2a;//(2a.// -f <^) ) 


21 * • • ] H- 


1 iJoJn 2aJ// 


1 /2a>. 

2p(i’* \^'<1 1 


-'pu \ COul [ I 
Ja’// — a'(,i 
2a;//(2a;// — a;) _ 


(2a; // — a; I * 


Mil — a;r' 


2a;// ^ 2a;// — a;o]'^ 

(2a' /( |- a' > 2a; //12a' // -f- a;) 


rtin + a'T) [ { 121 ) 


iMir a plane magnet ion \\(‘ lia\c 


ojoi - a;(ii* -- 2u0// Po — po* — 1 po' — j 

== 2a;//(/ - t,^) = 2a;//T 

and formula (121) for R naluccs to formula (118) ohttiined in a prcccMling 
rcpoit 'rii(‘ s(‘cond and fourtli term cancel out, and we recognize the 
first poMtive teini and tlie third lU'gatiM* om* Note, however, that 


II^(,1 1 (pti*'^ 0 ^(po*^‘ ■+“ 0 


ht'iice the fiisl positive teim cannot be made zero for a cylindrical struc¬ 
ture. Most lavoiabh' comlitions for negative* n'si.stance* are* obtained, 
in the case a; 2a;//, when 

, ,, ( eos [0^'* - a;r) = 1 

a; 2a;// j ,/, * 1 1 (123 

I cos 4- a;T) = - 1 


Oo* — u;r == 2//7r a;T — (^2p -f- 1 ijr {n, p are int(*gers) 

ddiese conditions art* similar to those fouiul for a plane magnetron. The 
minimum resistance thus obtainetl is 


R.un = 


-'^1 -..,(1 

I-a*// -t-o;)* 4a'//‘ — a;" 


27reuu; (12u; // — a* t ’ 

Sa;//*Cd I a’ 

7r€i)a;t4u;//- — a'“)- (2a;// 


- A + 
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The bracket is characteristic for the resistance and for its sign, 
remember that 

1 ^ Woi* ^ 1 

-- < -_ 

2 \ 2 4u;/, 2 


We must 
(125) 


For small co the bracket is negative, but tluTe is an interval of freciuencies 

when* the bracket is positive, and it becomes negative again for higher 
fre(iu(‘nci(‘>. The limits wi and o)- are the roots of the e(iuation obtained 
by making the bracket naught. Frequencies higher than 2(vi/ would 
recpiire a spc'cial discussion. It must be remembered that po* and woi* 
are functions of the ratio b/a of anodc-to-cathodc radius only: 




= a.'// v'"- + 2 (a b)* 


( 12 (>) 


It would be interesting to discuss the type of electron trajectory corre- 
.^ponding to conditions (1211) and to sta* whether it rei)roduce8 the very 
.sp(*cial f(*atur(‘s observed for the plaiu* magmdron. Another problem is 
lh(' behavior of magn(‘lr()n with large ratios of anode t-o cathode radius, 
wh(‘n po* > 2.2711, and the static charact(‘ristic of Fig. 9 is obt,ain(‘d. 
Th(‘ qiu*slion would be to investigate how negative resistance reapp(*ars 
for high fnajuency, while it does not exist for very low fre<pir‘nci(‘s, at 
l(‘ast as far as the static characteristic is conccaned. 
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I iN l'KODrc i I()\ 

As iiHliciitod in the jiccoinpanyin^ jirticU*, (‘ItMtronic coinponcnls of 
minimum diimmsioiis an* attaining wide us(* and ^n‘at im|)()rtan(*(‘. It 
may ho stated coiifidontly that the ra[)id acc(‘ptan(*(* of tiny tubes in 
r€H*pnt ytairs is hut a token of (*norniously incrc‘as(‘d a(*e(*pianee in the 
near future, as excellent j)erforman(*e is recoj^nized and still better 
performance achieved. 

The “miniature” tube first appeared in 1939; by the end of World 
War II, over 50 million of these tubes had be(‘n used.^ These “minia¬ 
tures” are reduced to 1.9 cm maximum diameter from 3.3 cm for equiva¬ 
lent GT’s;** and to 5.4 cm maximum length from 8.4 cm for GT’s. The 

• Present address: General Kleetrie O)., Selieneetady, New York. 

** GT, for “Glass Tube/’ is a de.signation adopted for the standard radio receiving 
tube with glass envelope to distinguish from the MT, or “ Metal-Envelope Tube.” 
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trend now is to go still farther, to the so-called subminiature sizes, whose 
largest version uses the T-S* bulb. 

It is the jmrpose of this paper to give an indication of the functional 
variety now available in highly miniaturized tubes, to point out opera¬ 
tional and physical difficulties and limitations encountered as size is 
reduced, and to describe t(‘chnological methods being employed to ov('r- 
come th(‘ difficulties. 

Since there are now over on(‘ hundred types of siibminiature tulH*.^ 
commercially available', those me'ntifined below are nu'rely indicative 
of th(‘ scope covcH'd by this new tool. 

No part of the* paper is de‘vot(*d to e*ataloguing the ‘^advantage's’’ ol 
subrniniature*s, although some spae-e* is given to their limitations. This is 
because*, in general, the use*!' wants just erne advantage, wliich is small 
size; he* is willing to acce*])t ce'rtain disaelvantag(*s to gain this end. 

Actually, however, very small tubes do have certain advantages 
intrinsie* in the'ir size*. One of the'se* advantages is a generally higher fre- 
epiency limit of operation <»btainable with scale*d-down elimensions, elue 
to transit time and inductive (‘tT<*cts. .\nother not inconsidenible 
advantage* is the incr(*ase‘d rugge*dness provide'd by small structure's 
It is e*asi(*r to make* subminiature* tulx's to witlistanel high sheick and 
vibration fore*e‘s without damage* than te) make* large*!* tube's for the same* 
se*rvie*e*. 

II Lmnwi IONS IN Mini \TvuizMION of 'TimEs 

Mefeue* giving way to enthu.siastic plans for re'ducing all types e)f tube's 
te> minimum dime*nsions, stoe*k sheaild be taken of the elrawbae*ks to be 
ene*ounte’re*d anel the* e\t<*nt to whie*h the*se arc funelamemtal e)r can easily 
be e)vere*e)nie*. From the* standpoint e)f the user, such drawbacks are 
e'ssentially o])e*rational or e'(‘onomu', whe*re*as the elesigner and the stuelent 
e)f physie’al proe*e*s.ses are* more* e*one*e*rne*el with reaseins why tliere are* 
limitations. The* thri'e vie*\vpoints are* ceinsiele'red se*parately in sub- 
lu'adings of this e*hapter. 

/. E.Vpi ctid Opt rational Shortcomings 

a. Short Life. Uelatively high ratings per unit volume are the* rule 
in subminiatures and early le»ts wene very sheirt lived. Improve*el 
processing, catheiele stuelies. and epiality cemtrol metluuis have neiw 
increaseel subminiature life te) where it is e*e)mpetitive with that of other 
tube's fe)r the same e*lass e)f se'rvie*e. One manufacturer ne)w claims a 

• The T sizi‘ iiuliratr.s nominal t>ulh oiitsulo diainetor, in eighths of an inch. Thus, 
a T-1 has a lunninnl e>n of 'x ini*h, or nearly cm; a T-3 bulb is noniinally just under 
I cm in ouUidc diameter, etc. 
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life expectancy of 2500 hours for most of his suhminiaturos and 5000 
hours for premium tubes. 

A life expectancy of t hours dm\s not. of course, imply that all tubes 
with that expectancy will hold their characteristics that lonp. A stand¬ 
ard finding acceptance in the United States calls for any '‘lot” (or batch) 
of tubes of a given type to have an average life not less than 80^; of that 
specified for the type. End of life for any tube occurs when its charac¬ 
teristics deviate the maximum permis.sible amount from their specified 
values. 

Statistical studies of tube life and causes of failure a»*(‘ ^till in their 
very early stages, even for conventional tubes, so th:.< an accurate 
picture of life in actual service is not po.ssible at pre.sent. 'This unsatis¬ 
factory state of atTairs has arisen because the cost of shipnuuit, study of 
service conditions, and fault isolation in tubes which have fail(*d wdiile 
performing their duties w^ould in general exc* d the cost of original 
manufacture. 

h. Microphony. Subminiature tubes are frequently forced to operate 
under conditions of shock and vibration; the electrical outi)ut caused by 
such mechanical stress on a tube is called microphony. Although, as 
mentioned earlier, smaU tulics will in general withstand higher accelera- 
tiv)n than the large ones without permanent damage, smallness does not 
give any advantage microphonically. This is because tlie mecliaiiical 
displacement of internal ])arts which are already crowded together pro¬ 
duces a larger ele(*trical effect than the same disi)laccment when spacings 
are larger. 

Microphony is being reduced by making parts stiller and fits snugger 
and by locating the parts more accurately with respect to each other. 
A number of very small tubes are now quite adequate microfdionically 
for their intended applications. 

c. Unreliability. The recent historical period, which has seen the 
birth and early growth of the subminiature tube, has also witnessed a 
more and more insistent demand for tubes of unciuestioned reliability. 
The requirements of electronic computers, aircraft control systems, and 
instrumentation, for example, arc very severe and cannot compromise 
with tubes prone to frequent failures. It has been necessary in the past 
for users with highest quality requirements to avoid, sometimes with 
reluctance, the use of subminiature tubes. One onajor factor here w^as 
questionable life expectancy, discussed in the preceding S(‘ction. Uni¬ 
formly high quality assembly is difficult to achieve in very small sizes 
w^here parts and aggregates must be inspected under magnification; loose 
w’elds and the like are to be anticipated in relatively high proportion. 
Absolute dimensional tolerances must be tightened considerably in small 
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tubcH to achieve even approximately the same degree of reproducibility 
(electrical characteristics as commonly obtained in the GT sizes. 

l)(*spite all this, subminiatures are now being offered for instrument 
H<»rvice.^ Mor(‘ accurate jigging; more thorough inspection; and designs 
less susceptil)Ie to assemt)ly errors will uruhnibtedly make the siibminia- 
ture tube the cornerstont' of (‘h^ctronic instrurm'ntation someday. At 
pr(»sent, }iowev(‘r, the (juality tube user is saf(*r with larger sizes, unl(\ss 
he has an unusually goo<l record of the performance of the subminiature 
type h(* cont(‘ruplat(‘s using, 

L Physical Sources of Limitation 

Trogn'ss in achieving acceptabh* j)erforinance with minimum size is 
the result of suce(\ssfully coping with a number of physically limiting 
factors Those of esp(‘cial significan(*e will be discussed in the para- 
grajjhs b<‘low as problems, whcKse solutions will a})pear, in the main, in 
(’hapter III. 

a. Current Ihnsity, ()vid(‘-coat('d (‘atliodes are not lasually calk'd 
on to (k'liver more than 0.‘J amp p(*r scpiart' eentimeder average in tubes 
exp('ct(*d to have a rc'asonably long life*. Subminiatun's are, of course, 
subj('ct to this limitation, so that current obtainai)le depends in part on 
th(* cathode ar(‘a which (*an be provided in the s[)ace available. This 
area is (juit(‘ small jx'r unit kuigth when tin* cathode is a coat('d wire 
tilanumt; this typ(* of cathode is prefernnl in h('aring-aid tubes Ix'causc 
of low drain n'liuinxl from tlie batteri(‘s us<*d as powau’ supjdic's. 

Current tk'nsity also n'>1ricts tla* siz(* to wiiicli openings may be 
reduc(*d in gas tuix's, such as thyratrons. if curremt reejuinunents are 
fixed. Sevc'ral amperes average per s(juare centimeter is a reasonable 
d(\sign target in ordinary gas tubes, but increased pressures permit 
r(*laxation of this figure* in subminiatures, where the increas(xl pressures 
are permissibk* because of ihmIuccmI (*l(*ctr(xle spacings. Kxisting sub¬ 
miniature gas tub(*s hav(* not gone as far as possible in this direction. 

Figure 1 sliow.s the arrangement of parts in a subminiature thyratron, 
indicating the dt'give of constriction impos(*d on the conducting path by 
the control griil, 1'he tube of Fig. 1 is ratexl at 100 ma peak. 

h. Cleanup. Gas pivs.suri* change during operation is a perennial 
difficulty in perman('nt-ga>-fjlled tubes, d'his problem of cleanup would 
seem more serious in subminiatures than in large tubes because ratings 
tend to vary as the square of the linear dimensions while volume varies 
as the cube. The quantity of gas available varies as the volume, for like 
pressures. The saving fact here is that higher gas pressures may be used 
in small-dimension tubes, so that ck*anup is really no more difficult to 
combat in small tubes than in large ones. 
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c. Anode Dissipation. As in larger tubes, most of the power loss 
must be radiated from the anode. This electrode is generally operated 
well below incandescence, largely to avoid the necessity of an economi¬ 
cally unfeasible ilegree of outgassing during manufacture, but also for 
secondary reasons such as avoidance of e\^ap(^ration of the anode mate¬ 
rial, thermal buckling, and excessive heat conduction to seals. I'he 
anode radiating area cannot he renluced Inflow that necessary to dissipate 
rated losses at a f)ermissihle temperature 

d. Envelope Dissipation. 'Fhe env(‘lope of the tuh(‘ is cooled by both 
radiation and convection and obviously must not op(‘ral(‘ ; t a temjx'ra- 
ture too close to the exhaust bake-out teinp(‘rature, winch is generally 
about 350^'(' for subminiatures with st)ft glass envelopes. In some 
applications, high envelope temperatures also result in detrimental glass 

jjHiri t> Rir 


CATHODt 

/ I CONTROL GRID 

Fki. 1. Electrode Ji*'ranp:(Mnenl iii a suhinimature tloratron witli outRidi* 

envelope diameter. iCourtfsi/ Sfflvatint h'tutrK I*rodurts, fur i 

(‘lectrolysis at the l(*ads .\bout the maximum t(*mperatur(‘ pres(*ntly 
permitted for submmiature envtdopes is 2o0 (\ 

r. (I'rid Emission (1os<‘ spacings and high op(‘rating temperatures 
make grid emission a serious problem m some of the very small tubes. 
Emission coating evaporates from th(* cathode in all tub(‘s with activa¬ 
tion and operating temperatures generally us(*d, and small tubes gen¬ 
erally do not have the space r(*(|uir(‘d to .shadd the* grid from this material. 
A grid coat(*d with emi.ssion compounds will release enough thermionic 
electrons to trouble many circuits at (piite moderate temperatures, 
h^xposure of tlie grid to radiation from th(‘ cathode increases the thermal 
problem, wdiile cooling is not efTective with the limited-area side rods used 
to support the grid. Evaporation from the cathode is accentuated in 
applications where the cathode heater voltage vari<‘s over a considerable 
range. It is clear that reduced ratings, low' cathode temperatures, and 
narrow tolerances on cathcxle heater voltages will ease the grid emission 
problem; but it is also clear that design considerations are in order. 
These will be taken up in Chapter III. 
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/. Mechanics of Fabrication. Most subminiature tubes are designed 
and manufactured like their larger counterparts. Cathode coating, grid 
winding, bulb sealing, and exhaust processing are generally carried out on 
automatic machinery; but assembly or mounting operations are done by 
hand, frequently v^ithout benefit of magnification It may be that the 
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ultimate has not yet been reached in this type of fabrication But the 
prediction that production costs will become prohibitive in this “watch¬ 
maker’s art” before sizes ha\e been farther reduced seems reasonable 
A remarkable fact is that low'-cost, high-production fabricated and 
stamped parts are held in close-spaced, mutually insulated positions with 
an accuracy of location closer than usual machining tolerances. Some 
fixtures are used, but not on all tubes The basic jigs are really the mica 
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wafers built into the tube at each end of its structure, with accurately 
placed holes to locate the parts. A serious size and complexity limita¬ 
tion is, in fact, the minimum spacing attainable between mica holes with¬ 
out breakthrough, this l)eing about 0.03 cm for usual mica thickness. 

Figure 2 is worth a Ihousaml wonls in showing the complexity con¬ 
trived into a typi(*al subminiature pentode*. Coaxial elements include a 
filament, three grids, and a plate. The lilam(‘nt is liekl taut by a canti¬ 
lever spring shown near the top and is centen'd by an arrow cut through 
the mica. Dark circles in the ‘Tlag” at the* top are g(‘tter compountl. 

Figure 3 is another tui)e of the* same* bulb size as sinmii in Fig. 2; it 
illustrates the use of an indirectly heated (‘athodi* in this size tube. 

A major fabrication problem in the ma’aii'actuie of small tubes is the 
scaling of the mount into tin* bulb. This is mon* difrault than in large 
tubes because it is diflicult in the limited .space* available to avoid oxidizing 
the parts and poi.soning the* cathode. American practice calls for 
automatic sealing in a protective gas atmosplare, with j)reh(*at, sealing 
and anneal fires d(‘licately adjusted to give* ju.st the h(*at needed to get 
vacuum tightnes.s and prev(‘nl (*xc(‘s^iv(* glass strains with resulting 
cracks, without overh(*ating the ])arts. The* ttib(*s shown in l^’igs. 2 and 3 
are .seal(*d in by supjiorting tin* mount ind(‘p(‘nd(*nt of the* glass and 
heating the* glas'> to .softne.ss. th(‘n (juickly pn*.ssing the* gla.ss around the 
leads to form a seal, .\nother Am(*rican method is to mount the parts 
on a glass button, jirepres.sed or sintered around the* leads. The tube 
envelope and exhatist tulitilalion as.sembly is then dropp(‘d over lh(* 
mount and sealed to the button. Other metliods of s<‘aling will b<* dis¬ 
cussed in (diapter III. 


S. Economics 

The cost aspect should be mentioned briefly, for the b(*nefit of those* 
who plan applications. Since the output capabilities of a tube* go elown 
with .size but its complexity eloe*.s not, it i^eems ralhe*r fundamental that 
paralle*le»d subminiatures as now de*signe*d cannot compete* economie’ally 
w'itli eepiivalent rated .single tubes of larger size. 

111. XOTKW'(3UTHY FeATUUK.S OF SrHMIMATUKE.S 

Design, materials, and methods neiw u.se*d in subminiatures arc mostly 
adaptations or extensions of the same in larger tubes. This situation 
may be expected to change as the small types develop out of infancy. 
Peculiarly adaptable feature.s arc already finding broad application in 
size reduction and new’ technicpies are being explored. Some of the more 
interesting or newer features will be discussed in this section. 
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J. Special Grids 

Wound grids, traditionally of nickel, are generally made of the more 
refractory materials where small wire diameters are required. Molyb¬ 
denum, tungsten, and various alloys containing these metals are pre¬ 
dominant. In a process finding some application,® the desired grid mesh 
is produced directly by electroplating, instead of using wires. 

Under certain conditions, coatings on the grid of gold,^ silver,^ or 
other materials* may be expected to reduce grid emission, which has 
already been mentioned as a problem. 

Planar microwave triodes have developed some miniaturization 
techniques of (heir own to achieve small electrode spacings and accord- 
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Kiu t CoinparatiV(' size rodurtion in planar ini(*ro\\a\c triodes. LiRhthouM' 
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ingly small electron transit times Most of these tubes use grids of fine 
wire wrapped under tension on and brazed to a supporting ring. Ring 
spacers around the edges of the (dements are used to set the required 
spacings. The most elegant tube of this type yet produced is the Bell 
Labs 1553.* (Unsigned to generate up to -1000 megacycles per second. A 
comparison of the spacings in this tube with those of a planar tube 
released for production several years ago is shown, to scale, in Fig. 4. 
The cathode-grid s[>acing in the 1553 is only 1.5 X 10~® cm; the grid 
wires are 7.5 X 10 ^ cm in diameter, wound at 395 turns per centimeter. 

Cathode Techrjiqnes 

The cathode coating on the 1553, just mentioned, is applied by an 
automatic spray machine, which applies oxide to the metal base in a 
layer 1.3 X 10““* ± 5 X 10~* cm thick. ^ 
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Accurate control of the cathode coating is sometimes obtained by 
cataphoretic^ application. 

The base metal of sleeve cathodes is generally nickel, as in larger 
tubes. In filamentary cathodes, however, nickel is not strong enough in 
the small sizes required for some applications; especially in hearing-aid 
tubes where fihiment drain must be kept low to avoid depleting the small 
battery used as a source' of power. Alloys stronger than nickel at 
operating temperatures, such as Ni-CT alloys or n'fractories such as 
tungsten, are used as filaments in many tubes, with the conventional 
alkali-earth oxide coatings. Tungsten filaments only 8 X 1()~* cm in 
diameter and requiring a heating current of only 12.5 ma are in use.** 

Anode Materials 

Carbonized nickel, with its relatively higli thermal eniissivity, is a 
common anode material in subminiatures. Operation of the anode at 
temperatures above the start of incandescence would allow dimensions 
of the plate to be reduc(‘d, with further possible advantages from using 
plate materials with natural gettering properties such as tantalum or 
zirconium. Overall size nnluction may be accomplished in (attain tubes 
by such increas(*(l spccitic loading of the plate; but in general, plate size 
reduction will not help until the envelope size may also be reduced. 
This is also possible, as shown in the next section. 

One plat(‘ material d(‘veloped during World War 11 in Oermany is 
now' being apj)li(*(l to some extent in small tubes. This is aluminum- 
coated iron sheet which, hcaited in vacuum, takes on a highly emissive 
black surface with gedtering projKTtic's.'* 

.J. Knv(lope Facts 

As mentioned before, most subminiatures are mad(* with soft-glass 
envelopes and dumet seals. It would seem pcKssible to r(‘duce the* size 
of such tubes appreciably^ by using hard(T glass and higher bake-out 
temperatures. This would make a more expensive* tube, a factor toler¬ 
able in some applications. A more fundamental limitation preventing 
w'ide adoption of this expedient is that with the small glass thicknesses 
now' existing between leads, further size reduction w'ould in most cases 
produce excessive electrolysis of the glass or radio-frequ(*ncy losses with 
hard glasses just as with soft glasses, ('urrently us(*d bake-out tem¬ 
peratures could be raised somewhat even for soft glasses, but the limit for 
hard kovar-sealing glass is only about 1(K) centigrade degrees higher than 
for soft glass. 

A more hopeful method of achieving high envelope dissipation in small 
sizes is offered in the use of ceramic envelopes, (’eramics with less 
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electrolysis and radio-frequency losses than glass are readily available. 
Metals are now being sealed vacuum tight directly to ceramics without 
the use of glass by several techniques*® developed during and since 
World War II. 


o. Solutiona of the Sealing Dilemma 

Inasmuch as dainage to the cathode and other parts during sealing 
l>ec()m<‘s a more* serious pr()l)lem as size is reduced, it is worth while to 
mention additional tecliniciues for combating this difficulty. 

One such rn(‘thod is th(‘ u.se of a low-melting '‘solder glass” which 
matches the envelope and button base material in thermal expansion.** 
ddiis sold(‘r glass is stalled at 450"'O, as opposed to 800 or 900°C required 
for the usual soft glass. 

Another m(‘thod finding some application where the final seal is a 
m(*tal-to-m(‘tal joint is tin* gold difTusion technique,** A gold wire is 
clarniH'd l)(‘lw(‘(‘n two copper flang(‘s. Th(‘ joint is brought to 400°0 
during exhaust and a vacuum-tight diffusion seal, (‘(|uivalent to a hard- 
soldered joint in stnuigth and pernii.ssilile o]>erating temj)eratures, is 
pruduct‘d. 

A glass-to-glass seal may also be product‘d at normal exhaust tem- 
peraturt's if the surfaces arc firM optically poIish(‘<l.' 

IV. St\tl oi riu. Aut 

Over a hundn'd sul)mmiature tube typt's art* alrt*ady on the market, 
diie varit'ties which will be f)roduced can be t'xpected to keep up fairly 
well with expanding n*quirenients since, as demonstrated abt>ve, means 
are at hand for ovtMi’oming most of tht* factors now limiting atlvancement 
in this fi(*Ul. 

A few more existing types should be mentionetl to help orient the 
rentier t>n tht* state t)f the art at the prt*sent time. 

The otUT iSylvania) is a simple tiiotle, but is worth mentioning 
because it has a oOOO-htuir life expectancy, with a T -1 (^3 cm) bulb. 

A constructitin now used by lU’A*’ ft)r several types is shown in cross 
section in Tig. 5. 'bhis trioile o.scillatt)r will deliver over 50 mw* at 3000 
mt‘gacycles per secontl; the tiiameter of the hotly is just that t)f an ordinary 
leatl pencil. 

\’t>ltage regulattir tubes are availablt* in subminiature sizes for various 
ratings. The 5841 tVictoreen) is noteworthy in regulating the relatively 
high tension of 9(K) volts, using a corona discharge. 

Sylvania’s 5042 is remarkable as a rectifier in that it incorporates a 
10 -kv rating in a T-3 bulb. 
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Photo tubes are available in subminiature sizes. An example is the 
RCA 1P42. 

A Geiger tube, with Xo. 2 sewing needle for size comparison,*® is 
shown in Fig. 0. 

Continuing into somewhat unusual types, we find the RCA 5734 
transducer. This is a subminiature triode with one electrode movable 



Fi<. f) CYoss section of an KCA '‘pencir’ triode {('owtisif I^adio Corporation 
of Awirira. 



Fig C. Miniaturized Geiger tube, {\ationol Barf an of Standards.) 

through a metal diaphragm. It may be us(*(l to convert mechanical 
vibrations up to 12,000 cycles per second into el(‘ctric current variations. 

Finally we have the solid state devices which are electronic without 
being vacuum tubes and which certainly are highly miniaturized. The 
diode rectifier has been known for a long time; mixers, uj) to tetrodes, are 
a logical extension. The Bell Labs transistor*® is a triode amplifier which 
has done much to assure the important role of solid state devices in the 
tube field, especially where miniaturization is of importance. 

Although all the references to foreign publications cited above deal 
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with techniques, it should be mentioned specifically that Europe is now in 
production on subminiature tubes. 

Since selected types may already be obtained with life and reliability 
equivalent to that of larger sizes, the major obstacles to broad acceptance 
of subminiatures liave been removed. 

Indeed, one j)r()minent manufacturer now advertises a line of sub- 
miniatures said to outperform in every way the corresponding miniatures. 

If the author may venture a prediction, however, the next major 
step in size reduction and r(‘liahility improvement will be based on new 
design concepts, permitting a radical departure from the complex 
assembly procedures typified in Fig. 2 . 
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complex electronic device is so large that space cannot be provided to 
house it. Efforts are now being made to develop smaller, more reliable 
components as well as subminiaturization techniques for assembling 
these small components into compact, rugged, easily manufactured 
electronic assemblies. Two hundred seventy thousand hearing aids 
alone, valued at $16,868,000, were shipped by manufacturers during the 
year 1947, according to the Bureau of the Census, U.S. Department of 
Commerce.’ Production figures of subminiature electronic units for 
military use are known to be very substantial but specific values are not 
available. 

When subminiature vacuum tubes became available the need for new 
and radical ecpiipment assembly techni(|ues became apparent. For a 
number of years various development groups have been seeking sub- 
minijiture assembly technicpies with good mass production possibilities. 
This article will attempt to describe some of the more promising methods 
that have l>een d(‘veloped and the technical advances in compommts and 
materials that make possible these subminiature assemblies. 

Because the preponderance of activity has been in the Ignited States 
and b(‘cause so little published information on European subminiaturiza¬ 
tion development is available, the technicpies to be d(»scril)ed are derived 
mainly from .Ximuican sources. 

J. Siibminiatnrizntion Defined 

To differentiate l)etvveen the usual methods of miniature construction 
and the newer techni(pies to be described below* the latter will be referred 
to as ‘\subminiaturization,” Subminiaturization may be defined as 
Techniques that make possibh an ileetronic assembly whose volume is com¬ 
pacted to a dimensional limit primarily imposed by the smallest available 
electron tube. It should be observed that the term assembly” rather 
than equipment is used in this definition because it is recognized that 
equipment may be made up of conventional as well as subminiature 
assemblies. By comparing the volume with that of “the smallest avail¬ 
able electron tube,’’ the definition becomes less restrictive and should 
rCvsist obsolescence as advances in the subminiaturization and vacuum 
tube arts make smaller assemblies possible. 

II. Design Philosophy 

In the past subminiaturization has been considered only a secondary 
objective in the design of an electronic equipment. Because little time 
and little effort was expended the degree of subminiaturization w*as never 
marked. This attitude rather than its inherent difficulty has retarded 
the development of the process. 
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The approach in electronic subminiaturization must be quite different 
from that in ordinary electronic development work. The major differ¬ 
ence is brought about by the scarcity of suitable, available component 
parts. These subminiature components must operate to higher ambient 
temperatures than conventional size components yet still retain adecjuate 
electrical efficiency. If the subminiatiirized device is to be more than 
just a laboratory curiosity, the components must be designed so that 
industry may easily tool for their production. If possible, sufficient 
commercial interest must be aroused so that future procurement of these 
ne^^ parts is no problem. 

Having first assembled all available applicable subminiature com¬ 
ponents, the engineer next surveys the elect ionic device tt) be subminia¬ 
turized for the purpose of r(‘de.signing the ciniiits to use the fewest 
po.ssible partj-. Where an original circuit uses a component that does 
not lend itself to subminiaturization, that particular type of component- 
should be eliminated wher<‘ jiracticable, by suitably modifying the cir¬ 
cuit. After the assemlily has b(»en simplified to use th(^ fewest number of 
compoiKUit parts, and the smallest parts with the most desirable shape 
factor have been collected, these parts sluiuld lie assembled into th(‘ most 
compact arrangement |)ossil)l(\ The mon* fi(*\ible the shape factor of the 
fiarts, the inor(‘ effici(*ntly may subminiaturization be accomplished. 
Fretiuently, an otherwise satisfactory coinpomuit must be redesigiuHl into 
a new shape for a particular assembly. 

l^tTectiveness of subminiaturization is oft(‘n coupled with unitization 
for (*as(* of maint(‘nance. 1^his facilitates replac(unent ol a d(‘fectiv(‘ unit 
or plug-in assembly. To guard against tin* (‘ITects of humidity, it is 
generally desirable to seal hermetically the individual units comprising 
an assembly or to seal the assembly as a wboh*. IOmb(*dding an elect ronic 
assembly in a casting resin may serv(* as an alternate to s(‘aling a unit 
hermetically.'’ 

III. Thermal Considekmions 

Subminiature assemblies can be divided into two general categories, 
those that operate at moderate temperatures and those that operate at 
higher temperatures, up to 2()()"'(\ Most military component specifica¬ 
tions call for performance up to 175° 2()()°(\ These are by no means 
ultimate desired temperatures, but r(‘prescnt merely a limit where solder 
assembly techniciues may still conveniently be used. 

Battery-powered equipment comes within the first category while 
most other eejuipment falls into the second. Because of the more 
difficult technical problems encountered in designing subminiaturized 
equipment that must withstand high temperatures, practical subminia- 
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turized battery-powered equipment was produced commercially long 
before other types. 

Any arrangement for cooling an electronic assembly should be an 
integral part of the electronic installation and must be considered in the 
overall equipment design. One of the simplest systems that could be 
used is forced-air circulation in conjunction with radiating fins on those 
enclosed assembli(is that generate considerable heat. If the enclosed 
assemblies are filled with a fluid of high thermal conductivity, the effect 
will be to reduce hot spots on components, especially resistors and tube 
envelopes. This fluid should have a low" dielectric constant and low" 
losses. Its vapor pr(‘ssure should be low" so that high internal pressures 
will not build up at high ambient temperatures, and it should be suffi¬ 
ciently inert so that it will not attack the components. If the fluid is 
puini)e*d througlj the assembly, the need for a low vapor pressure becomes 
less important ; howev(*r, the mechanical difficulties of designing such a 
unit so it may plug into a circulatory system are considerable. A less 
efficient method, but oiu* with ivwvr mechanical problems, would be to 
employ a hollow metal block through which a coolant is pumped. Plug¬ 
in assemblies would be thermally bonded to this cooling block. 

1\’. Assemble 'rEciiMorhs 
/. Pnntfd Circuitf^ 

In th(‘ early dev<*lopmeiit stages of th(‘ printed circuit art, some 
extrav"agant claims wen* made. One of these maintained that subminia¬ 
turization could only be accomplish(‘d through the medium of printed 
circuits. The wide variety of subminiaturization technicpies now being 
used disproves this statement. Printed circuits are primarily produc¬ 
tion technicjnes and as such should be used in subminiature assemblies 
wliere they are capable of improving fabrication pndilems. Generally, 
the best e.xamples of subminiature as.semblies are found to be those that 
employ a combination of printed circuits and piece components. The 
ratio of printed circuits to piece components may be expect^'d to depend 
largely upon the degrc'c of advancement of the printed circuit art. 

Some ecpiipment manufacturers prefer to restrict their operations to 
those of assembly ami have no desire to become processors of components. 
Those manufacturers can still function in the manner they choose while 
taking advantage of the new printed circuit techniques by utilizing 
printed wiring in conjunction with piece resistors, capacitors, etc. 

Although the stencil screen process^ has had widest application to 
subminiaturization, other printed circuit processes are currently meeting 
with some success. Cliief among these is a technique in w’hich copper 
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foil is bonded to a sheet of silicone or Teflon-impregnated fiber glass. 
(Teflon is the trade name for polytetrafluoroethylene.) With the 
exception of the desired circuit pattern, all of the metal surface is removed 
t)y means of either the photographic-acid resist or photographic-sand¬ 
blast process. Some commercial companies arc exploiting the possi¬ 
bilities of this process by incorporating small bonded copper foil r-f 
assemblies in their television receivers. 

Piece Components 

One parts manufacturer has dev(*loped a piece component counter¬ 
part of the printed electronic subassembly. 'riies(‘ small molded net- 



Fi(i 1. Pi(*(*(* cornponcrit jisscinblics molded in a thermal scdtini? resin. The 

central assembly has been cut away along the eentei line' (by courtc*sy of Sprague 
l ilectric Co ) 

works (Fig. 1) bridge the gap between conventional assembly methods 
using hookup wire and those using printed circuits. lt-(’ circuits, L-(J 
circuits, and vacuum tubes have all been encased succ(*sslully. Prior to 
molding, the various piece components may be interconnected, using a 
spot welding technique so that the only wires corning out of the assembly 
are those rerpiired U) conn(‘ct the molded assembly into the external 
circuit. Cylindrical structures that fit over the associated vacuum tube 
can also be molded. Shielding between varimis network elements may 
be introduced when desired. 

The catacomb assembly method, a subminiaturization technique, 
has met with some success. The chassis for this assembly method is a 
thick bh)ck of steatite honeycombed with parallel holes into which may 
be slipped the piece components of w’hich the assembly is composed. 
The surface of the steatite blo(*k, to w^hich the holes are normal, are 
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silvered with the necessary interconnecting wiring. The piece com¬ 
ponents, tubes, etc., are merely dropped into their respective wells and 
soldered to the wiring pattern at the mouth of the well. This procedun* 
makes extreme finger dexterity on the part of the assembly personnel 
unnecessary, even for the handling of tiny piece components. A varia¬ 
tion of this technique is described in connection with the National Hurean 
of Standards i-f amplifier Models 2^ and 5 to be discussed later. In the.se 
instances inductor forms with wide end flanges were u.sed instead of solid 
steatite blocks. 

3. Plastic EmUcdmcnl 

Molding and potting in an in.sulating medium are effective methods 
for protecting electronic a.ssemblies from moistiin\ dust, etc. It is usual 
to provide* some mechanical support to hold the components in position 
during the* potting or the molding {)roc(‘ss. If the assembly is a sim])l(‘ 
one, the mechanical sup[)orts may be external to the .sealed as.sembly, and 
may be u.sed ov<*r again. In more <*omple\ a.s.semblies, the* .siipport.s arc 
usually mold(‘d or potted with the electronic components. A commonly 
(*mploy<*d supporting techniepK* is to insert the components into holes in a 
mold(‘d block of the saim* mat('rial \ised for the overall jacket. Assem¬ 
blies an* .s()m(*tim(*.s cast in .s(*lf molds which then become the outer cover¬ 
ing for the final a.s.s('mbly. If tin* assembly is to be un.shi(‘lded, the* mold 
may lx* a shell of the same material as tlu* potting resin or it may be a 
mat (’rial to VNhich the j)otting ri’sin will adhere. If tlu* a.s.sembly is to be 
.shield(*d, the compoimnts may lx* plac(*d in a .shi(*ld can and the plotting 
material pouird in, or the plastic its(*lf may be plat(*d. 

Most potting compounds .shrink somewhat, h(*nce it is u.sually nece.s- 
.sary to place tlu* tube (mvehqx* in a re.silitmt cu.shion to take up the 
shrinkage strains. Th(*se .strains may (x-cur as long as a yc'ar after the 
a.ssembly has lx*<*n potted and may cause the tubes to crack. Since the 
simple expedient of .slipping a piece of vinyl tubing over the vacuum tube 
often prov(*.s inadtupiate. .satisfactory tube protective jackets for rigid 
re.sins may b('come (]uit(* elaborate and bulky, making .subminiaturizing 
an assembly more difficult. 

There are a wide vari(*ty of potting compounds with varying charac¬ 
teristic’s. For applications where low loss is paramount, one of the more 
desirable materials is the National Bureau of Standards casting re.sin.® 
This compound has electrical properties .similar to tho.se of polystyrene 
and htis a low shrinkage factor. 

Potting with thermoplastic materials is generally limited to those 
assemblies that do not generate much heat. This would include battery- 
powered equipment and those a-c powered equipments that may be 
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broken up into units of a few tul>es with total power dissipations low 
enough to prevent softening of the casting resin. 

V. SrnMixiATX HE Arsemi*lies 
1. Ilandiv Talkie 

An excellent example of a battery-powered subminiature assembly 
is a Handie-Talkie unit manufactured for use by tiremen, police, etc. 
This exjuipment is a two-way crystal-controlled F-M communication set. 
It is constructed entirely of plug-in siihminiature assemblies. This 
makes repair rapid since it is simply a nuuter of removing the inoperative 
stage and plugging in a replacement. The coinpoiu^nts are conventional 
miniature typ('s, interconnected in the customary manrua* with hook-up 
wire. The lesistors are tiny radial-lead units This <levice is a good 
example of a controlled subassembly shape factor which yields a complete 
unit with a high d(‘gree of space utilization. 

Broadcast Rtecivcrs 

At least two manufacturers have designed pocket personal super¬ 
heterodyne broadcast receivers. In one of th(*se an attempt has been 
made to ke(*p the cost down by incorporating a few commercial resistor- 
capacitor print(‘d subassemblies; the other us(‘s miniature components 
throughout. ()ne employs a loop antemna and a loudspeaker reproducer, 
The other uses a hearing aid reproducer in which the reproducer cord 
performs the additional function of an antemna. 

d, /[((iriny Atd Amplifier 

Portable hearing-aid devices rea<’hed a high d(‘gre(‘ of technical 
excellence with the introduction of a compact, completely printed three- 
stage audio amplifier (Fig. 2 ). A ceramic plate, approximately in. 
by 2^4 in., mounts 7 printed re.sistors, G capacitors, 3 vacuum tubes, and 
the necessary printed interconnections. The resistors are phenolic 
bonded, ^ 5 -watt printed elements, the capacitors are thin silvered disks 
of barium titanate, and the connective paths are fused mcdallic silver, 
which adhere to the ceramic base plate with a tensile strength of 3000 lb. 
per square inch. This unit is typical of the class of printed circuits that 
may be produced on a monoplanar surface by the silk-screen process.^ 
Subminiature audio amplifier assemblies of this type have wide applica¬ 
tion in hearing aids, electronic stethoscopes, citizen radio transceivers, 
etc. 
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4. Counter 

In order that they may be easily fabricated, some subminiaturc* 
counters consist partly of printed circuits resembling a conventional 
terminal board structure with fired-on silver conductors instead of turret 
lugs and hook-uj) wire. Kach decade is mounted on a single steatite 





Fiq. 2. Front and back views of a monoplanar printed, high-gain hoanng-aid 
audio ainplitier (by courtesy of (Vntralab Division of (Jlobe-Union Inc ). 

plate composed of four binary counters conm‘cted in such a manner as to 
count tens. A unuiue structure that has been suggested for a single 
binary counter assembly is composed of a cylinder of high dielectric 
constant ceramic and a T-S subminiature double triode that is inserted 
into the center of the cylinder Resistors, capacitors, and wiring may 
all be printed, with the cylinder itself functioning as the capacitor dielec¬ 
tric medium. A complete binary counter could be designed to occupy a 
cylindrical space with an outside diameter of }2 in. and a length of 13 ^ in. 

An interesting plug-in ring counter employing subminiature thyra- 
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Fig 3 SubiiHiuituro deride niiK <ount«r u^ing thxritroii'* (bi cou^tes^ of Sjhania hlectnc Co ) 
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trons is illustrated in Fig. 3.* The chassis of each stage of the counter 
is a printed steatite plate on which are mounted the component parts and 
t he thyratron. These plates are then stacked radially to form a complete^ 
decade that will fit into a can 2-in. in diameter and 2J^ in. high. In thi.s 

small package are housed 11 tubes, 78 re¬ 
sistors, and 23 capacitors. Perforations are 
provided in the can cover for ventilation. 

5. Proximity Fuze 

No discussion of subminiature devices is 
complete without mention of the radio prox¬ 
imity fuze. Figure 4 illustrates a simulated 
cut-away model of a fuze for a mortar shell. 
A large portion of the circuit has been applied 
to steatite ])lates by means of the stencil 
scicMUi process.^ 

6*. Potted Ampliji cr‘* 

It would be very desirable if a group of 
com])onents could be merely interconnected 
and potted, rnfortunately this is not at all 
practical. When fabricating a potted elec¬ 
tronic asMunhly nK*ans must be provid(‘d 
f(»r supporting the components while inter¬ 
connecting them and.to prevent short circuits 
during the potting process. One very ingeni¬ 
ous technicpie for accomydishing this is illus¬ 
trated in Fig. 5. The chassis is an L-shaped 
plastic channel into which are molded parallel 
wire conductors. (Connections are made by 
simply removing the plastic surrounding the 
conductors at appropriate' f)laces. The' wire's emerging fremi erne enel 
e>f the e'hannel are’ bent te> preiviele pins spaceel te) fit a miniature seven-pin 
seu’ket. The' parallel wires may be cut anywhere alemg their length to 
pre>viele an intere’emnectiem betwe'en cemiponents not terminatc'd in a pin. 
The vae’uum tube's are pre)vieleel with resilient jackets se) that they may 
ivsist the strains e)f pe)tting. A spae’er is placed over the pins to pe)sitiem 
them lH'fe)re potting. The potting compound used in this assembly is a 
special rc'silie'nt boely. 

7, 1~F Amplifiers 

As wide-band radar type i-f amplifiers have received more attention 
from subminiaturization engineers than any other type of circuit, the art 



Fig. 4. ('utawny of Min- 
rafiio proMiiiity fuse 
lUustnitin^ llu’ Hut>nnniatur(' 
('U'rtroiin’ Hsscinhlu’s (bx 
<’ourt«’sy of National Hiiroau 
of Staiulanis) 
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is at a high state of development. Each of the three technicjues described 
below has sometliing worthy of recommendation.*" Thus the Model 2 
desij;n attempts to provide an assembly that uses the few'est printed 
circuits and whose fabrication techni<|ues are more nearly conventional. 
The intent of the P.(\ 4 design is the exact opposite. There, emphasis 
is on {\w maximum possible use of printed circuits. The mode! 5 design 
is aimed toward th(‘ small(‘st practical amplifier design. 

a. XliS Mo(h'l 2. Th(» Model 2 amplifier'* is c(*nt(‘red at (>()-mc with a 
lO-mc bandwidth and a gain in exce.ss of 95 db. It is conservatively 



FUt. 5. A nc>v(*l met bod for ussemblmg the pieee eompoiients of u pott(*d amplifier 
(by roiirt«*sy of Melpar, Iiie ). 


designed and (unploys mon* tubes than an* n*(iuired to achi(*v(* the desired 
performance*. It consists of four staggered doubles, a diode detector, 
a video amplifier, a cathode foIlow<*r, and a ttilling indicator diode. The 
interstage networks an* bifilar-wound inductors. The resistors may be 
either miniature, crack(*d-carbon types, or conventional composition 
types. The steatite inductor forms function as r(*sistor terminal boards 
with silvered ends and holes into which the resistors may be slipped. 
With the exception of two pieces of hook-up wire, all interconnections are 
furni.shed by the tube leads, rexsistor leads, chok<» leads and the wiring 
patterns on the inductor forms. The capacitors arc fabricated from high 
dielectric constant ceramic tubing. All insulating materials and solder 
are high-temperature varieties. The case is hermetically sealed and 
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filled with an inert gas. The overall dimensions are approximately 
11 in by ^6 in. by 1% in. Figure 6 illustrates a breakdown of thi.*. 
amplifier structiirc. 
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Fici. 6 NBS Model 2 subminmture radar type i-f amplifier and its subassemblies 
(by courtesy of National Bureau of Standards). 

6 . XBS Modd PC 4 With the exception of the wire-wound induc¬ 
tors and chokes, this amplifier assemldy. Fig 7, is composed entirely of 
printed circuits The type of printed circuit is unusual, differing from 
the monoplanar variety usually encountered The design is based on a 
basic stage module roughly cylindrical in shai)e, approximately in in 
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diameter and 2 in. long. The basic element is a high dielectric constant 
ceramic cylinder with a ^2 outside diameter, 1^2 in. long with a hole 
in the center large enough to contain a T-3 subminiature vacuum tube. 
The inner surface of the cylinder is completely silvered and the outside 
surface is silvered in patches. The patches function as the high-potential 
electrodes of bypass capa(*itors. the inner silvered coating functions as 
the common ground electrode, and the (‘ylinder functions as the dielec¬ 
tric medium. The interstage inductor is wound of wire on a steatite 
form and is placed at the base of the vacuum tube, coaxial with the 
vacuum tube and tlu* c(‘ramic cylinder. Not only are \hv capacitors 
printed on the cylinder, but the .silv(‘red interconnections and the printed 
tape resistors are also located there. A vitn‘ous enamel overcoat insu- 



Fi(.. 7. XBS Mu(l(‘l l*C 4 printed circuit i-f amplifier (by courtesy of Niitumal 
Bureau of Standards). 

lates th(* printing from th(* slu'ct-metal su])j)ort structure. A metallized 
steatite cylinder surrounds and shields the interstage* inductor. Sche¬ 
matically, this assembly composed of the 11 moduh*s illustrated, is almost 
identical with the Model 2 as.sembly previously d(*scnbe<l. The Model 
PC 1 is approximateh’ 0?4 in. by in. by in. 

c. XHS Model J. The NBS Model 5 amplifi(‘r illustrated in Fig. S is 
functionally similar to the two previously described.’’* It is considered 
to be* the smalle\st practical as.se‘mbly of this gemeral type using T-3 tubers. 
Kaedi stage is mounteel on its own light-gage she^et-metal chassis, anel the 
ineluctors are mounte*d axially \\ith the vacuum tube*s at theur bases. 
The indued or forms suppeirt the resist eirs in a manner analeigems te) that 
in the Me)del 2. The stages are plae^ed side by siele anel slippe*el into a 
metal case. Spring fingers on each .stage chas.sis make cemtact with the 
metal ca.se, completely' shie*leling each stage. This is one of the feature*s 
that contributes teiwarel the high degree e>f stability (jf this design despite 
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its small size The amplifier is in by 2% in by % in when corn- 
plotoly cased 



1 K. 8 Mo(l( 1 5 subminmturc i-f imphfn r as>M nibl> (In tonrt(s\ of National 

Bureau of Stamlards) 

\I (OMPOMMs \M) MvTIKI\Ls 
/ Insulattttq Mahnals 

VlthoujJih battiM>-i)iHMul((l subminntuiizccl cciuipmcnt and othei 
electionit equipment that is not subjected to high optiating tempera- 
tuies muA use coiuentional insulation electionu as^embIles that dissi¬ 
pate consideiable pimei and opeiate at high tcmpeiatuies lequiie special 
insulating mateiials In the piesenie ot modeiate potential stresses and 
ineit surioundings the rate of deteiioration ot insulating materials is 
pnmaiily a function ot opeiating temperature Thus the highest 
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temperature at which an insulating material may be used is determined 
by the life recjuired of that material. The useful life commonly desired 
in militar}^ electronic equipment is 5(XK) hours. 

When used as binders for asln^stos, mica, or glass, some graiies t)f 
phenolic resin will function satisfactorily for more than 500 hours at 
200°C\ Glass cloth laminates bonded by these materials make very 
fine terminal boards. Polystyrene and Incite find little application as 
high-temperature insulating mediums because their heat distortion 
points are approximately 85°C' and SS^C', respectively. 

The silicone resins may be used up to temperatures of 250°(\ The 
silicones are available in a number of physi<*al forms such as oil, varnish, 
elastic, grease, and molding powder. Among the most useful of the 
silicone products to the subminiatunzalion engineer are the \nrnishes. 
These varnishes may be used as impregnants for transformer windings, 
glass ta])es, r-f inductor windings, and high-t(‘inp(‘ratun' insulating films 
and as adhesives. As a genera) nih*. the hard(‘r silicom* varnishes are 
l(‘ss flexible than th(‘ softer varnishes 

Teflon (polyt(‘trafiuoroethylene) j)asses directly from the solid to 
the gaseous state at 435°(\ Because adhesives do not adh(‘r(‘ readily 
t(' Teflon, it is useful in th(‘ design r>f impregnated assembly jigs and 
fixtures. Its resistance to chemical attack makes it a us(*ful high- 
teinp('rature gasket material. 

\’itreous enamels are highly useful for providing sonn^ metals with a 
high-temperatun* insulating surface and for bonding c(‘ramics. There 
are many varieti(‘s of vitreous enamel with various coefficients of (*xpan- 
sion. Generally, a vitreous enamel with an expansicm coefficient similar 
to that of the material it coats will prove most satisfactory.” The 
vitreous enamels usually recjuire firing temperatures in the region of 
70()°(\ 

Steatite-like bodies are useful in subminiaturization bemuse of their 
le)w dielectric le)sses, high-temperature* characte»ristics anel erise e)f fabriea- 
tiem on a pre)eluctie)n basis. They may be* use*el as base mate'rials fe)r 
printed-circuit assemblies or may be fabricated into coil fe)rms, terminal 
strips, and compement catacombs. 

Capacitors 

Both metallized- and impregnated-paper capacitors are available 
in very small sizes, but unfortunately they may not be useel in all sub¬ 
miniature designs because of their susceptibility to deterioratiem at 
continuous high temperatures. Although mica capacitors may be used 
at fairly high temperatures, they are not desirable for most designs since 
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their shape factor may not l>e altered easily. Their cost, coupled with 
their potential scarcity in time of war, makes them a poor choice for 
military electronic e(}uipment. 

Thin Teflon sheets may be cut from cylinders of Teflon for use as 
dielectric film in capacitors manufactured somewhat as paper capacitor.N 
ar(‘ made. At present, sheets produced in this way are neither suffi¬ 
ciently thin nor of sufficiently high quality to permit Teflon capacitors to 
compete in size with ceramic capacitors. Efforts are being made to 
produce^ satisfactory thin Teflon films by other methods, and it is likely 
that a small high-temperature Teflon dielectric capacitor will soon be 
available. 

One of the mica ca])acitor substitutes developed during World War II 
was a glass film dielectric capacitor. A large glass manufacturer has 
successfully pr<jduc(‘d uniform glass ribi)on in thi(*knesses less than 
0.001 in. Despite its e.vtrerne thinness, its great flexibility permits 
handling without too much difficulty. 'Fhe (*apacitors are fabricated by 
laying down alt(*rnate layers of glass ribbon and metal foil (usually 
aluminum) and then fusing the entire structure into a solid mass. These 
capacitors are available in limited (|uantities. 

Another wartime mica capacitor substitute was the vitreous enamel 
capacitor developed for the Signal Corps.'- Dssentially, this capacitor 
is made by s{)raying alternate layers of vitreous enamel and silver paint 
througli masks and then tiring them into a solid laminated structure. 
A modification of the [)rocevSs uses a silk screen and a sejueegee. This 
process offers many distinct advantage's. For example*, the shape factor 
e)f the capacitors is ivadily controlleMl. The* e*apae’itors can, if desired, 
be fabricateel into erne ca[)acitor ble>ck together with circuit wiring and 
e*an alse) functie)n as the assembly chas.sis. The raw materials reeiuired 
are ne)t expecteel to be scarce strati'gic materials. Vitreous enamel 
capacitors have very low losses anel low temj)crature* coefficients. The 
le)vv eliedectric constant, however, makes it impossible to obtain high 
capacity in small volume. 

With the exception of the electrical ci'ramic specialist, few engineers 
are familiar with tin* properties of the more common high dielectric 
constant ceramic bodies. Often what is t<'rmed a l()0()-g)Lif ceramic- 
bypass capacitor is used without the user being aware that the capacity 
may vary four-to-one over the opc*ratiiig temperature* range of the 
equipment. 

The following is a review of high dielectric constant ceramic proper¬ 
ties. Oramic capacitors exhibit a constant temperature coefficient 
only over restricted temperature ranges. As a general rule, the lower 
the dielectric constant, the wider is the temperature range over which the 
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temperature coefficient is constant. Capacitors that are used for tem¬ 
perature compensation purposes and those with sero temperature coeffi¬ 
cients are usually found only in the lower capacity values because 
moderate dielectric constant bodies must be used. 

The rutile form of titanium dioxide has a dielectric constant of 
95 to 105 at room temperature, with a fairly large negative temperature 
coefficient. The addition of other materials, e.g., magnesium titanate or 
zirconium dioxide, makes the temperature coefficient less negative and 
reduces the dielectric constant. 

When magnesium oxide is added to titanium dioxide, the resultant 
has a positive temperature coefficient and a dielectric constant of 13 to 17. 

The addition of calcium oxide to titanium dioxide yields a tempera¬ 
ture coefficient slightly more negativ^e than titanium dioxide alone and a 
dielectric constant of 150 to 175 

The addition of strontium oxide to titanium flioxide yields a negative 
coefficient that decreases as the ratio of titanium dioxide to strontium 
oxide is increased. The dielectric constants range from 225 to 250. 

The combination of equal parts titanium dioxide and barium oxide 
produces some rather unusual characteristics. A graph of dielectric 
constant plotted against temperature gives a peaked curve with minor 
peaks on the lo\Ner temperature slope. The major peak occurs between 
95°C and 120®C in the vicinity of the Curie point with the closest minor 
peak occurring between — 15°C and +10®(\ At the peaks, the dielectric 
constant can be as high as 12,000. The Curie point for ferroelectrics is 
analogous to that which occurs in ferromagnetic phenomena. At this 
point, the crystal structure of the barium titanate chang(‘s from the 
stable low temperature tetragonal form to the cubic high temperature 
stable form. The loss factor of the dielectric also exhibits peaks at the 
temperature where the dielectric constant is maximum. The major 
effect of high electric field strength is to increase the dielectric constant 
and loss factors. This effect is magnified at the peaks. As the ratio of 
titanium dioxide to barium oxide increases, the dielectric constant starts 
to drop and the peaks begin to disappear. The temperature coefficient 
becomes less and less positive, passes through zero, and then becomes 
negative^* (Fig. 9). 

Although there are a large number of bodies with dielectric constants 
above 500 containing ingredients other than barium titanate, most of 
them have one property in common: when heated above 85®C for a few 
minutes and then reduced to a lower temperature, they exhibit a higher 
dielectric constant than they did originally. Upon aging, the magnitude 
of the dielectric constant decays exponentially. Typical curves are 
illustrated in Fig. 10. It is common for the heat of soldering to change 
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the capacity considerably. This phenomenon appears to repeat itself 
indefinitely. 

BaTiOa, one of the more useful high dielectric constant bodies, unfor¬ 
tunately displays high leakage characteristics at temperatures approach- 



Fkj 9 Variation of (ii(*loctii(* constant with temperature at 1000 kc/ss, for speci- 
ineiiM with eornpoMtions in Ihi' hin ir\ s\stein, TiO>-BaTi()i (hv courU‘SV of National 
BuriMU of Staiulanls) 



ing 200°C\ This leakage is especially marked when the dielectric body 
is very thin (0.005 in. to 0.010 in.) and increases very rapidly as the d-c 
polarizing voltage becomes greater 

The well-known tendency of ordinary aluminum electrolytic capaci- 
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tors to lose capacity rapidly at low temperatures has barred their use 
from most military equipment. However, recently developed capacitors 
having sintered tantalum electrodes are free from this defect. 

A subminiature ganged variable capacitor assembly (365 fifJ per 
section) has been designed by one company. The electrodes are nested 
nickel cylinders insulated from one another by hard thin coatings of 
nickel oxide. The very thin oxide skin that can be formed on the nickel 
is the clue to the high capacity that can be obtained with a small pair of 
cylinders. 

S. Conductive Paint 

One of the more useful aids in submitiiaturization is silver paint. 
The formulations and methods for using such paints are described in the 
litt'rature.** lOssentially, they consist of three ingredients: finely divided 
silver, powdered low-melting-point glass, and a volatile vehicle. Silver 
is used as the conducting medium because its coirosion products are also 
good electrical conductors. The glass functions as a binder. If the 
percentage of glass is high, adhesion is improved, but the electrical 
resistance of the fired coating increases, and soldering to the silvered 
surface becomes difficult. If the percentage of glass is low, the resistance 
is low and the silvered surface rna> be soldered with ease, but adhesion is 
poor. The amount of volatile vehicle adjusts the viscosity for spraying, 
dipping, painting, etc. It is advisable to buy the silver paints already 
mixed from commercial sources. 

4 . Resistors 

Although various new types of fixed resistors have appeared in sub¬ 
miniature form, there is a scarcity of test information that may be used 
to evaluate their relative performance with conventional types. 

Resistors formed by cracking carbon on a smooth ceramic rod show 
much promise if the probI(‘m of making electrical contact to the resist¬ 
ance film can be adequately solved. 

Silk screen printed circuit resistors for the most part use phenolic 
binders and are therefor limited to moderate temperature operation. 

The printed circuit i-f amplifier previously described uses tape 
resistors.^' These tapes an* a.sbestos paper strips with an uncured, 
silicone-bound resistance film on one side. Lengths of this adhesive 
resistance tape are laid down on the printed plate. Heating the entire 
plate simultaneously cures and permanently secures the resistance 
element. 

A number of companies manufacture hearing-aid type potentiometers. 
These utilize the knob as an outside case. A few versions of conven- 
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tionally shaped subminiature potentiometers are available also. AV of 
these types employ phenolic-bound resistance elements. 

A high temperature potentiometer element in. in diameter has 
been designed using a tape resistor. The base is a short glass cylinder 
with fired-on silver commutator bars spaced around the circumference, 
each parallel to the axis of the cylinder. A tape resistor is laid over half 
of the commutator. A brush wipes the exposed portion of the com¬ 
mutator, thereby making contact to the resistor element. An evaporated 
or fired metal film could be substituted for the tape. 

5. li-V Inductors 

Small toroidal inductors wound on magnetic cores find application in 
some subminiature designs. Because they have very little leakag(‘ 
inductance, they may be packaged close together with little or no shield¬ 
ing between them. They may be coupled either capacitively or through 
low-impedance links. 

Bifilar unity-coupled inductors find wide application as compact 
selective interstage' eh'inents because their use minimizes the number of 
re(|uired parts and simpll^ie^ the assembly wiring.^ 

Various magnetic ferrite' Ixxlu's are available with Curie teunperatures 
up to 2()0'’C Although the pernu'abilitie^s of the higher-temperature* 
ferrite's are lower than the lowe'r-te'mpe'rature varieties, in many inehictor 
elesigns the\v yie*lel higher than e'an be eibtained with powdered irem 

() Transfornurs 

Choice e)f materials i.s the major cemsieleration in the design of reactors 
anel transformers ^^ith small physical elimensieins. The increased inter¬ 
nal lu'ating anel the higher arnbiemt temperatures at which subminiature 
transformers are usually made to e)perate demand the use of materials 
which ^\ill stand ojicrating te'inperature's as high as 2()0°C. In recent 
years, rapiel progress in subminiaturizatiem has fedlowed the development 
e)f high-temperature ^^ire insulations, new ste'els for core materials, new 
insulation materials, and high-temperature impregnants. 

The choice of wire for windings must be guided by insulation thick¬ 
ness as well as by temperature and voltage recpiirements. To calculate 
the space utilization factor of various wire types a square lay wdll be 
assumed. Scpiare cross section wire with a side 1) {!) = 2R) utilizes 
the space lOOC- The space utilization of round wire with a radius R 
equals the ratio of the areas of the round wire cross section to the square 
wire cross section, multiplieil by the factor one hundred. 
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The per cent of copper in the cross section of an insulated round wire 
is as the ratio of the squares of the copper diameter to the overall diam¬ 
eter, multiplied by 25w. Therefore: 

Per cent space factor = 25 r ( 'Iminclcr V 

\overall wire diameter/ 

A graphical comparison of the per cent space utilization of various 
insulated wire types is presented in Fig. 11. 

Cilass fiber, silicone-bonded, single- or doublc-w rapped wire has good 
temperature and voltage cliaracteriNlice^, but lua'ansc of its thickness 
has a poor space factor - similar to cotton-wrapped wire Its insulation 



will unravel wluui heatcnl at the curing temperatun* of a high-temperature 
impregnant. 

Ceramic-insulated wire has an excellent spac(' factor similar to wire 
with single Formex insulation and will withstand high teinp(‘rature8. 
This insulation is a flexible ceramic” de})osited electrically from a sus¬ 
pension and must be handled carefully to avoid abrasion. However, it 
provides the best space factor for high-temperature windings. Its 
voltage characteristic is greatly improv(*d by silicone impregnation. 

A ceramic insulated wire with an outer overcoat of Teflon is also 
available. It has a spac(‘ factor similar to that of a wir(‘ coated with 
heavy enamel- considerably better than glass-wrapped—an<l is quite 
flexible. Its voltage rating is liigher for equal thicknesses of insulation 
than that of any of the other wires without impregnation. It is not 
easily abraded and is very slippery. As there is no known material 
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which will adhere to it readily, its smooth surface causes some diflSculty 
in winding coils and securing ends. 

Teflon’s high-voltage rating permits its use in random windings as well 
as layer windings. It is impervious to moisture and acids and is not 
readily damaged by abrasion in a coil as a result of thermal expansion. 
It is therefore not necessary to impregnate most types of coils wound 
with Teflon-insulated wire. When an impregnant is used, it is mainly 
for mechanical reasons. Impregnants do not actually adhere to the 
teflon. 

Silicone-varnished wire has show’n good space factors and electrical 
characteristics. It has been found, however, that when a transformer 
using this wire is vacuum impregnated with silicone varnish, the pressure 
causes the softened insulation to be scpieezed out of the winding. This 
type of wire is still under development. 

Wlu're grain-oriented steels are not n^quired, shell type cores are 
preferred to type “C'” cores because only one* winding assembly is 
needcnl. In the case of a reactor for a power-supply filter, no reduction 
in size can be obtaiiu'd l)y using grain-oriented steel if a large d-c current 
is present. With a d-c saturation of 120 or more ampere-turns per inch 
of mean magnetic ])ath, the incremental permeability of a core made of 
int(*rlenved laminations of hot-rolled silicone steel is higher than that 
of a type core with the same magnetic path length in grain-oriented 
steel. 

For power transformers, the most suitable core material from the 
standpoint of minimum size is one which has the highest saturation point 
without ex(‘essivc core losses and excitation. Type cores of West- 
inghouse Ilipersil (().005-in thick wound strip), a grain-oriented 

cold-rolled silicon steel, have been found suitable for power frequencies 
of 400 to 800 cps. For lower-power frecpiencies, type C97 Hipersil 
(0.013-in. thick strip) is useful. 

I^^orms or core tubes can be made from the following materials: 

(a) Mica splittings coated with pjirtially cured silicone varnish. 

(b) Small overlapped mica scales bonded to fiber glass with silicone 
varnish. 

(c) Asbestos paper, available in sheet or tape form in various thick¬ 
nesses which can be boniled with silicone varnish in the fabrication of 
core tubes. 

Sheets of Teflon, silicone-coated fiber glass, and asbestos paper are 
available for interlayer insulation. 

The limits of transformer subminiaturization are determined by: 

(a) The minimum wire size which can be handled in winding. 

(b) The high copper loss of small-gauge wire. 
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(c) Saturation cfTocts in cores of small cross section. 

(d) The thickness of a particular piece of insulation and the creepage 
distaiice. which are constant for a given voltage to ground, regardless of 
the size of the winding. 

The cost of sul)miniatiiriz(‘d transformers will be considerably higher 
than those of conventional size, but since transformers and reactors con¬ 
stitute the laiger components in most circuits, a substantial reduction in 
their size and eight can (‘iTect a very desirable ov(*iall naluction in the 
weight and size of the whole chassis. 

7. Iinttcni}< 

A possible replacement for the lead-acid storage cell is a new cell 
utilizing silver and zinc as the active materials m an alkaline (lectrolyte. 
These cells, it is claimed.are lighter and smaller than other storage 
battery cells of the same caj)acity. The number of ( barging cycles is 
greater than that of the normal lead-acid type jind (‘ompares favorably 
with th(‘ ferro-nickel or cadmium-nickel batteries. 

A new dry cell similar in general to lh<‘ Leclanche type cell, but differ¬ 
ing from it in c(‘rtain major r(*spects. lias Ixam mark(*ted recimtly. No 
metal oxides are used as dejiolanzers, this (‘ITect being secured by use of 
highly acti\(‘, o\\ g(m-absorbing carbon (‘l(‘ctrod(‘s. stabl(‘ gel paste, 
support( hI by a fibrous matte, immobihz(‘s the rcMpiircMl (‘lectrolyte which, 
to all intents and pur])o.ses, is r(‘g(‘n(*rat(‘(l as us(*d and nnnains unchanged 
throughout the siTvice life of the c('ll. The net total of these reactions 
is simply that of “burning” the pure zinc anode in oxygen from the air 
through the acti\(‘-carbon cathode The carbon el(‘ctr()de is on the 
outer surface of the cell, wh(‘re it is b(‘st e\pos(*d to the air. The high 
efficiencies of both volume* and w(*ight, coupled with a remarkably flat 
discharge curve, coinbin(‘ to make up a v(*ry us(*ful jirimary battery. 

The Ituben c(*ll,-'" a n(‘w alkalin(‘ dry cell which makes use of the 
electrochemical syst<‘m Zn Zn{<>11 )-(solid) 1\()I1 (A(i)Hg()(solid), has 
been used (piite successfidly by the military servicers for some years. 
The nominal voltage of this cell is 1.34, but it can be used inter(*hangeably 
with the conventional dry cell. Its discharge curv(‘s are unusually flat. 
The service obtainable from the Ruben cell under high current drains is 
from 4 to 7 times that of conventional dry cells of equivalent volume. 
Shelf life is unusually long. 

VII. OUTbTANDING PROBLEMS 

Far from being completely solved, there still remain a number of 
vital basic problems associated with subminiaturization. 
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1 . The present size of power transformer-rectifier-filter power sup¬ 
plies is all out of proportion to the size of the subminiature electronic 
assemblies that they power. 

2. In the portable equipment field there is still need for a cheap, light, 
small, high-drain battery with long shelf life. 

3. With electronic equipment being required to operate at ever higher 
temperatures, a new basic approach to the cooling problem is badly 
needed. 

4. Flexible automatic and semiautomatic methods requiring only a 
few unskilled assembly personnel for the manufacture of complex sul)- 
miniature assemblies must be taken from the laboratory and sold to 
industry. 

5. Circuitry that will eliminate large components and reduce tla* 
number of coinponemts retiuired to perform particular functions is 
needed.^ 


VI11. Conclusions 

Experience with subniiniaturization technicpies has demonstrated th(‘ 
validity of the* following generalizations: 

1 . subminiaturiz('(l (l(‘sign r(‘(|uir(‘s more development engineering 
time than a conventional ch'sign because of the additional problems 
inherent in extrc'inely compact asscmiblies. 

2 . Uarc'ly is an initial subminiature design satisfactory; it is usually 
necessary to construct a s(*cond and sometimes a third model before a 
final product is achieved. It is seldom possible to ‘^cut corners” by 
making all tin* deigns excc'pt the final one of the paper variety. It is 
only by actually constructing the initial designs that assembly and 
production diflicultic's are uncovc'red and means for overcoming them 
conceived, Idle (mgin(H‘r mu.sl also exercise care that his design is not 
made impractical by neglecting to provide for ease of manufacture, 
alignment, and repair. 

3. (Ireater rigidity and shock resistance can be expected of sub¬ 
miniature assemblies because of the smaller masses involved. 

4. Because they lend themselves to plug-in package designs, sub¬ 
miniature assemblies can greatly ease eijuipment maintenance problems. 

5. It appears, from techniques developed thus far, that production 
costs of equipment utilizing subminiature designs will compete favorably 
with costs of conventional electronic manufacturing practices. 
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J. InTHODIH’TION 

The grow til of modern (*ommunicution networks towards a glolial 
network involves longer and longer eominunieatioii circuits. These 
long circuits consist in geiH*raI of a \erv large number of individual 
repeater sections or radio links. M ith jircsruit t(*chni(iues, a long distance 
circuit of 3000 miles in a coaxial cable consists of about 500 repeater 
sections. The same circuit, Imilt up as a microwave connection, W'ould 
include about 100 individual radio links in tandem. 

P^ach section or link is subject to noise and noise cumulates wdth the 
individual links. Tor a given (juality of overall transmission, the 
reciuirements on each link become more severe as the length of the circuit 
increases. Noise therefore is a \cry serious problem in long distance 
communication. The ultimate cost of the very long circuits for trans¬ 
mission of speech, music, and television will larg(‘ly depend on whether 
or not one succeeds in finding simple and cheap means to combat circuit 
noise. 

One way to attack the noise problem consists in keeping the trans¬ 
mission channel free of external noise. For example, one can use shielded 
pairs in a multicore cable or highly directional antennas in connection 
with radio links. Such and other means are self-evident in long distance 
communication. But they can do nothing against internal noise, which 
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results from the corpuscular structure of matter, such as resistor noise 
from the line or tube noise from the amplifiers. 

Fortunately, there exists another way to attack the noise problem. 
Circuit noise can be more or less wiped out by special noise-cleaning 
Iran sm isston mvlh od8 . 

These methods are in contrast to ordinary transmission, where the 
signal is transmitted over the circuit in its original form, as produced for 
example by the microphone in voice frecjuency telephony. Character¬ 
istic values of the signal at the transmitting end are the signal frequency 
band R and the signal power S. Similarly, characteristic values of the 
circuit are channel frecpiency band and channel noise power. With 
ordinary transmission, Ihe channel bandwidth and the signal bandwidth 
are alike. Signal attenuation within each individual section can be com¬ 
pensated by interme(liut(‘ amplifiers with the effect, that the signal will be 
found with the same ])ower H at the receiving end of the circuit. But 
the numerous intermediate nqjeaters am])lify likewise the internal circuit 
noise which thus cumulates to a noise power S at the receiving end. 
Here, l)oth signal and noise are offered to the destination, for example by 
means of a tehqdione or loudspeaker. Nothing can 1 e done to improve 
the once obtained signal-to-noise ratio If with a given type of 

circuit this ratio does not fulfil transmission r(*(iuirement th(‘ only w’ay to 
improve it consists in increasing the signal power at the transmitting end 
of the circuit. 

Since the beginnings of communication it was strongly believed that 
noise cannot be separated from a signal once it has entered the transmis¬ 
sion chaniK'l and is mixed with (he signal. It was therefore highly sur¬ 
prising when K. H. Armstrong demonstnited in 1930 that frequency 
modulation could be used as a noise-cleaning transmission method. 
Since th<*n, otlu'r noise-cleaning methods have been found and developed, 
the latest and most <»ff(M*tive method being pulse code modulation, in 
short PCM. 

This important method ot transmission was originally suggested by 
Beeves’ in 1939. 


II. Short Suhvky of Noise-C'lkanino Methods 

All noise-cleaning metliods have certain features in common. 

Figure \a represents ordinary transmission, where a signal function 
F{t) is applied with a power N to a transmission channel of bandwidth B. 
Due to the receiving amplifier, the signal F(t) will be received with the 
same power but together with the noise power A", which has accumu¬ 
lated in the band B. The result is a certain signal to noise ratio S:N. 
Figure lf> represtmts a noise-cleaning transmission method. In 
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general it is impossible to transmit the original (or primary) signal func¬ 
tion F{i) over a noisy channel and to obtain at the same time a noise¬ 
cleaning effect. The primary signal function F{i), comprising the signal 
band By has to be transformed into another function, the secondary 
signal G{t)y by means of a modulator M. The secondary signal (7(0 will 
then occupy a broader band r • H, and th(‘ noise-cleaning effect will largely 
depend on the expansion factor r. The channel bandwidth therefore, in 
order to transmit the secondary signal, has also to be expanded from 
B to r • B. 

For comparison, one can assume that the seeimdary <ignal (7(/) is 
applied with the same signal imwer N to the same phvMeal circuit as in 
case (o). Assuming furthermore cipial n(»‘si‘ p(»\\er j)er cycle, as is the 
practical case with internal noise, an increased noise p'w\er r • N will be 
found together with tin* signal ])ower S at the outjnit terminals of the 
s S^N 

’-j.-r>-. 

F(t) (a) 


B 

F(f) 




r B 

(b) 


G{t) Cb} G(t) 

Fi(i 1 Onlinnry and iKHso-cicaning nictJuxi 


^ S + rN _ S + N 

-r(i' 


expanded transmission channel. The m‘cessi1y to u.s(‘ a broadcT trans¬ 
mission channel results in an even worse signal to noise ratio S:rN at the 
receiving end of the ehaniH*!. So far the noise-cleaning method has only 
disadvantages: an additional modulator, a broader and th(»refore more 
expensive ehaniud, and a lower signal-noise ratio at tlie receiving end of 
the channel. 

The payoff comes with the denKHlulator 77, Fig. 16, which transforms 
the secondary signal (/(/) back into the primary signal F(0* In general, 
the demodulator will perform the inverse* operation of the modulator, 
but has special means to combat noise, d'hesc* special means and their 
effectiveness to throw out noise d(*i>end largely on the properties of 
secondary signal function (/(/) used for transmission. At the output 
terminals of the demodulator tlie original signal function F{t) will be 
found with a certain signal {>ower S*. Hut also some noise will slip 
through and will be found as noi.se power A’* in the output signal band B. 

One can speak of a noise-cleaning effect, if with a given method 


S*/N* > S/rX 
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But in order that case (Jb) has an advantage over case (a), the relation 
must hold 

S*/N* > S/N 

The output signal to noise ratios of case (a) and (h) are related by an 
equation of the form 



where / is a characteristic function of the special method used for trans¬ 
mission 

Under comj)arable conditions, that is with a given expansion factor r, 
given signal power S and noise power N/B per cycle bandwidth, different 
methods result in different signal to noise ratios S*/N'^. The ideal 
method would cl(‘an out all the noise and thus provide for an infinitely 
high signal-to-noise ratio. All now' existing methods are not id(‘al in this 
sense, but pulse code modulation (*omes nearest to the ideal case. As 
noise-cleaning has to lie paid ior by an increased channel liandwidth, pulse 
code modulation mak(‘s best use of this additional bandwidth. 

In order to transform the primary signal function F{t) into the second¬ 
ary signal function G{t) by means of a modulator, a continuous carrier or 
pulsed carrier can be used. With a continuous carrier A sin </>, either the 
amplitude A or the angular displacement </> can lie varied according to the 
signal F{t). But only angular modulation, that frequency modulation 
and phase modvlafion, will produce a noise-cl(*aning effect, never ampli¬ 
tude modulation. 

With a pulsed carrier, either the pulse amplitude, or the pulse dura¬ 
tion or the time distance between successive pulses (pulse position) can 
be varied with the signal F(t), Principal methods with pulse transmis¬ 
sion arc therefore puls('-amplitude modulation, pulse-duration modula¬ 
tion, and pulse-position modulation Here again, pulse-amplitude 
modulation can produce no noise-cleaning effect. But pulse-duration 
modulation and especially pHls(-position modulation are effective noise¬ 
cleaning methods. 

It may be seen that in order to perform noise-cleaning, one has to 
transform the primary signal F{t) into the s(‘(‘ondary signal G{t) in such 
a w'ay that the characteristic variation.^ with the secondary signal occur 
“in time” rather than “in amplitude,” as is the case with the primary 
signal. By the process of modulation, information is shifted from the 
amplitude dimension into the time dimension. This permits one to keep 
the amplitude of the continuous or pulsed carrier constant. As the 
amplitude of the secondary signal is now no longer a carrier of informa¬ 
tion, it becomes possible to eliminate amplitude variations, caused by the 
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channel noise, with an amplitude filter at the demodulator. The process 
of amplitude filtering at the demodulator is an essential feature of all 
noise-cleaning methods. 

With anj' type of pulse modulation, the free gaps between successive 
pulses can be used to transmit other pulse st‘ries, modulated with other 
signal functions. This means “time multiplex,'’ whereas multiplex 
operation with continuous carrier methods is l>ound to “frequency 
multiplex.” Under certain conditimis, esj)ecially in connection with 
microwave transmission, time multipl(‘\ has important advantages over 
frequency multiplex. As a result, noise-cleaning pulse iiu^thods are gen¬ 
erally used in connection ^^ith time multi])lex, although noise-cleaning and 
time multiplex have nothing to do with ea di other in ])rinciple. 

In a system, the })rimarv signal fumdion F{*), with its subtle 

amplitude variations, is also transformed into a sc^condary signal. This 
signal is merely a seciucnce of oii-olT pidses, ui inarks and spaces, wdiere 
neither the pulse amplitude r()r the pulse widll nor pulse ))osition varies. 
The only criterion at the r(*eeiv<M- is if at a predel(*rmined time instant a 
pulse occurs or lad. Tliis makes it possible, to us(‘ not only an amplitude 
filter, but also a time filter (gate), which opens the reccdvcT only at these 
j)redetermined time instants. In sj)<‘nding all available signal j)ower at 
the transmitter just for 2 discrete ainj)lilude levcds, on and ofT, there is a 
good chance that the reccdver can distinguish betw(*en mark and space 
even in the prescuice of coiisiderabh' nois(». If a pulse, although con¬ 
siderably misformed by nois(\ is rcTognized as such at thc^ r<*ceiving end 
of a link, it can be reshajK'd and sent out like new’ over the next link. 
Reshajhiig or j)ulse regen(*ration can take jdace at all intermediate 
repeater points of a long distance circuit with the effect that the trans¬ 
mitted secjuence of on-ofT i)\dses appears as good as lunv at the remote end 
of the circuit. The onh condition is that the noise within each link 
remains below’ a com})aratively large threshold value at which discrimina¬ 
tion between mark and space becomes impossible. At the receiver, the 
demodulator will then r(*transform the received marks and spaces into 
the original signal. 

Existing JT'M systems are dc.signed to transmit simultaneously a 
large number of sj^eech channels in time multiplex over microw’ave links. 

The most recent P( ’M-system, described by Meachan and Peterson,® 
is a 9G channel system, w here the 90 channels are arranged in 8 groups of 
12 channels each. The channels within each group are assembled on a 
time division basis and the 8 groups are then assembled to one super¬ 
group on a frequency division basis. This article is a very complete 
description of the most advanced PCM equipment developed by Bell 
Telephone Laboratories. 
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It is therefore not the intention of the present article to describe the 
circuitry of actual PCM systems in detail but to restrict consideration 
more to basic principles. As neither carrier transmission nor time multi¬ 
plex are fundamental properties of PCM, the basic principles involved 
will be discussed in terms of the simplest case, namely one channel and 
video transmission. 

PC'M involves certain new and important principles, such as samplinjr, 
quantizing, encoding, pulse shaping, and decoding, which will be dis¬ 
cussed in the following sections. 

III. The Sampling Theorem 

The first basic operation in PCM is “sampling.’^ This operation is 
based on the mmpling theorem. A short but comprehensive review of 
this important theorem was recently given by Shannon.'^ 

All communication signals, such as telegraph signals, telephone 
signals, and television signals, have a characteristic, but finite signal 
frequency band. The fact that the band is limited has far reaching 
consecpiences. 

Theorem: A signal function, which contains frequencies only in a 
limited band of B cps, B also being the highest signal frequency, is com¬ 
pletely determined by discrete ordinates at points \12B seconds apart. 

This im])ortant tlu’orem may be illustrated by an arrangement shown 
in Fig. 2. The source at tlie left produces a continuous signal F(/), 
limited to the signal band 0 • • • cps. A switch, which rotates with 
a constant fre(iuenc> /u = 1 to connects the source with an ideal low- 
pass filter, also of bandwidth B, <luring a very short time t in regular 
intervals ro. One thus obtains at the switch a series of short pulses 
F\F 2 • * * Fn, all pulses being of eciual duration r and successive pulses 
To seconds apart. An ideal amplifier with a linear voltage gain of tq/t 
follows the low-pass filter. 

At the output terminals of this amplifier one obtains a signal function, 
w^hich is identieal with F{t) at the source, under the sole condition that 
the switching frecpiency is at least twice the highest signal frequency, 
/o ^ 2B, or 

TO = II2B (1) 

as the limiting case. 

The discrete pulses in Fig. 2 are called “samples,*^ more correctly 
amplitude samples. 

Let the /dh pulse of amplitude Fn occur at a time tn — n ' ro. This 
pulse, if sent through the low-pass and amplifier in Fig. 2, produces an 
output pulse 
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sin — (I ~ nro) 

\\ = F, - -- ( 2 ) 

— 0 - ;iTo) 

To 

This pulse is shown in Fig. 3. It is centered at a time nro and will l>e 
zero at all other sampling points i = Aro, k ^ n. Consequently, all 
other pulses Vk are zero at a time ( = nro. There is no correlation 



B -q/t 



Fi(i 2 SiiinpliiiK 


between the samples, that is, if one changes the valuer of one particular 
sample F„, such a change uill have no effect on any other sample F*. 

As the output signal simply the result of all samples, the only 
possible r(*presentation of th<* signal as a functirm of time will l)e 


+ QC 4 » 



sin ^ (t — nro) 

rn 

- (/ - nro) 
rn 


( 3 ) 


A given continuous signal function F((), limited to a signal band can 
therefore always be considered to consist of a superposition of pulses 
all pulses being of ec^ual shape (Fig. 3), but of different amplitudes Fn, 
centered at time instants \/2B seconds apart, whether it is actually 
sampled or not. 
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Thus, if one samples the signal (looks at the source through the 
rotating switch), one will see only the amplitude of the pulse centered at 
that time instant, but none of the others, as all other pulses are zero at 
that time. Due to the limite<] bandwidth it is sufficient to glance at the 
signal only at time instants 1/2/^ seconds apart. One then knows every¬ 
thing about the signal and can forget the rest. 

Kaeh signal function carri(*s information by the variation of its ampli¬ 
tude. One sees that only th(‘ ainplitude.s at the sampling points carry 
information, but ruit the amplitudes between, as these are already deter- 
min(‘d by the samples One can consider a sample Fn to be an independ- 



Fk. S Output pulse at a time t — ar© 

ent earner of information, the information carried being the numerical 
value Fn of the ‘'amph' 

During a time interval T seconds one will find 7’/ro = 2BT samples. 
Thus the information content of a .signal F{t), limited to a band B and 
time interval T, is just a .set of 2BT numerical values. 

It may be remembered that in order to describe a signal of band¬ 
width B and duration T by a Fourier series, one needs a set of discrete 
frequencies, I T cycles apart, or BT fretiucncies in all. Here each fre¬ 
quency sample carries two numerical values, either amplitude and phase 
shift or sine and cosine term, i.e., 2BT numerical values in all. These 
values are another possible vset of numbers which also describe completely 
the signal under consideration. 
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To sum up, the problem of transmitting a signal function of signal 
band B and duration T can always he reduced to the problem of trans¬ 
mitting 2BT numerical values (numbers) in one way or another. If 
one succeeds in reconstructing the discrete samples Fn at the receiver, 
the original signal function can he reconstructed simply by sending the 
siimples through a ]o\\-i)ass lilter of cutoff frecpiency B and a suitable 
amplifier. Fig. 2. Bet^^een the sampling switch at the transmitter and 
the low pass at the receiver, t)ne can play with the samples, })rovided no 
“information’’ gets lost 

Another consecpience of the limited signal banduidih this: 

If one reconstructs the signal function F[t) by ils given discrete 
samples Fn, the energy F devi^loped in a urit ri\sistance will be 

-r " 

E ^ ‘ Em),It = r„ • V E.;- 

Hence, if once observes the signal during a finite time interval 7’, which 
contains n = 7’/ro saini)les, the signal po\N(‘r will l)e 

.S’ = 't' = - -i- (4) 

/ n 

The power of a continuous signal is there¬ 
fore simply the mean s(|uare of its discr('t<‘ 
amplitude samples. This j)()w (*r, of coui’m', 
lies completely inside the signal band F, 
and no powder will Ik* found outside this 
band. 

IW Qu\ntiz\tion 

A continuous signal, such as.sj)eech, has 
a continuous range of amplitudes and there¬ 
fore its sam])les have a continuous amj)li- 
tude range. In other words, within the 
finite amplitude range of the signal one will 
find an infinite number of amplitude levels. 

It is now not possible—and also not neces¬ 
sary—to transmit the exact amplitudes <ji 

the samples. Any human sense, as uiti- , 

. , 1 ^ In*. 1 Quantization step, 

mate receiver, can only detect finite inten¬ 
sity differences. If one transmits, for example, just one sample and 
offers a corresponding sound pulse, Fig. 3, to the ear, it w ill judge different 
samples OP to be equal, if P lies within a certain amplitude range a, Fig. 4. 
It is therefore permissible to represent and to transmit all amplitude levels 
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within this range by one discrete amplitude level OQ. Hence, transmis¬ 
sion of any signal can be achieved with a finite number of discrete ampli¬ 
tude levels. 

The existence of a finite number of discrete amplitude levels is a basic 
condition for P(’M. The next step in building up a PCM system 
would therefore consist in inserting a quantizer l)etween the rotating 
switch (sampler) and the low-pass B in Fig. 2. Such a (juantizer will \w 
described in detail in Section \T, (L The recovered signal at the receiver 
will then not be (piite identical with the signal at the source, but differ 
somewhat. As the maximum error cannot exceed one half step or ^^quan- 
tum,^^ deviation from fidelity can be kept within tolerable limits by using 
a sufficiently large number of small steps. 

If one considers one particular amplitude level OQ = F, Fig. 4, a 
possible measure of fidelity with respect to this particular amplitude level 
is the mean scjuare of the Euclidean distance d between OP and OQ 

d‘^ = {(OP) - (OQ)V 

Assuming that in the course of time the })oints P cover the range a 
w'ith equal density, one obtains 


or 


1 f (P 

<P = - / .r Vx ^ % 

Ot J ~a/2 1 ^ 


(OPy = 


According to ecj. 4, {OPp is the contribution of all samples within the 
amplitude range a to the power of the signal without (luantization, 
wdiereas F- is the contribution of the same samples with quantization. 
Both differ by the (piantization noise power a“/12. 

If the quantizer has .s discrete amplitude levels and accordingly 
8 steps a», which need not be equal, and if p{i) is the probability of the 
level (t), the total (plantization noise power will be 

.V./ == fV * ^ pO) ' 

w 

t 

With (Hpial steps a, oiu* obtains 


.V, = aV12 (5) 

In order to distinguish between the signal function with and without 
quantizing, the latter will be called Fo{t). This is the signal function 
delivered from the source to the sampler. Fig. 2. The signal function, 
which is determined by the quantized samples, will be called F(/), and 
F(t) is the signal received at the remote end of the circuit. Due to 
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quantization, F(t) will differ somewhat from Fo(t), If So is the signal 
power of Fo(t)j as determined by the not quantized samples, and S is 
the power of the recovered signal F(t), determined by the quantized 
samples, both powers differ by the quantization noise power, or 

<So = S + N q 

In other words, one sends the signal power /So, but the (piautizer splits 
this power up into the signal power S and the quantization noise power 
Ng which disturbs the signal. At the receiver, one has always the 
quantization noise, even \\ith a noiseless transmission channel. This 


T 



price must be paid for the great improvements which otherwise result 
from quantization. 

As a simple examine, the case will be considered where the total 
amplitude range Ao of Fail) is divided into « equal cpianta. Fig. 5. The 
size of one quantum is then 

a = Ao/s 

One sees that the amplitude range of the quantized samples will be 

A = Ao — « 


as the extreme amplitudes are reduced by one-half quantum. Between 
quantum range A, quantum a and number ,s of quantum states (ampli¬ 
tude levels) exists the equation 



CK 


(6) 
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If Fo(0 sampled and quantized, one has very short pulses at regular 
time intervals ro = 1 /2B. Due to quantization, possible sample ampli¬ 
tudes are only 


± ±3- ±5^ 

z z z 


±(.s-l)i 


If these discrete* samples are sent through a low-pass B and a suitabh* 
amplifier, Fig. 2, one obtains the continuous signal F{t), Fig. 5. 

With a signal function Fo(0, where all amplitudes occur in the course 
of time with equal probability, the signal power of Fo{t) wdll be 


In this case also the (juantized samjdes occur with equal probability. 
The signal power of the recovenMl signal F(t) is therefore 

.s = 2[1 + + - 1)=]-^' 

or 


As alremdy stated, the (|uantization noise power is in this case 

A\ = S() — S = 

A measun* of fid(‘lity is thereiore the signal to nois(* ratio 

.SVA^ = - 1 (8) 

Table I shows how this signal to noise ratio increases wdth the number .s* 
of amplitude levels, Ow ing to its randomness, quantization noise sounds 

Tabi-k I, CjiBinli/.ntioii '■iRiial-noisc ratio 
s 2 4 8 If. 32 64 128 

- 1 3 i:> 63 255 1023 4095 16383 

db 4 77 11 76 17.99 24.07 30.10 36.12 42.14 

very much like thermal noise, but is not (luite so bad, because no quanti¬ 
zation noise will be produced if the circuit is idle. 

The necessary number .s* of (luaiitum states at the (|uantizer depends 
on the tidelity of transmission desired. Listening tests have shown that 
8 or lb states are just sufficient to obtain good intelligibility of speech, 
but that (plantization noise can easily be detected. Even with the 
minimum number, 2 states, some intelligibility can be obtained. One 
considers 32 states to be a minimum for commercial use. The most 
recent P(^M system of toll quality uses 128 states.®'** 
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V. Encoding 

If one intends to keep the original signal funi*tion Fo(t) under observa¬ 
tion, say during the time interval T in Fig. 5. one must look at all points 
within the area AqT, ))ecause it is not known in advance where one will 
find the signal. 

With samjding and (juantizing, one has to glance at the signal only at 
time distances ] ^2/i seconds apart, and even tlien only at certain discrete 
points at the amplitude scale. This is sutii(‘ient to gain all iH'cessary data 
in order to transmit and reconstruct the signal with sutliciently good 
fidelity. Only the crossing ])oints of the liorizontal and vertical lines in 



Fig. 5 are necessary ol)s(‘r\ation points. 'I'his inak(‘.s it possible to 
encode the sampled and (plantized primary signal function F{1) into a 
secondary signal function (fit) by encoding the ordinates of the discrete 
observation points. 

For the purpose of encoding, one characterizes the s discrete ampli¬ 
tude levels by intc^ger^, tin* state numbers 0,1,2 • • • (,s* — 1), Fig. 0. 
The state numbers aw tlien considered to l>e one-digital numbers of a 
number system of base .s. The process of encoding consists merely in 
encoding these numbers into another number system of base* b. 

For the representation of numbers one needs a group of symbols. 
For example, the decimal number system uses the ten symbols 0,1,2 
• * • 9, which at the same time represent the first ten integers 0 * • • 9 
of the number scale. With 2 digits and 10 symbols one can represent 
10* numbers, with 3 digits 10*, and so on. 

With r digit.s and a base b (b symbols) one can represent 


« = 6’ 


( 9 ) 
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numbers, namely the first 8 integers 0,1,2 • • • (s — 1) of the number 
scale. But admissible values of s are only integer powers of 6. 

Equation 9 offers the possibility of transforming the primary signal 
F{t) with H states into the secondary signal G{t) with only b states, at the 
expense that one needs for each sample of F{t) a group of r = log s/log 6 
samples for (/(/). These r samples have to be spaced within the time 
interval to = 1/2/i, Fig. 5. The time interval between the samples of 
G{t) is therefore reduced to \ /2rB seconds. In other words, one has now 
to transmit 2rB samples per second instead of 2B samples with F(t) and 
this requires a broader channel bandwidth rB instead of B. Reduction 
of states has thus become pos.sible at the expense of an expanded channel 
freciuency band. 

According to the choice of 6, one can transform F{t) into a large variety 
of signal functions G{t). The minimum value b — 2, or binary number 
system, offers the gr(‘atest advantages in fighting noise. The secondary 
signal function (i{t) consists th(*n only of 2 discrete amplitude levels, on 
and off. With the binary number system, all numbers are expressed by 
2 symbols, 0 and 1, which are called “binary symbols.” 

If (a) stands either for (Oj or (1) the binary notation with r digits 

(h(t2 • * • f/r 

represents the numb(*r 

(ii • 2« -f (h * 2‘ + «3 • 2‘ -f • • - Or’ 2'-' 

As an examj)le, the binary notation 101 represents the (absolute) num¬ 
ber 1 + 0 -f 4 = :>.* 

It is possil>le, of course, to encode the state numbers also into the 
ternary number system (base 3) or the (luaternary number system 
(base 4), and so on, l)ut with less and less noise-cleaning effect. 

Table II shows as an example the encoding of F{t) in Fig. 0 into 
binary numbers. 

Tahlk II. Kncoding into binary numbers 
State Nos. 2 0 7 3 4 1 5 1 

Binary Nos. 010 011 111 110 *001 100 101 100 

In this ease, 8 = 8, one needs a group of 3 binary symbols for each 
state number of F{t), The binary symbols (0,1) are the state numbers of 
the secondary signal function G{(). G{t) carries exactly the same message 
as F{t)y but only with 2 states instead of 8 states and with a bandwidth 
expanded in a ratio 3:1. G(t), of course, can be retransformed into F(t) 
by the process of decoding. Section \TI, r. 


Note that binary notations arc written **backwards.” 
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F{t) contains 2BT samples in a time interval T, and as each sample 
has to be replaced by a group of 

r = log H 

(log ~ log at base 2) binary symbols, the encoded signal will consist of 
2 BT • log s binary symbols. The message of duration 7\ either carried 
by h\t) or G{t), is comph'trly described by this se(iuenco of 2BT * log 5 
binary symbols. This num)>er is used as a measure for (he amount of 
information which can [)e carried l>y a signal of duration 7\ signal band 
B and s distinguishable discrete amplitude levels. Theicfo e 

Amount of information = 2 BT • log .s bits 
or 

Kate of information R = 2 B • log .v l)its per H(‘con(i (10) 

Each binary symbr)l (0,1) corresponds by d(‘lini(ion to one unit (bit) of 
information.^^ 

If one requests tliat the message at the r(‘c(‘ivcr is n(*i1her compressed 
nor exi)an(le(l in time, the rate of information must remain constant with 
all possible code transformations. That is, if one transforms a signal of 
bandwidth B\ and a number ,vi of states into another signal of bandwidth 
/?2 and .So states, (he relation must hold 


R = 2/?, log .s, - 2Bz l(»g .S 2 • • 2B log .s 

With numb(*r encoding, oik* can therefore expand or compn‘ss the original 
signal bandwidth K, but only with a corn^sponding in(*reas(» or decrease 
of amplitude states, without impairing the rat(* of information. 

It may be seen by Fig. 4. that tin* amplitude (plantum a acts as a safe¬ 
guard against channel noise. Noise shifts the* ])oint Q in an uii])](‘dietable 
w’ay in an ujiward or downward direction. Hut if it stays within the 
quantum range, that is, if the noi.se amplitmh* at this parti(*ular sampling 
point does not exc(‘ed ±(x 2, one can restore th(‘ distorted samjile to its 
original value by (plantizing it again at the receiver. Th(‘refore cr is a 
measure of a thnxshold noise amplitud(‘, or is a measure of a certain 
threshold noise power, A\hich can be completely cleaned out due to the 
finite size of the amplitude quantum. 

Signal penver *S, number of states .v, and (piantum a are connected by 

eq. 7. 

Hence, if one considers 2 case.«, the first case where one encodes the 
primary signal into a secondary signal with Si states and the second case 
where one encodes it into another secondary signal with 82 states, but 
transmits in both cases with the same signal power the corresponding 
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values of a* will be 

, 12.S , 12« 

That is, one obtains maximum discrimination against channel noise 
if one transmits with a minimum number of states (s = 2). Actual 
PCM systems, where maximum noise cleaning is desired, encode there¬ 
fore into 2 states. But with a noiseless channel, one could increase the 
number of stat(‘s to any large value and thus compress a given signal of 
bandwidth Bi = 27i*/log ,si into a bandwidth = 2/7/log 6*2 of any 
desired small value. 

A type of noise, which fills out the quantum range a of the secondary 
signal with etjual density, but will never exceed this range, carries a noise 
power 

N — ( 11 ) 

Such a type of noise will provide in connection with a signal power S 
(cq. 8) the space for 



distinguishable amplitude levels on the channel. The capacity of the 
channel to transmit information w'ithout distortion by channel noise is 
therefore 

C = 2B • log ,s = B log^l + bits per second (12) 

C is called “channel capacity.” That is, if one transmits a quantized 
signal of power *S ()V(t a channel of bandw idth B, one can clean out all the 
channel noise X (by (luantizing again at the receiver) provided one feeds 
the channel at the maximum with C bits per second. It is not possible 
to transmit more than T bits j)er second without impairing the signal by 
the channel noise. 

In the case of PCM one needs only s = 2 distinguishable states and 
the critical signal-noise ratio is therefore (s- — 1):1 =3:1. All channel 
noise is completely cleaned out if the noise power will not exceed one- 
third of the signal power. 

But this is only true for the considered type of noise, which has a 
finite amplitude range and a uniform distribution of amplitudes. Quan¬ 
tization noise for example has such properties but not white noise, and 
no sharp critical signal-noise ratio exists in this case. 

Nevertheless, eq. 12 

C = B log(l + N .V) 
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has a much deeper significance than one would expect by its above given 
crude derivation. Shannon*^ has shown, that by properly encoding one 
can always transmit B • log (1 + S/X) bits per second with as small an 
error frequency as desired, but not more. The channel capacity is there¬ 
fore a sharply defined quantity, not only for quantization noise, but for 
any type of noise. It assumes, however, this property only in connection 
with proper encoding. 

PC'M is the pro])er encoding method for a type of noise similar to 
(juantization noise but not for white noise, whicli would involve a much 
more complicated method of encoding than actually used in PCM. 

VI. PuiNCIPAL OPCIIATIONS AT TllK 'rJlXNSAlITTINCJ ILnD 

a. Diagram, Figure 7 show's a simjdified diagram of the tninsmitting 
end of a single PCM circuit. The source i)ro(luces a continuous signal 
h\{t), limited to the signal frequency band 0 • • • B cps For example, 

F,(t) G(t) , Si«Ml 9mm 



B r B bond wtdtti 

Signal Sourct Samptaf Hoidin« Owonfiiin^ an« Pult* Low mmI vtdM ^ 

Ctrcyil encoding Tub* tnopinf Irbntmittton AmplitMr 

Circuit 

Fig. 7. Transmitting cud of a P('M circuit. 

ispeecli currerit.s from a microphone in the range 0 • • • lOOO cps may 
be considered. 

The sampling switch rotates at a fre(|uency/o - 2H (8000 cps) and 
transforms the continuous signal into a seric*s of short ])uls(‘s, 1/2/i 
seconds apart (12.'3 ^xs.) The duration of each puls(» is in the order of a 
few microseconds. 

h. Holding Circuit. These short pulses are now lengthened by a hold¬ 
ing circuit. This circuit consists mainly of a capacitor, which, if charged 
by a sampling pulse, assumes very rapidly a potential ecjual to the par¬ 
ticular pulse amplitude and wdiich holds this potential constant over 
almost the entire period ro. Shortly before the next signal puls<* occurs, 
the capacitor is di.scharged by a local blanking puls(‘, synchronized with 
the sampling switch, and thus becomes read^" for the next sample. 

c. Coding. Next follows the pulse code modulator, wliich employs 
a novel electron beam tubc.^^ This ingenious tube performs two opera¬ 
tions: it quantizes the amplitudes delivered by the holding circuit to the 
nearest step of the discrete amplitude scale, and it transforms each 
quantized amplitude into a group of on-off pulses. 
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The coding tube, Fig. 8, consists in principle of an electron gun; 
2 pairs of deflection plates (A" and V plates), a code masking plate and an 
output plate. The code masking plate is arranged perpendicular to the 
axis of the electron gun and combinations of a binary code are laid out 
as punched holes. In order to simplify illustration, the code masking 
plate in Fig. 8 shows only 3 vertical and 8 horizontal rows. The vertical 
row's correspond to the 3 digits, which are necessary to repiesent 2^ = 8 
discrete amplitude levels or states. The actual coding tube built by Bell 
Telephone Laboratori(*s has a coding plate with 7 vertical and 128 hori¬ 
zontal rows, corresponding to 128 discrete amplitude levels.^® 

The voltages obtained from the holding circuit, is applied to the 
dedlector i)lat(*s. W hen first applied, the beam is moved u])W'ard or dowm- 



W’ard in the l<‘ft-hand unperforated region of the aperture plate into a 
position which corresponds to the a])plied amplitude. Then, by means 
of the quantization grid, the beam is shifted exactly into the horizontal 
row^ which is nearest to this position After (piantizing, the beam, now 
properly aligned, is swept in horizontal direction across the ai)erture plate. 
To perform this sweep, a linear sweep voltage, produced by a local 
synchronized sweep oscillator, is api)lied to the A' deflector plates. Hav¬ 
ing completed the horizontal swee|), the beam is blanked and retraced 
to its starting position. 

During the horizontal sweep, electrons which pass through the holes 
of the aperture plate are caught by the outjmt plate and form a pattern 
of on-off pulses, Fig. 9, line .1. This line shows the pattern obtained 
during 2 sweeps with a 3-digit aperture plate. The patterns represent 
the binary notations 010 and Oil, which—reading backwards—corre¬ 
spond to the ami)litude levels No. 2 and (3 (state numbers) of a scale with 
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8 discrete amplitude levels. The horizontal sweep is performed in such 
a way that the on-off pulses are equally spaced ^^ithin the allotted time 
interval ro. With r digits, the time distance l)ot\\e<»n adjacent pulses is 
thus reduced from 1 2B seconds to \/2rB seconds. The coding tube 
therefore produces pulses at a rate of 2rB (24,000, B = 4000 cpa, r = 3) 
pulses per second 



These i)ulse patterns form th(‘ raw material for iho secondary signal 
function f/(n to be transmitted ov(*r the channel, because of the 
increase<l pulse rate, the ‘'econdar 3 ^ signal (>(t) will have an increased 
signal bandwidth, rB instead of B. In other words, the number r of 
digits used with the aperture plate is the band expansion factor of the 
P('M sy stem. 

(L Quantizing. As the input pulses at the coding tube have a con¬ 
tinuous amplitude range and because the beam has a finite cross section, 
it could happen that the beam straddles betw^een 2 rows and thus sweeps 
out a combination of 2 adjacent codes. This is prevented by a quantiza- 
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tion grid, P"ig. 10. This grid consists of parallel wires aligned with the 
horizontal rows of the aperture plate. If the beam strikes a grid wire, 
secondary electrons are released and captured by the collector. The 
grid current is larger if the center of the beams strikes a wire and smaller 
if the beam is centered between 2 adjacent wires. 

Figure 11, left, indicates that the grid current Ig consists of a D-(' 
component and an .\-C component, which varies periodically with the 
position y of the beam along the V axis. The A-C component is amplified 
and applied in fe<‘dback relation to the amplifier, which produces the 
deflection voltage at the Y deflection plates. 


lij 

< ij 



FEED BACK CIRCUIT 


Kio. 10. CodinK luhe itli quantization Rrni (i'ourUny Hell Telephone Laboratorif) 

The beam defl(*ction voltage is ecpial to the sum of signal voltage v and 
feedback voltage' a • sin //, and produces a deflection y proportional to 
this sum. 'riius the n'sidting deflection y may be described by 

// — r a ’ sin y 

when* a is a measure' for the' de'gie*e' of feeelbae*k, all unimportant constants 
of proportionality neglect('<1 

Figure 11 sho^^s the be'am peisition y as a function of the input signal 
voltage r, with anei without feedback. Without feedback (o = 0) the 
position is deserilu'd by y = r. In other words, a signal voltage Vi = OAi 
shifts the beam intei positiein /ii. anel a voltage Co = 0-42 shifts the beam 
into position I\\. With feedback, the position is determined by the 
curve y = y(v), which has alternating positive and negative slopes. In 
general one obtains now more than one possible position for a given 
input voltage r. As an example, the voltage OAi or OA 2 can produce 3 
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different positions y. But positions on a negative slope are unstable and 
the beam jumps immediately into a stable position. As an example, the 
signal voltage ri = OAi corresponds to the point Pi which is situated 
on a negative slope and which therefore jumps upward or downward 
into a stable point, say (?i, which corresponds to the beam position C\, 
Points exactly situated on the crossing points P\p 2 * • • can jump 
upward or dov;nward, but points to the left of y - r can jump only 
upward, and points to the right can jump only in a downward direction. 



Fio. 11. Graphical rfprc.sentation of quantization. 


As already mentioned, the signal voltagti v is aj)i)lied at first with the 
feedback circuit inoperative. Any voltage in the voltage range AxA^ 
will therefore correspond to a particular point on the straight line between 
P 1 P 2 , this means to a beam position between When the feedback 

circuit is activated, the position curve is no longer given by straight 
section PiPi but by the section Q 1 Q 2 . The beam tlicrcfon* jumps upward 
or downward into a position between C 1 C 2 , and this range is much smaller 
than the original range B 1 B 2 . All amplitudes between OAi and OAz 
wdll therefore produce a beam position in a small range C 1 C 2 just below^ 
the second grid wire. Signal voltages within OAi will likewise produce 
beam positions below the first grid wire and voltages within the range 
AiAz will produce beam positions below the third grid wire, and so on. 
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The continuous signal range is thus transformed into a discontinuous 
range of fixed beam positions. 

The quantization grid and the aperture plate are arranged in such a 
way, that the beam, if in its quantized position, illuminates fully the 
corresponding horizontal row of the aperture plate. As the beam is now 
swept across the aperture plate, it remains pressed against the lower 
surface of its guiding win* and cannot leave the once chosen row. 

All signal amplitudes within a particular range arc thus transformed 
into the sam(' code group, as determined by the holes of the assigned 
horizontal row' of the aperture plate. 

e. Pulse Shaping. Figure 9, line A, shows 2 successive groups of code 
pulses, ol)tained with 2 horizontal sweeps in the case of r = 3 digits or 
« = 8 states. These pulses have now to he standardized in height, posi¬ 
tion, and duration. This is achi(‘ved by a circuit which performs two 
pulse-shaping operations, slicing and gating. 

First, a thin slice is cut out from the train of ])ulses by a sheer circuit, 
Fig. 9, line B. The sheer* circuit consists of a niultivi})rator or of a com¬ 
bination of two diodes. Hias conditions are so adjusted that the circuit 
is in()i)erative ex(*ept wlien the signal tails through a narrow voltage range 
at about half the pulse anii)htudes. These thin slices are amplified to a 
proper amplitude' and are* then gate*d by nu'ans of a pulse serie\s, Fdg. 9, 
line (\ The gating j)ulse‘s an* pr(»due*e‘d by a loe*al jndse generator with a 
pulse re'petition fre*<iu(*ncy of 2rli cps (21,()(K) cps). After gating, the 
signal e’onsists e)f a seepience* of on-i)ulse*s (I) anel otT-pulse's (0) in regular 
time intervals, \/2rB se(*onds apart. The ])ulse*s are e)f equal height, 
either 0 or I, of e*(|ual short (hiration and at ti\e*d time positions. 

Tlie transmission of the'se sharp pulse's woultl reeiuire a very breaid 
freeiuency band. In order to save channe*! bandwidth, the pulse's are 
used to produce the corre*sponding continuous signal of minimum banel- 
width. Acceirding tei the samjding theore'in, the eliscrete amplitude 
levels, (0,1) in connection with the* regular time interval 1/2r^ seconds 
determine comjdetely a continuous signal function with 2 states and a 
signal frc(|uency band of rli cycle's, the secondary signal G{f). This 
signal is deriveel from the pulses in the way that F{i) was derived from 
the sampling pulses in F'ig. 2. That is, one sends the pulses through a 
low* pass of banelwielth r/i, Fig. 7. The result is a cemtinuous signal— 
dotted line in Fig. 9, line D —which cemsists e)f the desired secondary 
signal and a d-c ceimponent. The signal is separated from the d-c com¬ 
ponent and amplified by the video-transmitting amplifier to a desired 
signal power As the signal 0(0, Fig. 9, line E, is limited to the band¬ 
width rBy it can be completely described by discrete ordinates ±A/2, 
successive ordinates l/2rJ5 seconds apart. According to eq. 4, the signal 
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power S in a unit resistance is determined by these discrete ordinates. 
As these ordinates are either +A/2 or —.1 2. the signal power will be 
S = A\A. 

G{i) is the signal, which is sent into the channel instead of the original 
signal Fo(0- 

VII. PlU\('IPAL OPKHATIOXS \r Till: Hkckivincj Knd 

a. Diagram. A simjiliiiinl diagram of tin* receiving end in the ease 
of a single IH’M circuit is shown in Fig. 12. The tiansmitted signal 
G(() arrives at the receiver, attenuated by th(‘ transmission cluinnel and 
accompanied by chann(‘l noise. A Iin(‘ lil((‘r kce[)s imi( all noise fre- 
(piencies outsid(‘ th(‘ signal band rB. .\s ibo accvunpanying noise con¬ 
tains now only freipuaicit's in th(‘ band d ■ • * cych*.^, it can -like the 
signal— be fompU‘t(‘ly de.scribcMl by di.scr<*ti‘ noise (»rdinat(*s, or noise 



I'kj 12. Uccn\iiiK <‘n»l of a in'Mrncmt 

samj)l(‘s. 1 2rB seconds apart, which coincid(‘ with lli(‘ signal sainph's. 
Signal and noi.M' an* then ampliti(‘d to a suitable pow(‘r !>>' tin* vid(*o 
r(a*ei\'ing amjilifier. I'or the sake of simplicity, one can assuuK* that one 
finds at the out])Ut terminals of this amplifier the same signal j)ower N as 
was deliv(‘red to the clianiK*! at the traiismitting end. Together with th(» 
signal one will find a certain noise power rA\ A' being tin* nois(* power in 
the original signal band B. 

b. Pulse licgntiraiiou. Figur(‘ 13, line A, shows the same signal as 
Fig. 9, line but now disturbed by noise. The onlinates of the undis¬ 
turbed signal (dotted line) are shifted in an upward or downward direc¬ 
tion, depending on the instantaneous ainjilitude of the noise. The 
amplitudes at the sampling points an; therefore no longer ±A/2, but 
larger or smaller in a random manner. 

By means of a slicing circuit, thin slices are cut out from the disturbed 
signal, Fig. 13, line B. These slices are then amplified and gated at the 
midpoints of their proper time intervals with narrow' puls(‘s, obtained 
by a local pulse generator, Fig. 13, line C. The result is a secpience of 
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pulses, Fig. 13, line D, which is a true replica of the original sequence at 
the transmitter, Fig. 9, line D. This is true under the sole condition that 
the noise amplitudes at the sampling points do not exceed the signal ampli¬ 
tudes ± A /2. If the noise amplitude exceeds the signal amplitude and is 
at the same time of opposite polarity, then one obtains a pulse instead of 
no pulse or no pulse instead of a pulse. These conditions tolerate a 
considerable amount of noise with no effect on the signal at all. 



Fig. 13. lli*goneration of pulses. 

In the case of an intermediate repeater station, the pulses are again 
transformed into the continuous signal G{t) and sent out over the second 
link, and so on. As pulse regeneration takes place at all intermediate 
stations, the pulses are at the final receiver as good as new. All channel 
noise will be cleaned out, independent of the number of links, provided 
the noise amplitude at any sampling point does not exceed the signal 
amplitude. 

This series of signal pulses has now to be transformed into the primary 
signal F(t). 
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c. Decoding, The purpose of the decoder is to retransforin each 
group of pulses into one single pulse of corresponding amplitude, as an 
example the group 010 into amplitude 2 and the group 011 into amplitude 
0 , Figs. 9 and 13. 

The decoding circuit, originally proposed by Shannon, consists 
mainly of a resistance-capacitor circuit l\i\ Fig. 14. By moans of gate 1, 
which acts as a switch, the incoming pulses connect the KC circuit with a 
constant current source during the short duration of the pulses. In the 



Flo 14. Dccodinp; circuit. 


simplest case, the constant current source* consists of a battery and a 
very large resistor IF, which provides for a constant charging current 
during the pulse duration, independent of the already existing charge at 
the condenser. Assume that the condtuiser has no charge w hen the jiulse 
sequence. Fig. lo, begins. During the duration of the pulse in the second 
time intercul the condenser obtains a fixed charge, and the voltage at 
the condenser wdll rise to 8 units (in general h = 2*’ units with an r-digit 
code). During the free time interval between successive i)ulses, the 
circuit RC is disconnected from the battery and the condenser discharges 
through resistor R, The time constant RC is such that the voltage drops 
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exactly by a factor of in each time interval. Therefore, the voltagt 
drops to 4 units at midpoint of the third time interval and to 2 units at 
midpoint of the fourth time inter\’^al. At this moment, gate 2 is opened 
for a very short time by a gating pulse and the result is one single pulse oi 
amplitude 2 at the output terminals of the decoder. Thus the pulse 
group OH) = 2 d(4ivers an output sample of 2 units. 



As the gating occurs in the first time interval of the second group, 
which may be occupied liy a pulse, one has to use 2 decoders, one for the 
odil pulse groups and one for the even pulse groups, Fig. 12. These 2 
decoders are connected witli the incoming and outgoing lines by means 
of 2 rotating switches, which rotate with a frecpiency = B cps 
(4000 cps). One has thus sufficient time to discharge the condenser after 
the operation of the second gate. Fig. 14. 

The decoder 2 decodes the second pulse group Oil = 0 in a similar 
way. The pulse in the secon<l time interval charges the condenser to 
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S units. The voltage has dropped to 4 units at the beginning of the pulse 
in the third interval and will be charged to 4 -f 8 = 12 units at the end 
of this pulse. This voltage drops to 0 units at midpoint of the next time 
interval. Here again, gate 2 of decoder 2 is opened and a pulse of ampli¬ 
tude 0 appears at the outjmt terminals of the decoder. It may be seen 
that the decoder transforms each code group consisting of r pulses (binary 
number with r digits) into tlie correspomling ab.solute number, expressed 
by one pulse of corresponding ami)litude. 

At the output terminals of the decoding circuit, one obtains a series 
of pulses, spaced at n^gular time intervals r,, = 1 2/f secomls, of equal 
short duration r and of ,s‘ — 2’' diM*rete amplitude levels 0,1,2 • * • 
(.S' ~ 1). Then*fore, if one sends these puis(“< tlirough a low pass of 
bandwidth B and amplifies with a linear gain ro r, one obtain:. according 
to the samiding theorem, the continuous signal function F(i) at the output 
terminals of \hv circuit. 

As already mc'ntioned, tiie recovered signal F{() diffi'rs somewhat 
from the original signal ^^hich was prodiu'ed by the source, owing 
to the (luantization of Fo{(). Tlu'se random dilTerema's, which give rise 
to quantization noise, v(\. S, can be kept w(‘ll within tolerable limits by a 
sufficiently large number of (luantization stejis at th(» encoding tube. 
In tolerating this small amount of noise, which is independent of the 
length of the circuit, one gets rid of the channel noise, as long as this 
noise remains below a comparatively large threshold value at which 
discrimination bi'tween mark and space becomes impossible. By pulse 
regeneration at the end of each link one not only cleans out the noise, but 
ill doing so, one i)rev(*nts (*ven a small channel noist* from accumulating 
ovw the many links of a long distance circuit to sucli an amount which 
eventually would make transmission of int(‘Higence impossible at all. 

\II[. FlDKLm IN PCM Th.WsMISSION 

With whit<' noise, where no sharp threshold noise j>ower exists, there 
is always a finite jirobability that noise exceeds the signal and thus may 
produce transmission faults. A transmis.sion fault occurs if two things 
happen at the receiver at the same time: the noise amjilitude has to 
exceed the signal amplitude at the sampling point and both amplitudes 
have to be of opjiosite polarity. Fig. Id, line A. If both are of equal 
polarity, no fault will occur, no matter how' larg(» tlie noise amplitude is. 
The error probability can therefore not exceed the value 3^. 

a. Trarifdtion Probabilities. The effect of channel noise on the signal 
can be described by transition probabilities, Fig. Hi. 

At the input of the encoder, the primary signal to be transmitted 
has 8 states, represented by inputs 0,1 • • • (« — 1). The source 
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selects one state after another, and the transmission system intends to 
transmit the selected states to the far end of the circuit. The secondary 
signal, after encoding, has only two states, 0 and 1. A group of r = log 
8 on-off pulses is sent out for each particular state of the primary signal. 
After transmission, these groups are decoded into the original states by 
the decoder. With ideal transmission, any particular state of the s 
possible states at the transmitter will produce the same state at the 

Primory Secondory Primory 

Signol Signoi Signol 



Encoder Chonnel Decoder 

Fi(j. It). Gniplucal i(‘|)rf^(*iitjiti<)ri of PC'M triiiisinissioii in the* prt'sence of noise. 

receiver, but nom* of the others This is only possible, if nothing happens 
to the on-off ])ulses during transmission over the channel. 

T\blk III Transition proliabilitio.s 
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Due to the channel noise, there is a certain probability p that one 
sends out state I but receives state 0 and vice versa. Consetiuently, the 
probability that no transmission fault occurs is q, and p + g = 1. With 
no noise, one has p = 0 and r/ = 1. With infinite noise one has p — 
^ ^2- This is also intuitively the worst case, as the chance of obtain¬ 

ing 1 (or 0) is the same whether one sends 1 or 0. 

The (luestion is now, how noise will effect transmission of the primary 
signal between the input terminals of the encoder and the output termi¬ 
nals of the decoder, if the transition probabilities p and q with the second¬ 
ary signal are know n. The secondary signal to be decoded at the receiver 
consists of a series of on-off pulses. The fraction p of the pulses is wrong 





PULSK CODE MODULATION 


249 


and the fraction q is right. The faults are distributed in a random man¬ 
ner within the sequence. As now groups of such pulses are decoded into 
the primarj’^ samples, such a primary sample will be wrong whenever a 
fault occurs in the pulse group. If one transmits with a S-digit code for 
example state 0 = Oil, the probability of receiving 110 = 3 will be 
pqp = p^. 

Table III sho\\s the probabilities that any one of tlie 8 possible states 
will be rec('i\ed with a 3-cligit code if nothing but a sequence of state 6 
is sent. Again, without noise, p = 0 and q - one reteives only state 


States Amplitudes 
x(i) 


Ar aptitudes 
y(k) 



Tran«;mitter Receiver 

Fig it Set of transition prol)al)ilitics 

6 and none of the others. With an infinite noise, V = q - li, all prob¬ 
abilities are equal TN) That is, one sends state (> in seijuence, but 
receives a random se(iu(*ne(* of all possible states, without any relation to 
the transmitted .state Such a random secjiienee w^iuld b(» considered 
as a noise, with no content of signal whatsoever. 

Figure 17 shows the considered set of transition probabilities emerging 
from state 0. Similar sets emerge from all other states. Each state 
corresponds to a discrete signal amplitude x{i) at the receiver, measured 
in arbitrary units, and correspondingly one has the same set of discrete 
amplitudes y(k) at the receiver. No others than these discrete ampli¬ 
tudes y{k) can be produced by the decoder, no matter what happens on 
the channel. The transition probability p^{k) is the probability that one 
receives the amplitude y{k) if one sends the signal amplitude x(i). 
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The following general relations hold: 

i k 

^ p.{k) ■ y{k) = (q - p)- x(t) ( 14 ) 

Equation 14 states that the center of gravity of the weighted received 
amplitudes is proi)ortional to tl)e transmitted signal amplitude. The 
center of gravity is still a rn(‘asure for the transmitted signal, even in the 
presence of channel noise. 

If one sends x{t) and receives 7/(/:), one can assume that one received 
the fiigual amplitude x{i) together \\ith a nois( amplitude y{k) — x{i). 
One can as well assum(» that the received signal amplitude was m • x{i) 
and the noise amplitude was //(/;) — m * x(?), where rn is a constant, 
independent of amplitude, which has to be determined in such a w'ay that 
the noise power at the output IxTomes a minimum. 

A measure of fidelity is the nu^an scpiare of the Euclidean distance 
between the fixed output signal amplitude m * and the ])ossible out¬ 
put am])litudes taking into account their probabilities, or 

(/^ = ^ p^(k) * |//(A') - m • x{i)\- (15) 

k 

Obviously, r//- is the noise jiower at the output terminals of the decoder 
in case oiu* sc^nds th(‘ signal am])litud(‘ xii) into the encoder. 

This nois(‘ ])ower lias to be'miuimized. {d - 0. This deter¬ 

mines the factor m and one finds by m(*ans of ecjualioiri 4 

m q — p (Hi) 

That is, in onhu* to obtain minimum noise power—or maximum signal 
power—one has to measun* the Euclidean distances against the center of 
gravity. 

Eejuation 15 may now be w ritten 

^ p*{k) * y{ky = (q - P)- xiO" -f (17j 

The left-hand side of ecj. 17 is the output power if one sends a fixe<l 
signal power x(/)^. The right-hand side indicates that the output power 
consists of two parts, the received signal power (q — p)* • x(i)^ and the 
noise power d,*. 

Equation 17 shows clearly the effect of channel noise on the trans¬ 
mitted signal. Any possible signal amplitude x(t) at the transmitter 
will be found—in a statistical sense—with a reduced amplitude (g — p) . 
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x{i) at the receiver. In the course of time all possible signal amplitudes 
will occur at the input terminals of the encoder. If p{i) is the probability 
of amplitude x(i), the signal power at the transmitting end will be 


S = (18) 

% 

The total power at the receiving end becomes, eq. 17, 

^ ^ ^ pii) • p.(fc) • viky (19) 

i k 

This power is partly signal power and partly noise power. The received 
signal power is 

s* = (5 - p)’ • 2 p(i) • = (9 - py •« m 

t 

and the received noise power will be 

X* = ^ p(i) . = /> - S* (21) 


Equation 19 shows that the total output i)o\\er depends on the statis¬ 
tical structure of the primary signal and on the transition probabilities. 
In general, the power P is ditTerent from the jiower S at the transmitter, 
eq 18. But it is easy to see that P approach(*s S in case the error jirob- 
ability approaches zero. Furtliermore, if th(‘ statistical structun* of tin* 
signal at the transmitter is such that all possible amplitude's x{i) occur 
with equal probabilities, then all pos.siblc amplitude's y{k) at the receiver 
occur also with eejual probabilities, or P = S. 

In these important cases, one obtains the simple ecpiations 


S* == {q - p)- ’ S = - ^pq) • S 

\* = Apq •S 

The output signal-noise ratio is therefore 

= ' - 1 
.V* Ipv 


( 22 ) 

(23) 


(24) 


The output signal-noise ratio drops from infinity with a noiseless channel 
(p = 0, g = 1) to zero in the case of an infinitely large channel noise 
(p = 9 = H)- 

So far, transmission over one link only was considered. If the PCM 
circuit consists of a certain number of links in tandem, transmission 
faults occur within each link and cumulate over the links. The proba- 
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bility pn that a pulse will be wrong after transmission over n links increases 
therefore with the number n of links. 

In the case of 2 links, for example, some pulses will get wrong on the 
second link which were right on the first link, but also some pulses which 
were wrong on the first link will become right again on the second link. 
C'onsecpjeritly, the pnjhaliility that a pulse is received right after trans¬ 
mission over 2 links is = q^ + and the probability that it wdll be 
w rong is p^ = pq -f- qj). Ilierefore 

q2 - P2 = (g - P)' 

or in general with transmission over n links 


qn - pn = fg “ py^ 

The received Mgiial ])ower after transmission over n channels will there¬ 
fore be, e({ 22, 

- p)2«,S’ 

and th(‘ acconi[)anying noise* p(»wer will be 

A'* = N - N* - 11 - (g - />)-”J • N 


Th(* resulting (»u(put signal-noise ratio is therefore* 

N’' _ (g - ;>)-'■ 

' 1 - iq - p)*" 


(25) 


b. PJrror Probability a ml ihaiintl .\oisf. It r(*inains now to establish 
a relation between error probabiliiu*.- and chaniu*! noise, more exactly 
betwei'ii error probability and tlu* >ignal-noise ratio on the channel. 
This makes it tlK*n ])ossible to express the out})ut signal-noise ratio, 
ee^s. 24, 25, in terms of the cliannel signal-noise ratio, and to see what 
noise-cleaning effect was oi)tained by PCM transmission. 

With the notations of Section IJ, the chanm*! noise powder in the 
band li of the j)rimary signal was .V. With PCM transmission and an 
r-digit code, the channel bandwidth has to be expanded to rB and the 
channel noise will increase to rA'. Th<* channel signal-noise ratio is 
therefore N:r.V, referred to one link. 

As noise is restricted to the channel l)andwidth rB, it can be described 
by discrete noise samples, 1 'IrB seconds apart, which coincide with the 
signal samples. In order to establi.sh the d(‘sired relation, one has not 
only to know the channel noise power, but also the statistical structure 
of the noise. \ arious types of noise, with ecjual noise power, but differ¬ 
ent statistical structure, give rise to different error probabilities. 
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In the important case of white noise, the statistical structure is given 
by a Gaussian error curve, Fig. 18. The probability of finding a noise 
sample of amplitude between V and V + dV \s 

Tr(r)rfT' = 

V^Vo 


To is determined by the mean noise power, I’o" = rN. 

Figure 18 shows also the 2 discrete signal amplitude levels +.4/2 and 
— .4/2. The signal power is = .4V4. 



Fig is Saiiij)l(‘4istrilmti(>ii of \n lnt('noisr*. 

With any symmetrical (listribiilion curvi^, th(‘ error probability is 
clearly 


P = 



ii'd'wr 


(2C) 


In the ease of white nois<* one ol)tain'> 


p = ill “ r.V)l 

and 

q - p ^ <p(\/S rX) (27) 

where 4> is the well-known prol)a!>ility integral 

I r 

= - r -‘'V2 . fjy 

V27r 

Equation 27 establishes the desired relation b(‘tween error probability p 
and the signal-noise ratio S/rN on tin* channel. With this relation one 
obtains, eqs. 24, 25, 

S* ^ 

.V* 1 - 


( 28 ) 
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Figure 19 shows, according to eq. 28, what output signal-noise ratio 
S*/N* will be obtained with a given channel signal-noise ratio S/rN, 
The 3 curves correspond to n = 1, 10, and 100 links in tandem. In the 
case of one link, no improvement will be obtained in case the channel 
noise power is about e(|ual or larger than the signal power. Hut as the 
channel noise po\\er becomes smaller, tlie output signal-noise ratio 
improves rapidly 



Fio 20 Output siKnal-iioise ratio with and without PCM. 


In case the channel signal-noise ratio is already high, S/rN » 1, the 
approximation 


« 1 



p-xV2 


X 


maj" be used. In this case one obtains, n — I 





S*/N* improves mainly exponentially with the signal-to-noise ratio 
S/rN on the channel.*® 

In the case of 10 links and even more in the case of UK) links, the out¬ 
put signal-noise ratio improves almost abruptly from very low to very 
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high values. With 100 links, for example, a small increase of the channel 
signal-noise ratio from 10 dh to 14 db improves the ratio at the output 
from al>out 4 db to -10 db. h'lirlhermore, the requirements of the channel 
signal-noise ratio per link an^ almost independent of the number of links. 
13 db in the eas(‘ of one link and 15 db in the case of 100 links for 50 dh 
output signal-noise ratio. This increase of 2 db accounts for the whole 
cumulating effect over 100 links. 

With normal transmission, the output signal-noise ratio would he 
with one link and S nX with n links, as here noise accumulates with 
the number of links. Kigure 20 compares this case with PCM, r = 7 
digits, .s — 128 states, n = 100 links. Jn both cases, the same signal 
])()wer is us(‘d for transmis.sion, and the channels have equal noise power 
per cycle. For (‘.xarnple, if tin* nois(‘ conditions are such that one obtains 
with ordinary trsnsmission a signal-noise ratio of 3 dh, PCM will improve 
it to 40 (11). (Quantization noise limits the maximum obtainable' signal- 
noise ratio in tliis cas(‘ to 42 dl). (‘(j. 8. 

One s(‘es c!(*arly that information can he transmitted over a PCM 
system under noise conditions, wh(*re ordinary transmission would com¬ 
pletely fail. No oth(‘r known transmission method can achieve such 
striking results. 

IX. H \ r K () F T H \ SMI SSI ON 

Ik'sid('s a loss in lid(‘hty, information is also lost during transmission 
over a noisy clianiud. 

According to {h\. 10 one can fec'd the channel of a binary PC’M system 
at the maximum witli 2 i)its pc'r second and cycle band. The cpiestion is 
how many bits are lost as a result of the noise. 

Assume again, as indicat('d in Fig It), that one has s — 2'’ states with 
the signal to be transmitted before (*iicoding. 'Fhe encoder, channel, and 
decoder establish a conmadion ladwc'cn the input and output states. 
Without channel noise a particular iiquit ''tate is connect (m1 only with the 
corresponding outj)ut stat(\ but with none of the others. With channel 
noise, any input state is connected with all output states by a set of 
transition probabilities rhis is, if one sends a particular state (i) 

into the encoder, then* is a finite probability Px{k') that one receives any 
other state {Ic) at the outimt terminals of the decoder. Noise makes it 
unc*ertain which state will actually be receivt'd. 

According to Shannon.*" a measure of the uncertainty related with 
the transmission of a particular state (?) is the entropy' of the set of 
transition probabilities which emerges from this state, or 

^ p,{k) • log pi(k) 

w 
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It is easy to see that the entropy of the set in Fig. 17 is —3(p log p 
+ In this case one has 8 = 2* states. With s = 2’'states one 

finds the general relation 

//t = -r{p * log p + 9 • log g) 

In other ^^o^ds, //, does not depend oi. the particular state (i) at all. 
All states get the same treatment by the channel noise. 

The average entroj)y, or eciuivocation due to noise is therefore 

ff{?i) = ^ p{i) • //* = -/•(/> • log p \ q ' log 0 (29) 

i 

The equivocation has now to be com])aied with the entropy of the 
signal after decoding. If p{k) is the probability of the occurituice of the 
output state (/c), this entropy is 

//(//) ^ ^ pO') * log //(,^) 

T 

H(y) has to be maximized under condition that the number s of possi¬ 
ble states is fixed. A maximum of //( q) is then obtained if all states occur 
nith e(iual probabilities p{k) — 1 ,s, or 

V 1 

//( //) ' * log .s — r (30) 

1 

It may be remark(‘d that th(‘ maximizing condition p{k) — l/sis 
identical with the condition that all input staff's occur with etiual proba- 
bilit> p{i) = l/.s\ Obviously the r(*Iation holds 

pile) = ^ p(i) ■ p,{k) 

X 

If all vahu's of pii) are equal, pii) — 1 .v, oik' has simply, eq. 13, 

p{k) - pii) - 1 .s* 

and also the signal entnipies at the input and output are equal 

!l{x) = Uiy) = r 

There are now two sources at work, the information source which 
produces H{y) bits of information per sample at the out])Ut terminals of 
the decoder and the noise source which works against the information 
source and which gives rise to the ecjuivocation H{n) bits per sample. 
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The difference between H{y) and H{n) is the rate at which information is 
transmitted, or 

R - r{\ + p • log p -f g • log q) (31) 

All these equations are based on a per sample basis, and it may be 
remembered that any sampk* of the primary signal function carries 
exactly r = log s bits of information. 

If B is the signal freciuenev band and consequently rB is the channel 
frequency i)and, one can send at a maximum 2B samples per second into 
the en(‘od(‘r. The rate of transmission on a per-second basis is therefore 

R = 2rB{\ 4* p log p + q log q) bits per second 
Or the rate per s(‘cond and cycle channel band will be 

= 2(1 + p ■ lofjc p + (/ ■ log <?) (32) 

Without noise, p = 0 and (/ = 1, one transmits 2 bits per second and 
cycl(\ which is the characteristic maximum for binary PCM. A\'ith 
infinite noise, p = g = ^2’ obtains R = 0 and no information is 
transmitted at all. 

Due to the id(uititi(‘s 

q — \{\ -f" (r/ p)) 

/> = id - ((/ - p)) 

one sees that the rate depends only on the difTerencc q — p. This is also 
the case for the output signal-noise ratio ecjs. 2t and 23. There 

exists therefore a uni(tue relation between rate of irifoimation and fidelity, 
measured by the output signal-noise ratio. 

This relation is shown in Fig. 21 and holds for any random cause of 
transmission errors With high signal-nois-e ratios the rate approaches 
the limit of 2 bits per .second and cycle baml width, but drops with decreas¬ 
ing signal-noise ratio and apj)roaches z(*ro as the noise becomes infinite 
large. 

In e(p 32 the value of p and q depend primarily on the channel signal- 
noise ratio S:rS\ In the important case of white noise, p and q are 
determined by eq. 27. 

Figure 22 shows the rate of transmission, now as a function of the 
channel signal-noise ratio. Curve C is the channel capacity, calculated 
by e(i. 12. 'Hiis is the maximum rate which can only be obtained by 
ideal encoding. The 3 curves designated with 1, 10, and 100 refer to 
PCM circuits consisting of 1, 10, and 100 links in tandem. One sees 
that with 13 15 db signal-noise ratio per link one is ver>^ close to the 
maximum rate of 2 bits in all 3 cases. This again indicates that the 
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requirements on tlie channfi signal-noise ratio j>er link are almost inde¬ 
pendent of the number of links, 13 db in the case of one link and 15 db in 
the ease of 100 links. In the case of 10 links and even more in the case 
of 100 links, the rate drops almost abruptly to very small values. This 




Fig 22 Rate of transmission arul channel siRnal-noise ratio, 

behavior correspond.'* (pnte to the sharp droj) in output-‘'ignal: noise ratio, 
Fig. 19. 

In order to transmit 2 bits per cycle and second one needs with ideal 
encoding a signal-noi.se ratio of 3:1 (5 dlO on the channel, curve C in 
Fig. 22. With P('M and white noise one needs a signal-noise ratio of 
20:1 (13 db). This means that with a more involved method of encoding 
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one could still save a factor of about 7 in signal power. PCM, although 
it is more effective than any other known noise-cleaning method, still 
wastes 85% of the available signal power. 

Unfortunately, as soon as one attempts to approach the ideal case, 
the transmitter and the re(;(*iver become extremely complicated. At the 
present time P(‘M st^ems to f)e a good economic balance between noise¬ 
cleaning efficiency and comjdexity of the encoding and decoding devices. 
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IXTHODrCTION 

The theory of lumped-constant linear passive network synthesis is of 
too recent origin to have reached a stage of adequate documentation. 
As a result there exists, among those interested in its application to 

?,6i 
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practical problems, considerable inaccurate understanding of the basic 
principles underlying this theory. The following very compact summary 
of the most essential principles and procedures, together with some illus¬ 
trative examples, may help to clarify this situation. It is assumed that 
the reader has a reasonably good general background and is more in need 
of concise statements than detailed elaboration and orientation. 

As regards selection of material, preiference to some extent is given 
those subjects for which the treatment in the existing literature is less 
satisfactory. The follov\ing discussion is in no way intended as a com¬ 
plete or exhaustive treatment, but represents, in connected sequence, a 
selection of material forming the main stem of the present-day synthesis 
theory as it a})i)lies lo passive lumped-constant networks. 

I. Analytic Form of an Jmfkdancf (Resp. Admittance) and Its 

Real Part 

A rational function of tin* complex freciuency variable X = (7 -f-Jo? is 
the driving i)oint imp(*(hince* 

/(\) = + ^^^X^ 4- . . . UhX'* _ ni] + Hi .. 

(,/(X) />() -f hiX -|- h2X" hnX” “h ^2 


For X = jw, P( —X) is the conjugate of P(X) and Q{ —Xj is the conjugate of 
Q{\). Hence the fjuniliar f)rocess of rationalization applied to the 
denominator of Z(\) is eejuivalent to multiplying numerator and denomi¬ 
nator by Q{ — X), tlius 


One finds 


Z(X) 


y*(X) • Q{~x) 

Q{\) • Q(-\) 


Oai -f- ni)(m2 

-f n2}[m2 — 


( 2 ) 


Re[Z(ia,)| = 


ni 1 m 2 
ifhr 


ft if 1 2 
ft 2' 


Here 


.In + “H • 4" AnW*" 

Rn + Riw“ -f • "“TRric?" 


R(a)2) 


(3) 


/l(-~x") ~ /Rim- — RjR- = even part of P{\) • Q(—X) 
R( —X*) = ffhr — R 2 ‘ = Q{X) • Q{~\) 


In factored form 


H-x*) = .i,.(xr- - - x-^) • • • (X,/ - x^) 

A(a)*) = A„(Xr 4- a,“)(X2= 4 • • • (X.^ + 


* Here mi and ni arc respectively the even and odd parts of P(X), while wj and n, 
are the even and odd parts of Q{\). 
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Note that is a polynomial in X* since it contains only even powers 

of X. The factors in eqs. 5 place the X‘-roots in evidence. The reason 
for writing these factors as (X,.^ — X^) instead of (X-^ — will be seen 
in the next article. 

II. C'OVDITIONS AND TksTS FOK Po.SITlVK HkvL ('1IVUA(TKK* 

Concise Statcrjicnt: The necessary an<l sufli(‘iont conditions that a 
rational function ^^(X), \\hich is real for real X, he a positive real (p.r.) 
function are: (a) Z(\) must he analytic in th<‘ right-half X-plane; (6) 
Re[Z(jaj)] > 0 for all real values of co. In case /(X'^ has [♦ )les for X == jo 
one must add: (c) Any j-a\is poles must he simple, and ttu* residues of Z(X) 
must there be rt^al and po.sitivc' 'rhe.se ;ue the MU'‘s‘’ of a positive 
real function. 

The preliminary reejuirement that Z(X) 1 )(‘ real for real X means simply 
that the ])olynomials P(X) and (J(X) must haw 'ral coefficients. 

Regarding the process of testing Z(X) ti* ee if the AH(”s are met, 
we note that (a) requires (J(X) to he a Huruitz polynomial (abbreviated 
II.P.). This test upon Q(X} will reveal anyj-axis poles of Z(X) and hence 
will show' whether or not (c) is relevant to the specific case at hand. 

Relative to the test for (h) we note from vijs. 3 and 5 that A(<4?*) and 
hence Re[Z(ja))] is positive for all o if A(—X‘) has no negative real 
X^-roots of odd multiplicity, or if A(o^) luis no positive real o^'-^-roots of 
odd multiidicity. Sturm’s theorem is the nudhod of testing for this 
possibility. (Incidentally, th(‘ coeflicient A„ in ecis. 8 or 5 must obvi¬ 
ously be positive to insure .1 (a)“) jiositiva* for w- - ^ oc ; and the convenience 
that results from writing the factors in e(|s. 5 as they are, should now be 
evident since one would otherwi.se have to introduce a factor ( — 1)" 
in this expression.) This test, which a.ssures that A(ci;'^) has only even 
multiplicity zeros for real w’s (if it has any such zeros at all) amounts to 
making sure that if the real part of Z(X) l)ecomes zero somewhere on the 
J-axis, this zero shall b(‘ a minimum of th(‘ n^al ])art. 

In the event that Z(X) has any^’-axis poles, these are revealed as com¬ 
mon factors of Wo imd 7/2; they are factors of the form (X^ + oA)- The 
residue of Z(X) at such a pole may be baind from 



in which the primes on the m2 and 712 denote differentiation with respect 
to X. Now' if we look at the expression 

A{—X^) = Win 72 — nin 2 ( 7 ) 

• In this connection sec also Arts, 26 and 27 of f‘haptcr VI in The .Mathematics of 
Circuit .Analysis by E. A. Guillemin, John Wiley and *SoriH, 1949. 
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we fsee that the point X = is a j-axis zero, and the test for (6) has 
required that such zeros in - 4 (—X*) be of even multiplicity. Thus the 
factor (X^ + must be contained at least twice in i 4 (—X^), so that 
not only this function but also its first derivative is zero at X = jw,,, that 
is, 

m\m2 — //i/'i'i' + nil mo — nin2 — 0 for X = jo), (8) 


Since the last two t(»rms are separately zero, we have 


or 


(miWo — = 0 


mi 


fl'Z 


for X = ju3. 


(9) 

( 10 ) 


and so th(* residue ns by ecj. (i becomes* 


\ll‘2 /X jui^ \m‘Z /X-yoj,, 


(II) 


Noting tiiat a/ is even niul m/ is odd, we s(*e that L\ is real in any case. 
This realru'ss of is assiirc'd by tin* re(|uirenient (b). In other words, if 
the real {)art of /(X) is posilixe for X = jo) then at any simplex-axis poles, 
Z(\) is assured to ha\(‘ r(‘al r(‘sidues. but we must still compute them 
according to eep 11 to sec* if they are positive. 

Since the llurwitz test on f^>(X) and the Sturm test of d(co^) plus 
evaluation of rc'sidues in the* (‘vent of X-axis ])oIes is in general a tedious 
procc'ss, one should lirsi apply to Z(X) some simple tests (even though 
insuflicient) to wc'cmI out cjuickly any functions that obviously cannot 
be p.r. Such recjuirements on Z(X), which can be tested by inspection, 
are: (a) /'(X) and Q{\) can have no lu'gative coefficients; and they can 
have no missing terms except in the spc'cial case that they degenerate 
into c*vc*n or odd functions, {h) The highest and the lowest powers of 
P{\) and Q(X) can ditler at most by unity. All that has been said 
applies equally well to an admittance; and if a given rational function is 
p.r., its reciprocal is p.r. al.so. 


III. SoMK ImPOHTVNT ruOPKUTIES OF IlX’RWITZ POLYNOMIALS AND 

Positive Real Fi notions 

If h{\) = m(X) -f n(\) is a llurwitz polynomial then m(X) and n(X) 
have simple zeros alternating on the X-axis. The rational function m/n 
or n/m has simple poles restricted to the X-axis and positive real residues. 

* It may happen that the polynomial in oq. 9 contains the factor (X* -f w^*), in 
which case one of the expressions in eq. 11 becomes indeterminate and invalid. 
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If Z(X) = P(\')/Q(\) is a p.r. function then P{\) is revealed to be a 
Hurwitz polynomial. Note that the AH(^’s require only the Hurwitz 
test of Q{\), but once the p.r. character of Z(\) is established, P(X) is 
proved also to be an II.P. The Hur\\ itz character of P(\) and Q(X) alone 
does not establish the p.r. character of Z(X). but the p.r. character of 
Z(X) establishes the llurwitz character of both P{\) aiul Q(\). 

Moreover if 

y ^ p{\) ^ mi -f Hi 

^ Q{\) m.> -f /e, 

is a p.r. function, then not only P(X) and Q{\), but mI.so mi -+• n-2 and 
m2 + Hi are Hurwitz polynomials. 

IV. Special Forms of Z(X) in the T'vo-1'h.E..iENT c'ases 
/. LC Set war}:a (Lossless (^asv)^ 

The im})(‘dance (called a fcartaun funcfiou^ has the spe(*ial form 

/A\) - <.r Z(\) = - ( 12 ) 

a 2 my 

This form may be n'^arded as the special case of a p.r. function whoso 
real part is identically zero on the^*-a\is. that is, as tlu‘ boundary case 
of a rational function which just bar(‘ly makes tlic p.r. nHiuirement. It 
is to be noted that in this limitinj» form, iho p.r. function IxTomes the 
ratio of two polynomials of which om* is ewen and the* otlier odd. 

From what is pointed out in Section Ill, this function may b(‘described 
in either of two entirtdy (Xjuivalent ways, (ui .V r(‘aclance function is 
one havinjr only simple zeros and poles, altiunatinji; on they-a.xis of the 
X-plane. (h) A reactance* function is one having only simple pol(\s on 
the j-axis, with positive real residues. 

In connection with (oi it is tacitly to b(* understood that the function 
is real for real X; thus it follows that the critical freciuencies occur in pairs 
of conjugate imaginaries, and the separation projM'rty then demands 
that X = 0 and X = qc be critical, d'he stat(*in(*nt (h) is .self-suffici(‘nt. 

A function having these propertie.^ is realizable. For example, 
according to (b) the partial fraction expansion is guarant(*(*d to have 
realizable terms, becau.se a typical term combining a j>air of conjugate 
poles reads 

2 L\X . , I /»\ real and positive 
X^ — X,’ ^ I X„^ real and negative 

Further detailed properties are expre.s.sed by writing 

Z(jo>) = jX(w)- > 0; ^ for w X) (13) 

PM aw w 
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2 . RC or RL Networks*^ 

In these cases the impedance Z(\) is not the ratio of odd and even, 
or of even and odd functions; the polynomials P(X) and Q(X) contain all 
powers of X as they do in the general case. However, an RL or RC 
impedance (or admittance) is one having simple zeros and poles alter¬ 
nating on the negative real axis of the X-plane. 

Any rational function having this property is realizable as an RL or 
RC network. If the lowest critical frecpiency is a pole, then the function 
is the impedance of an R(^ n(‘t\\ork or the admittance of an RL network. 
If the lowest critical frecpiency is a zero, then the function is the impedance 
of an RL netw ork or th(‘ admittance of an R(^ network. 

More specilically, for RC networks: 



At a pole of Z(X), or at a pole of l'(X)/X, the residue is real and 
positive. 

For RL Oi t works: 



At a i)ol(‘ of Z{\) X, or at a pole of )'(X), the residue is r(*al and positive. 
The analogous Foster proeeduri^ in the RC cas(‘ is to expand either Z(\) 
or l'(X)/X into partial fraeticnis. The analogous Foster procetliire in the 
RL case is to (*xpand eitluM- Z{\) X or }'(X) into partial fractions. From 
the lU'tworks thus obtaiiuMl, one n'cognizes that for RC networks: 

HelZ(jw'| is continuously decreasing for 0 < w < oc 
He|)'(ja))l is continuously incnasing for 0 < w < qc 

while for RL networks th(‘ statements aj)ply w ith Z and Y interchanged. 
Hence the* minimum of HelZ(jco)]: 

Occurs at CO = oc for R(^ networks 
Occurs at co = 0 for RL iu*t works 

and for He[)"(ja>)] the same statements apply with the references to RC 
and RL networks interchanged. 

These results are needed for the Oauer (ladder) developments, which 
are accomplished through alternately removing a real part and a pole 

* For detailed di.seiission refer to the paper by W. ('auer entitled ‘‘Die Verwirk- 
liehung von Weehsol.'^troinwidcTstiUiden vorgeseliriehener Freqiienzabhangigkeit,” 
Arch. Klektrotech.f 17, Soo (1927), or ('oniiminieation Networks by K. A. Guillemin, 
John Wiley and Sons, 1935, C‘hapter V. 
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from the given function and its inverted remainder in a continuing 
sequence, the subtraction being done consistently either at w » 0 or 
at w - oc, ^^ith the guiding principle that each subtracted real part must 
be a minimum. 


V. Some Rkmvhks Relevant to the Rkvne Phoc’Ess* 


The Ih’une process need not be begun until the function Z(\) has 
neither zeros ni'r pole« for \ = Jw, for so long as j-a\is poles are contained 
in the function or its reciprocal, these may be removed by the Foster 
method just as in the reactive case. It is possible that this preliminary 
Foster procedure falser referred to as the “preamble’’ to the Brune 
process) ultimately leav(‘s a rcunainder that is simply a constant. Other¬ 
wise one is left with a function 


/(X) 


(U\ -f- UjX d* 
/>lA -f 


I /'.X" 


(M) 


in vhich Un. ho, (i,>, h„ are nonz(‘ro, and luuther nunuMator m)r ({(‘nominator 
polynomial has j-a\is zeros 

''riu‘ first step in th(' Hiun<‘ process is to f(»rm R(*|/(jw)| and d(‘t(*rmine 
its sinalh'st minimum (call this R\) and th(' fr(‘(|U(‘ncy X\ — jo)\ at which it 
occurs. Tli<‘ function 

Z,(X) = Z(X) - /ih (15) 

is surely ]).r. and has a j)ur<‘ imaginary valia* at X =- X|, that is 

Zi(X,) - j.V (10) 

One th(*n remo\(“' a s(*ii(*s /., - A' wi, lea\ mg ZdX) - L\\ which is zero 
at Xi = juii This n'lnamdi*!’ function is p.r. only if L\ < 0; that is, if 
A' < 0. If, for the moimuit, we disregard the possibility of having A" > 0, 
then it is po.ssiblc ne\t to inunove a shunt branch consisting of and in 
serie's, with = - 1 Xr. 1diis st(*p is indicated by 

, ( 

Zi(X)-/.tX X" 

in which the impedance function ir(X) is again surely p.r 
Since for X qc , ZdXj remains finite*, one has 

ir(Xj -» for X X ( 18 ) 

Removing from ir(X) a series inductance 


'A 

lJ 


- X, 


inx) 


(17) 
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leaves the function 

Z 2 (X) = W^(X) - Lz\ (20) 

having no j-axis poles because l/W has no finite j-axis zeros since the 
real part of Zi(jo)) would there have to be zero. Z 2 (X) has the same form 
as Z{\) given by eq. 14, but is simpler in that the polynomials have the 
degree n — 2. 

This cycle of steps leads to the network of Fig. 1 in which the param¬ 
eters of the reactive two terminal-pair network have values given by 


Li 

LiCz 


^i(Xi ) . 

Xi 

-1/Xi^ 


0; 1.2 

U = 


—L\L2/{Li + L 2 ) > 0 


> 0 


( 21 ) 


Now if X > 0, an entirely analogous procedure on an admittance 
basis IS possible Namely, one removes from 1 /Zi(X) a shunt capacitance 


R| L, 

L3 


“nr— 000 ^— 



ate 


Z(X)- 


Zgix) 

_Tk_ 

1 “^ 


--—1 



Ku.. 1 Network resulting; from one Brune ryele carried out on the impedance 
basiH (appropriate to A' < 0^ 


Cl = 1 ''XiZi(Xi) leaving a p.r. remainder 


I 

Zi(\) 


r/x 


( 22 ) 


which is zero at X = Xi. Hence one can next remove a series branch con¬ 
sisting of Lo and Cz in parallel, with L 2 C 2 — —l/Xi^. This step is 
indicated by 


, (rV)‘ . 

1 ,,,, X* - Xi" ir(X) 


(23) 


in which the admittance function ir(X) is again surely p.r. 
Since for X —* « , 1, i7i(X) remains finite, one has 


ir(X) 


for X —> 


-r.'tvx 

cv^+ CW 


X 


(24) 
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Removing from W (X) a shunt capacitance 


leaves the function 


r,' = 


-f’i'fV 
(\’ + (V 


1 

Zi(\) 


inx) - r,'x 


(25) 

(2»i) 


having no j-axis poles because 1 HI' has no finite j-axis zeros since the 
real part of 1 Z\(ju) would (here have to he zero. Again Zf(X) is simpler 
than Zi{\) hut has the same form. 


Lj' 



Fig 2 Network resulting from one Brune eyele ejirrie<l out on the julinittanci* 
l>ASis (appropriate to .V > 0) 


This alternutc* cycle of st(‘|).s leads to the network of Fig;. 2 in which the 
parameters of the reactive' two terminal-pair ne'twork have valuer 

by 


('= 1 <C 0; 

L/r2'=-FXi^ r/= 



-i A/zA 
((\' -f fV) > 0 



(27) 


While the neg;ativenes.s of Aj in the network of Fig. 1 can he taken 
care of through transforming the T of inductances into a pair of mutually 
coupled coils (with unity coupling), an analogous process of overcoming 
the practical objection to the negativeness of 0/ in the netw'ork of Fig. 2 
does not exist. However, if one substitutes from cqs. 21 into 27 it is 
found that* 


* The reader should note well that the symbols Li, Li, Lz, Cj appearing in the 
following relations for the primed parameters are at this point in the argument 
merely abbreviations for the more cumbersome expressions for these symbols in 
terms of Zi(\), Xi, (dZi/dX), etc,, as given by eqs. 21. That they may be identified 
with the correspondingly denoted paramet(‘r values in Pig. 1 is the result which the 
present manipulations are leading up to. Unless the reader sees this distinction 
clearly, the following derivations appear to be pointless and the ultimate conclusions 
unconvincing. 
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1 ^ -Li(h 

LjXi* Li 


" = 

'' 2 [L.i>X,> 


(2Lj + Li) 


— (Li + LO 
L?%“ 


Lj^'j /1 _L 

= /^rV w 


+ r»' = r, 


(fey 

f'j' + ('■/ = (' 2 ', ('\' + ('2 = i'-l 

*, = f 1 + M 

Ij‘i Li \ L\/ 

lipnee tho jy-sysfem for the network of Fip;. 2 is 

»"-(fe)’''-»+(' + !;:)/.lx^ +;^yr=x 

+('+fe)/,li 

---(fe)(-fe)<'-(-fe)/,v 


Un = “ 


feO^fe'- 


: .</ = 


('/ + rv 


feO+fe) 


Here \y\ denotes tli(' (let(*rininant — t/ 12 ^ of the //-xsystem. 

Con vert iriR to tin' ec mi valent c-.sy.stem yields 


(1 + J;;)/..x 4 , 

{L'2 Jj\)'Li\ 1 

(-fe) '= 


^ ^ (L = + rlx 


/A. ^ (L: L,)-L,X 1 ^ 1 


-'.•i = L.X+,’ (.34) 

In connection with the second step in eq. 33 note that the close coupling? 
comiition amonjj; the L’s gives 

{L’i -{- L3){L\ -f- L 2 ) — L 2 ' 


sfe'i'+fe)=(fey 
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W'e observe that the e’s given by eqs. 32, 33, 34 are those for the reac¬ 
tive two terminal-pair network of Fig, 1. Therefore, the two networks 
of Figs. 1 and 2 are demonstrated to be equivalent; and it is also demon¬ 
strated that the same values for the parameters of the network in Fig. 1 
are obtained ^^hether they are computed from the relations 21 directly or 
obtained through the conversion of the network of Fig. 2 into that of 
Fig. 1, having first found the parameter values in the former network 
from the relatives 27. Stated in a ditTerent way: It is not necessary to 
use the alternate procedure on an admittance basis when .Y in eq. It) is 
positive in spite of the fact that the function Z]{\) — then is no 
longer p.r., for if one nevertheless determines the netw'oiL of Fig. 1 from 
the relations 21, all results are identical with those obtained on the 
alternate admittance basis followed by a sub.s(‘(|U('nt c^uiversion to the 
network of the impedance ba.sis 

VI The ])ahli.\(jton FuoeionriiE* for the Soevtion of the Huunk 

pRORLi M SkEI.ETOMZEI) 

One of the mo.^t significant contribution.s containisl in Darlington’s 
work shows that any p.r. driving point fumMion is n‘alizabl(‘ a.s the input 



Fi(» 3 Physical rcali/.ation for a j)OMtiv<* real fhiving point nnpcilanrc function 
acooniing to DarliiiKton 'Phe awiciatcd transf(T iinpcihiin’c ia Zu =* \. 


impedance to a los.d<‘ss two terminal-pair rudwork terminated in a pure 
re.sistance. Fig. 3 The procedure for finding th(‘ network N constitutes 
not only an alternate .synthe.^is method to that of Hrune but also, what 
is far more significant, it forms the basis for synthesis of lossless tw^o 
terminal-pair networks with resistive terminations for prescribed transfer 
characteri.stics. 

The first st(‘p in the discussion of Darlington’s alternate method of 
solving the Hrune problem is to expre.ss the input imfiedance Zi of Fig. 3 
as 


Z, - 


( 211^22 


- 212’'^; f z^^H 
Z 22 4* /f 


(30) 


in which Zu, 222 , ^12 i« the set of op<*n-circuit driving point and transfer 
impedances of the two terminal-pair network, as usually defined. The 



272 


E. A. GUILLEMIN 


function (211222 — 212 ^) is the determinant of the matrix formed with these 
2 «*’s, and is conveniently abbreviated as \z\. The elements of the inverse 
matrix (which are the familiar short-circuit driving point and transfer 
admittances of the network are then expressible as 


222 2ii 

!/u yr2 - yn 
Thus ecj. 30 may alternatively be written 


^12 

kl 


(37) 




2n X 


— + /t! 
?/22 

^22 + 


while, according to ecj. 1, one has 

y __ /^(X) __ Wi + n\ 

Q{\) rw2 + r?2 


(38) 


(39) 


Remembering that the ratio of any even part to any odd part of the 
polynomials P(\) and Q(\) yields a physically realizable reactance or 
suHceptance function, the following manipulations quite naturally suggest 
themselves 


^1 ^ (ni nil) H- 1 
«2 (m 2 'no) -f 1 


(40) 


or 


— X ^ 

W 2 in2'm2) + 1 


(4lj 


for, with the normalization R = 1 ohm, one has through comparing 
eq. 38 with U) (case A) the set of identifications 


2 ll 




mi 


(42) 


or through comparing e(|. 38 with 41 (case H) the alternate set of iden¬ 
tifications 


m 2 * ?n2* Wi 


(43) 


Although the realizability of each of these driving point functions 
separately is assured, it is not apparent that collectively they represent 
a realizable two terminal-pair network. In this regard observe first 
that eqs. 37 together wdth 42 or 43 yields 
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ZnZn Zu* = ^ 


Zii Hi 


Thus we have 


and 


Z\2 = 


Zl2 — 


Vit n2 
— 

m 2 

v/mim2 — ni«j 
fh 

\^nin 2 — miWio 
m 2 


With the use of 4 one has 


(case A) 

(case B) 

(44) 

(case A) 

(45) 

(case B) 

(40) 


Zn 

Zvi 


ri2 

m 2 


(case A) 
(case B) 


(47) 


Since zn must be a rational function it is necessary that the polynomial 
±A(—X-) be a full square, which is the same as saying that its X'-'-zeros 
(olac'ed in evidenc(' by the form giv(*n in ecjs. 5) all l)e of even mul¬ 
tiplicity. According to the discussion in Section II, the p.r. character 
of Zi assures that all negative real X^-zeros be of even multiplicity, but 
the other types of zeros mn'd not be. I'liis ev(‘ntuality is met through 
multiplying numerator and denominator in the e.xpression 39 for Zi by 
an appropriate auxiliary Hurwitz polynomial /^^ = mo -f /Oi, thus 

^ ^ /'(X)/%(X) _ {mxmn -f ffitio) -f (miWo f //imo) 

* (m2?no -f n2nn) -f- (m2/i() + fhmtx) ^ 

which is a trivial operation so far as Zi is concerned but, as a straight¬ 
forward algebraic calculation shows, it leads to the revised function 

±M-X^) = ±{mi/W2 - riin2)imu^ — 7/o‘) (49) 

Through choosing (nur — nxr) equal to those factors in the original 
A( —X^) function as given by eejs. 5 which occur with odd multiplicity, 
one obtains a revised function — that is a full s(piare. It also 
becomes clear that if the original A(—X^) function has a simple zero 
root (for example, if Xi* = 0 in eqs. 5j then, assuming that the remaining 
factors are at least quadratic, it is — A(—X*) that is positive and a full 
square. In this case A{—\^) is an odd function of X^, and it l)ecome8 
clear that cases A and B, as distinguished above, result according to 
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whether the revised polynomial is even or odd respective!}"'^ 

as a function of X^. It may additionally be pointed out that X^i 
can always be made even through an appropriate choice of the factors 
comprising (mo'^ — but only at the expense of ultimately yielding 
Zi 2 of higher de^gree and conseciuently obtaining more elements in the 
resulting network. 

The polynomial Pu = {nu, -j- n^) is found from the chosen (mo“ — a/o“) 
through o})serving that 

nur — fhr = (mo + //(i)(m(, — riu) (50) 

and noting that the zeros of (mo — fin) are those of mo -f fio refit^cted 
about the j-axis. Since must be Ilurwitz, the process of forming 
mo + no from a given mo“ — fin' is clearly that of constructing a poly* 
nomial out of the left half-plane z(‘ros of — a/o“. 

'I'hroughout the further discussion of Darlington’s solution to the 
Hrunc problem it will be assumed that the process just described for 
rendering v' dL(mi ///2 “ fi\fi'i) an ordinary polynomial (real for real X) 
has been carried out previous to our consideration of the given imi)edance 
Zi, so that when we arrive at the expressions 15, 4r>, or 47 for 212 the 
(piestion of a possibh* irrational character does not arisen It then merely 
remains to show' that tlie s(‘t of thn^e functions 2 n, 222 , 2^12 represc'ut a 
realizable lossless two t(‘rniinal-pair network. This will be the case if 
the so-called nsiduv ('oniiifion 


/mi/.*22 - A'ri’ > 0 (ol) 

is fulfill(*(l. II(*r(* All, A' 22 , and A '12 an* r(*spectively the residues of 2 n, 
Z 22 , and 212 at any J-a\is poles which these functions possess. It must 
be shown, th(*refor(', that this residue condition is fulfilled for a set of 
2 ’s resulting from relations 42 and 15, or 43 and 4(i. 

(Considering case A (eqs. 42 and 15), and noting that a pole corresponds 
to a zero of /e,*. we see (according to a common procedure for the evalua¬ 
tion of rt'sidues of rational functions) that 



in which the prime indicates difTerenliation and X„ is the J-axis pole in 
(luestion. It follows that the residue condition 51 is fulfilled with the 
e^iuals sign. Thus, for any given p.r, function Zi, a set of impedances 
-u, Z 22 y ^12 leading to a realizable lossless two terminal-pair network can 
always be found. 


• In either ease the function zn is seen to be the ratio of two polynomials of which 
one is even and the other odd, fis required by the lossless character of the network N. 
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VII. Synthesis of the Single-Loaded Lossless Cocphno Network 
FOR A Prescribed Magnitude of Transfer Impedance 

First of all it should be recalled that the transfer function (imj^edance, 
admittance, or dimensionless ratio) of a physically realizable network is 
not required to be a p.r. function. Any rational function, regular at 
X = 00 , having its poles restricted to the left half-plane, is acccptabh‘. 
If resistances are entirely absent (in the load impedances as well lus in 
the coupling network itself) then the transfer function is permitted to 
have simple poles on the (including the points X -- l) and X = oc), 

but such a situation is not fre<iuently met in practical piobleins. 

With reference to Fig. 3, the transfer imp(Hlanc(‘ of (he lossh'ss net¬ 
work X loaded by tlie singl(‘ re.sistance li is delined as 

(53) 

In the sinusoidal steady state, tlie average p'*v (*r input must e(|ual that 
delivered to the load; lienee 

|/iP X KelZ,(;a,)l = (54) 

or 

R X KolZ.(ja,)l = 'X = Z„{jo>) = (.55; 

/ 1 


If the load resistance R is normalized at 1 ohm, one may say that the 
squared magnitude of the transfer iinpedan(*e ZrAjw) numerically etiuals 
the real part of the driving point impedance According to <*(}. 3 

one may >M'ite 


\y f ' |o _ A(. 4- A -f • * ' -f _ A((v‘^) 


(.5li) 


As was first shown by (lewertz,^’ one may through an algebraic process 
construct from this real part of Zi{jw) the driving point imj>edance Zi{\). 
First it should be ob.served from etjs. 4 (hat 


— ^2“ = ("*2 4* n2){m2 — 112 ) (57) 


may be used to construct the polynomial Q{\) = W 2 4“ rt 2 just as Po 
= mo 4~ Wo is shown in the previous article to be construct ible from 
Wo* — ^ 0 *. Except for an unimportant constant multiplier, Q(X) is thus 
formed from the left half-plane zeros of m 2 * — n./. 

Next, following the notation in ecjs. 1 and 3, it is observed that 

Ao 4- Aio)* 4- * • • 4- = (mimj — niW2)x-A- 

= (tto 0201* 4" CLA<*i* * ' *)( 5 o — 620?* 4 “ hACa* — - • 

4" — flaoj* 4“ dbio* — • • *)(5i 4" — • • •) 

= Go5o 4“ (— 0-0^2 4“ dibi — 0260 ) 01 * 

4“ (go54 — ciibt 4” cij>2 ““ d$bi 4" 0460 ) 01 * 4" * ’ * (58) 
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Equating coefficients of like powers of gives 


Ao ^ Qobo 

A I = —ao^2 "h O-ibi — 

A 2 = (Idhi — 4 - 02^2 — « 3^1 4 - 04^0 

. (59) 


yielding the geruTul formula 

«*■ r 

/I, = y a..A.. X r = 0,1, • ■ ■ H (60) 

»»- ; 

(’oefficients n* or />ji arc, of course, zero for k > n. 

Equations 59 may be soIv^hI for th(' eooflicients Oo * * • a„ of the 
polynomial /^(A) the numerator of Zi(X) in terms of the known 
coefficients 4 0 ■ • * 4 „ and the coefficients/>o * • * of ()(X) previously 
determined. 

An alt(‘rnative method of determining Zi(X) from Ro[Zi(jw)], due to 
Bode,'* is the following. One r(‘cognizes readily that 

\{v\Z\{jw)\ ~ J[/l(X) 4" Z\( *~"X)]x»^;a' (fil) 

Hence 

+ Zi{-X) ((\2) 

The constellation of poles of Zi(X) lies in the left half-plane; its image 
about th(* J-a\is is that of Zi( —X). Th(* function 24(-~X‘‘^)//i( —X^) 
= /(X) has both of thes(‘ pole const(‘llations. I'he residue of/(X) in one 
of its left half-plane pol(*s is the same as the residue of Z,(X) in the cor¬ 
responding pole (since the residue of Z^ — X) is there zero). Since for 
X oc , Zi(A) Zii - X) * (a constant), the partial fraction expansion 
of Zi(X) is given by I\* plus the principal parts of Laurent expansions of 
the rational function .AX) in it.s left half-plane poles. 

If the partial fraction expansion of Zi(X). rather than its representa¬ 
tion as a (jiiotient of polynomials, is wanted, Bode’s procedure is more 
direct than that of (leNsertz. If the polynomial form for Zi(X) is pre¬ 
ferred, the (lewertz method is computationally shorter. 

VUI. Caver’s Method of Synthesis from’ a Specified IZuiju ))]- 

A more direct method of solving the problem discussed in the previous 
section was given by C’auer. His method begins by recognizing that, in a 
straightforward manner (preferably using Th^venin’s theorem), one may 
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express the transfer impedance Zi 2 (X) for a 1-ohm load as 

7 =s s= 

r+ z,5 h(\) 


(03) 


Here h(\) is a llurwitz polynomial (stability requirement) and so con¬ 
tains both even and odd po^^crs of X, while the polynomial (;(X) is either 
even or odd since 212 (like a driving point reactance function) must he the 
ratio of two polynomials of which one is even and th(* other odd. 

If one w riles 

h{\\ = m -+ n (() 4 ) 


in which m is even ami n odd. it is that 


Zi2{.7aj)'- 



A (w') 

bCu}^) 


((i5) 


the ± signs corresjKmding r(‘spe(lively to f/(X' being (wen or odd. Thus 


/if—X’) = nr — n' 


(bb) 


Again A(—X’) must fx* a full s(juar(‘ If it is not a full stpiare at the 
outset, one multiplies num(‘rator and (hmominator in th(' giv(‘n exjinvssion 
for \Zi 2 (j(x)^\^ l)y ap])ropriat(* identical factors so as to bring about this 
condition Tpon subscxpuuitly writing the relations (ib. one obtains the 
polynomial f/(X) at once as the scpiare root of A(—X*), and the poly¬ 
nomial h{\) - m -f n IS then constructed through us(* of the left half¬ 
plane zeros of /if—X’) in the manruT discussed previously. 

Returning now to the eq (Kb one may write* 


7 . = • ^ 

m -j-fi 1 -f (w ^n) 

— f/' 

I -f (// hn ) 

(07) 

and make either of the identifications 



Zn = (g^n)’y Z 22 = 

(w u) 

(08) 

or 



2 i 2 = ig w); 222 = 

(n / m ) 

( 00 ) 


according to whether g is even or odd respectively. 

Thus one has found a pair of acceptal)l(* functions and 222 so far 
as the realizability of a corresponding lossles.s two terminal-pair network 
is concerned. In order to be able to carry out the synthesis of this net¬ 
work in the usual manner, which prcjceeds from the jiartial fraction 
expansions of the three functions Zn, 222 , 212 , the completion of this set 
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through the association of an appropriate Zn with the functions Z 22 and 
212 found from eq. 68 or 69 must first be accomplished. 

This step is readily carried out through use of the residue condition 
expressed by eq. 51. Thus, after the partial fraction expansions of 222 
and Z 12 are written down (the coefficients in the terms of these expansions 
are the residues 1:22 and A' 12 ), it is a simple and straightforward matter to 
write the partial fraction (expansion for an appropriate Zu-function since 
the residues A:ii are any values satisfying the condition 51. One has the 
choice of fulfilling this condition with the inequality or with the equality 
sign, and so the (|U(\stion arises as to the significance or implication of 
eith(*r prrx'edure. 

Clarification on tliis j)()int i.s had through first recalling the expression 
3(i for th(‘ input impedance. 'Hie z-determinant ( 211 Z 22 — ^ 12 '^) appearing 
here should be visualized as computed through substituting the partial 
fraction expansions for the z’s. Careful reflection (or better still, the 
writing out of a simple example) reveals that the result does not contain 
terms representing second order poles if the r(‘sidue condition 51 is ful¬ 
filled with the ecpials sign at (*acli pole, while second order poles in the 
function ( 211*22 ~ -c' 12 '’) are surely present if the ineipiality in 51 holds at 
one or more poles. One may say that if the residue condition is fulfilled 
with the e(]uals sign at all poles, then the z-determinant has only simple 
poles; and thi' converse of this statement is also true. Under these 
circumstances one observes from e(| 36 that the input impedance Zi 
does not contain the j-a\is poles of Zn. Zjj, Z 12 at all since numerator and 
denominatt>r are both of first order However, at any pole where the 
residue condition 51 is fulfilled with the inecjuality, there Zi will surely 
contain that pole also, because (zn, z-j — Z 12 *) will there have a second 
order pole so that the nuim^rator of ec} 36 will be one order higher than 
the denominator. 

The conclusion is that the results for Z 22 and Zi-j expressed by eejs. 68 
and 69 suffice to determine the lossle.ss two terminal-pair network since 
one can readily associate an appropriate Zn-function through use of the 
residue condition 51. Moreover, if this condition is written with the 
equals sign, then the result yields an input impedance Zi having no 7 -axis 
poles (this is retVrred to as a nurnmum nartivt driving point impedance). 
The desired transfer impetlance stays the same whether the residue con¬ 
dition is met so as to yield a minimum reactiv’e Z] or not. 

StH'aking of the minimum reactive character of Zi reminds one of the 
question regarding the minimum phase or nonminimum pha.se character 
of the transfer impedance Z 12 . Here it will be recalled that Z 12 is mini¬ 
mum phase if (and only if) its zeros as well as its poles lie in the left- 
half X-plane. These zeros are those of the polynomial ^(X) in eq. 63. 
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Since ^(X) is either even or odd, its zeros (except for one at X « 0 if ^^(X) 
is odd) occur either as pairs of real values or as quadruplets, spaced sym¬ 
metrically about the real and imaginary axes of the X-plane. In general, 
then^fore, there are always some zeros in the right half-plane, and so the 
resulting Zn is non minimum phast\ 

This result is a (*onse([uence of stipulating that the network .V shall he 
lossless, for then 212 in vq. ()3 must he the ratio of two polynomials of 
which one is even and the other odd, thus yielding a f/(X) that is either 
even or odd. 'Fhere is one m)tahle exception to this conclusion. Xamely, 
if all the zeros of Z ,2 (or Cij) fall ui)on tlu\/-a\is, tlu’v nrr appropriately 
interpr(‘ted as belonging to the left half-plane (because the inevitable 
incidental dissipation pres^uit in an actual jdiysical realization will place 
them there in spite of their being on the j-a\is theoretically), ami in a 
limiting sen.sc Z 12 then becomes mininunn pha.s(\ This case is important 
practically because most filt(u- designs an‘ cavrifsl out (for reasons of 
economy) by choosing all the ztuos of Z 12 on th(» ^-axis 

IX. ( ’OMCLKMHN r\in I\iei.l)A\< Ks; (’onm vnt-H ksistanck Filtkh 

( IHOT PS 

It is well at this point to paus(* for a moment and reflect iqxm what 
has been accomf)lishe<l with r(*gard to the geiuu’al problem of (hxsigning 
coupling networks for prescrib(‘(l transfer characteristics, and what 
remains undone. In this n^gard the results so far may lx* adapted to 
meet various needs. As the n(*t w ork of Fig. .S stands it may, for example, 
be used wh(*re the input is the plate current of a pentode. Kxcept for a 
constant multiplier, the ratio of E -2 to the voltage at the grid of the 
pentode is given by / 12 , since the plate curnuit is essentially propor¬ 
tional to the grid voltage. This is a .situation w here tin* .source impedance 
is very large compared with Zi. 

If the reciprocity theorem is applied to the situation given in Fig. 8, 
we arrive at the one .shown in Fig. la, which, through a current-to-voltage 
source conversion, yields the arrangem(*nt in Fig. Ah. 1'h(* voltage ratio 
Ei/Ei is again proportional to Z 12 as con.sidf'nxl above. Thus the design 
is aclaptabh* to a situation where the source has finite* r(*sistance but the 
load is essentially an open circuit (as, for example, the grid terminals to 
an amplifier tube). 

Further adaptation of the present result to other practical situations 
is had through use of the duality principle. Thus if we change* the situa¬ 
tion of Fig. 3 to one in which the input is a voltage Ei applie^el to the 
terminal pair I of the lossle.ss netw ork and E 2 is replaced by the current 
1 2 through the load and we use the letter F or y in plae*e of Z or z 
(impedance functions become admittance functions), everything that 
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has been said remains intact. We merely shift from an impedance basis 
to the dual admittance basis. Instead of designing for a transfer imped¬ 
ance Zi 2 = E 2 /I 1 , we design for a transfer admittance Y 12 — I^/Ex. 
Since the voltage across the load resistance R is proportional to / 2 , the 
ratio of load voltage to input voltage is simply a constant times F 12 . 
Our method of design is now appropriate where the source impedance is 
negligible compared with the input impedance to the lossless network. 

In all these applications one of the associated external impedances 
(source or load) is cither very large or very small compared with Zi 
(Fig. 3j. It is necessary to be able to meet situations where such restric¬ 
tions do not apply; that is, where finite external resistances are asso¬ 
ciated with the lossless network at both input and output ends. 



Kuj I Alt«‘riuiU‘ mtc*rpr<‘tiitum of the trausf(‘r appropriate to Fig 3 

through use of th<‘ reciprocity theorciu followed by a source conversion. 


One method of meeting this need is to place in series with the input 
terminals (Fig. 3) an impedance Zi^ such that Zi 4- Zi" ecpials a constant, 
for then the presence of a source with finite internal resistance leaves h 
proportional to the source voltage, and all is well. The network realizing 
Zi® is called the complement of .V; Zi and Zi® are referred to as com¬ 
plementary impedances. * 

The essential condition for the existence of such a complementary 
netAVork is that Zi be minimum reactive since it would clearly be impos¬ 
sible to have Zi + Zi® equal a constant if Zi had j-axis poles, for there 
is no way in whicli Zi® could cancel these and he realizable by a passive 
network. With Zi minimum reactive, the imaginary parts of Zi and 
Zi® are (‘apable of canceling each other w hile the real parts arc so related 
that their sum is a constant (the real parts are complementary). Because 
of the implicit relationship between the real and imaginary parts of a 
minimum reactive impedance, it is sufficient to find a Zi® w’hose real 
part is complementary to that of Zi; the imaginary parts wdll then 
automatically cancel. 


Here the network \ inclusive of the terminal resistance is meant. 
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Either of two procedures may be followed to find a network for Zi*. 
In one of these the complementary imjHMlance is formed directly through 
writing = A" — Zi in which K is a positive real constant at least as 
large as the largest value of the real part of Zi(ju)). The function Zi* 
thus found is surely p.r. if Zi is p.r. and minimum reactive. This p.r. 
Z/-funetion may then he synthesized either hy Hrune’s or Darlington’s 
method. 

Alternatively one begins with 

Re[Zi^(jaj)l = A' — HelZi(ju>)| (70) 

and, using eq. 55 with R — \, obtain 

He[Zi^(jw)] = A — \Z (^1) 

in which Zy/ i« a transfer impedance for tin* (h*sir(‘d complenumtary net¬ 
work vliich, like the given network W is lik(‘wise i(*gard(*d as realized 
by a lossless two terminal-pair network terminat(*d in a l-ohm resistance. 
From the function Zy/ one .synthesiz(\s a network ac(‘ording to methods 
already described so as to yield a minimum reactive driving point 
impedance; the latter is tli(‘ d(\sired Z,' 

The complementary network thus obtained may be r(*gar(led simply 
as an impedance-correcting network in th(‘ sense* tliat, in combination 
with Zi. it “corrects” the Iatt(*r so as to make it constant. Since this 
network has a transfer function (according to eij. 71) that is comple¬ 
mentary to that of th(* given network, \\v may r(‘gard each of the two 
networks as having an indep(*ndent status, so to speak, but with the net¬ 
works so j>aire(l that they mutually complem(*nt (‘ach other. Thus if 
the given network is a low-pass filter, for example, the second is a high- 
pass filter; and the combination has an ini)uf impedance (*(|ual to a con¬ 
stant. In this light the structure as a whole is spoken of as a ronstanl-- 
resistance filter group. 

Through an obvious shift to the dual admittance basis one obtains the 
filter group in the form of networks whose inputs appear in parallel 
instead of being in series. 

X. Another Way of Designing for Finite Resistances at Both 

Source and Load** 

Consider the situation shown in Fig. 5 where the lossless coupling 
network has associated external resistances at both ends. Write Z\(jo>) 
» R+jX. 
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The power entering the network N must equal that leaving it, so 



= \E,WR, 

(72) 

Since 


r^/In = Ri/(Ri + Z0 

(73) 

we have 


!/ip = 

(74) 


Together with 72 this gives 




l{/{, 

I//. + ^ = 



Ri - 

Ri + Z, ) 


(75) 



Fkj T) \^ hcM* th«* lossless coiiplitiK n<*t\^ork has r(‘sisti\(* loadiiiii; at hoth eruls, 
tlu‘ tiHHocinlcd tr.insfc! ini|)cdancc is the function K /lo 


If tlu* cuiKMit .source' /10 panilh'led by /ib is com(uted into an eepiiva- 
lent voltnji^e soutcc of the' \aluc E^ = /I'l/m, wo find 


I E. ‘ ^ E^ ‘ l{, 

/^/l\>/,n“ E^- \R^ 


(7(>) 


This (juantity is <*\i(h*ntly the ratio of power delivered to the load /^2 to 
the mavinmin power delixerahle l>y the .source. Evidently |/|- (the 
squared absolute value of a trnnsmifision coefficient t) can at mo.st equal 
unity. 

The function 


_ Rx - Zx 
R^ + 


(77) 


is recoj^nized as the reflection eoeffiieient at the input terminal pair of the 
lossless network. In terms of and lp|-, eq. 75 states the logical fact 
that vNhatever power is not deliverable to the load must be returned to 
the source, that is 

ifr = 1 - \pr (78) 

The given function in a situation of this sort presumably w’ould be 

(VM 

B(w^) 


(79) 
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a quotient of polynomials in w*. From this function one readily obtains 


If we write 


then 




f>{\) = 


/>(X) 

f/(X) 


__ P(X) ?>(—X) 
^(-X^^ ““ q{\) • q(~\) 


( 80 ) 

(8n 

(82) 


Since the poles of p(X) must lie in the left half-phine (tlii.s is evident from 
ecp 77), it is clear that r/iX) is formed from the l(‘ft Imlf*plane zeros of 
/^( —X'), folhminp: a ell-establislied paltiun In p!e(‘is(‘Iy the same 
manner p{\) may he constructed from the left half-plane Z(Tos of />( —X^), 
although one is here permitted to vary th(‘ pioc(‘dun' through picking 
some or even all of the Z(‘ros out of the right h.ilf-plan(‘, since the zf'ros 
of p(X) are not restricted. (It may l)e point(‘d out h(‘r(‘. however, that 
restriction of the zeros of p to the left half-plan(‘ is a lu'cessary condition 
in the pioces.-^ of nuiMmizing the gain-handwidth product for a given 
associtit(*d sliunt capacitance; s(‘e 11 W Ihxie, Network Analysis and 
F(*edhack Amplifi(*r I)(‘sigu, I) \ an Nostrand. HUT), pp. 3<>() StiK.) 

With the function p(X) (l(‘(ermin(‘d. oiu' lias from etj. 77 

Zi _ P{\} ^ Wi Hi \ — p 

" QiX) ffh> -f- a, “ I f p ^ ' 


and the discussion of pre\ ious artich's may then he applied to find the 
network X. It is also h(‘lpful in this connection to note that 


p(X) - 


{7712 - 77}i) + {712 - ni) 
{7712 “h 77 } i) -h { 71-2 + 


(84) 


and with the use of eep 80, 

— _ (7712 — Wi)^ — (ri2 — ni)^ 

B{-X^) (7712 + r7ii)^ — {712 + ni)‘ 


(85) 


Thus one can obtain mj, ;W 2 , ni, 712 directly, and hence the Zn, Z 22 , Zi 2 f 
without bothering to form Zi 


XL The Constant-Resistwck Lafitce 

The foregoing discussion of the problem of synthesis for a prescribed 
transfer function is inade(iuate principally because it d<H*s nrit afford a 
method of obtaining the prescribed magnitude of transfer function asso-. 
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ciated with minimum phase, unless all the zeros of this function occur 
at real frequencies (X = ju)). There are problems in which the sp>ecified 
Zi 2 or Fi 2 does not have all its zeros occur at real frequencies, but for 
which the minimum phase requirement must be met. A possible design 
procedure in such cases is the following, based upon the so-called con¬ 
stant-resistance lattice. 



Kid. r» Th(‘ Hyniniotrical lattice hfcoinoa a .so-called constarit-rosi.stanco network 
- li) li z^z, « 

With ref(‘rcnce to the usual representation of the symmetrical lattice, 
as shown in Fig. h, it is a straightforward matter to show’ that if the pair 
of imp(‘<lane(*s z,, and zt are chosen to fulfil the condition 





(80) 

then 

Zt = 


(87) 

and 


/{{l{ - 

(88) 



l{ + ^(1 


This network is called a “constant-resistaiici*” lattice. 

Xormalizing R at one ohm, sirnplilies the relation 88 to 


or conv(*r.sely 


1 - Zi. 
I + Zi, 


(89) 

(m 


If z 12 has its poles restricted to the left half-plane (which is, as usual, 
necessary to insure stability), and if, in addition. 


.ZiaUw); < I (91) 

then the p.r. character of Za, and hence the realizability of the network, 
is assured. 

The resulting lattice in general is not lossless. To demand a lossless 
lattice implies lZi 2 (jw)j = 1, as may readily be seen from eq. 89 assuming 
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Zo to be a pure reactance. Such a choice is made if the network is 
intended to influence phase alone, and it then is obviously not a minimum 
phase network. In order to obtain a minimum phase network for any 
other prescribed 


\/^V2{30^)r ^ 1 


m 


it IS merely necessary in the formation of 


Zi2(Xj 


g{X) 

h{\) 


l93) 


to con.striict (j{\) from the ](‘ft half-plam* z«‘n)s of fr(—A-) just as h(\) 
mu.st in any case be constructed from the lefi lialf-plane zeros of //(—X*). 
The polynomial f/(X) is now not re.stricted to be even or odd ns in the 
procedure discu.ssed in Section XT 11. 

If Z |2 in eq. 93 is regarded in the factona! form 


(X Xi)(X Xj) * • ■ (X — X2fi i) 
(X - X.,)(X - X 4 ) • ' • (X - X2n) 


(94) 


an important fl(‘\il)ilit\ irdierent in the pr(‘sent synthesis procedure 
becomes evident through recognition that one may readily decompose 
Z 12 into th<‘ product of components as indicated in 


/12 = X X X • • (95) 

Hy shuffling and reshuffling the fr(*(pi(*ncy factors (X — X,) in the numera- 
tor or denominator of ecj. 91, one can obtain several distinct decomposi¬ 
tions like (‘(p 95 (observing, however, that where a })air of complex values 
of X„ is involved the entire quadratic factor must, of course, be kept 
intact). If a lattice is found to correspond to each component 
Zu^\ etc., their cascade connection evidently realizes Z 12 because of the 
constant-resistance* character of each component lattice*. 

It is necessary, of course*, to see to it that each cornpement / 12 -func¬ 
tion fulfils the conditiem 91, a circumstance that is not assured by the net 
/ 12 -function’s fulfilling this condition, but one that can ahvays be brought 
about through inserting an appropriate cemstant multiplier. Thus the 
price e)f be*ing able to decompose an elaborate* elesign into a cascade of 
simple structure.s ma}' be a net lo.ss in gain. I’he larger variety of 
possible realizations made available through this artifice is in many cases 
worth the cost. 

Still further possibilitie.s may be had through inserting identical 
arbitrary left half-plane zeros (called surpbis factors) into numerator and 
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denominator of Zn before the shuffling and partitioning into components 
is begun. 


XII. An Altkknate Realization Procedure for Transfer 

Fl NOTIONS 

When the desired transfer characteristic is to be had from a cascade of 
vacuum tube arnplificT stages, a decomposition of the overall function in 
the mann(*r indicated in eq. 95 is appropriate in which each component 
Zi2-function rei)resents the transfer function for a single stage. If a 
pentode tube is used, and if the component Zi2-function happens to be 
p.r. so that it is realiza})l(‘ as a driving point impedance, then the cor¬ 
responding amplifier stage consists simply of the pentode with the per¬ 
tinent driving point imp(‘dancc in its plate circuit. The success of the 
method d(‘pends on th(‘ fact that, through the choice of suitable surplus 
factors, the given ov(‘rall Zi2-function can always be represented as a 
product of p.r. driving point impedanc(‘s.* 

''Fo appr(‘cia((‘ th(‘ manner in which such a decomposition of Zjg may 
be accomplished one iK’ed met(‘ly consider, for example, a typical portion 
of Zvi consisting of (he (iuoti(‘nt of (luadratic factors 


X" “b uX b 
X- 4- cX -f // 




which, after multiplication and division by the surplus factor (X + cj, 
can be separated into the product of two factors as follows: 


X'-' 4 nX -f 5 X 4-jP 
X 4 - c X 2 ^ rX 4 - 


(97) 


Kach of these has a simi)l(* netw(»rk rcailization as a driving point imped¬ 
ance if c < a and c < r, which can alway.s be met [a, 5, r, d, r are positive 
real numbers). The expnxssion 9 (> may. of course, have a simple driving 
point realization as it stands; the method involving surplus factors is 
resorted to only if needed. 


XIII. Synthesis of v Lo.s^less Two Terminal-Pair Network 

THUOl C.H THE LaDDER DEVELOPMENT OF ^22 

This is a method of synthesis that is particularly useful in conjunction 
with the problem discussed in Section VIII. since it yields the lossless 
network directly from ^22 and J12 without the necessity of associating an 
appropriate Cn- "I'he network is found through developing 222 into a 
ladder, much as in the C'auer process for realizing a given driving point 

* It is hen* tacitly assumed that Zi? is a minimum phase function. 
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reactance function, and, after bringing out a terminal pair at the far 
end of this ladder, regarding it as the desired two terminal-pair network. 
It must be shown how’ this process can be carried out so as to pnxluce a 
network having the desired 212-function. 

In this regard it should first be observed that in genenil all the func¬ 
tions 2ii, 2-22, ^12 associated with a two terminal-pair network have the 
same poles, since these are physically the natural freciuencies of the net¬ 
work with both terminal pairs open-circuited. Degenerate cases may, 
of course, occur in which this situatiem is not realized. For example, 
take any two terminal-pair network and connect in .^ci‘i(s with one of 
its terminal-pairs (say at end No. 2 ) an impedance ha/ing poles other 
than those present in the impedances of ih(' giv(‘n network. One then 
has a two terminal-pair network for which z^z has these extra poles 
but 2ii and 212 do not have them. If. however, the desired network is 
to be developed from a given 222, it is easy to Mi* how such a degenerate 
case is to be avoided. Namely, either avoi<i mi initial s(*ri(‘s branch in 
the development of 222, or if an initial series branch is mdi(‘ated for other 
reasons, be sure that the jHiIe or poles it i(‘j)res(‘n(s an* not comph'tely 
removed from 222 (that is, 22- miims the impedanci* ol tin* initial series 
branch should have (la* same* pol(‘s although not with th<' saint* r(*sidu(‘s 
- as 222b I'hus the determination of a network whose 212-function has 
the same p(jles as 222 pr(‘s(*nts no difficulti(‘s. 

It remains to show how' the development of into a ladder network 
can be made to yield a 212-function having the pro[)(*r z(‘ros. So long 
as the desired Z(*ros occur at real fn*(iuenci(*s (X ~ joj), an appropriate 
procedure is easy to find and the resulting n(*twork is simple and prac¬ 
tical. Although Darlington has shown that the desired procedure can 
be carried out no matter wh(*re the zeros of 212 are located in the X-plane, 
computations are e.xtremely tedious and the resulting network undesirable 
(because of close-coupled coils; unless the zeros lie on the j-axis. The 
following further discussion is, therefore, restricted to this cas(‘. 

In a two terminal-pair network having a ladder structure it is clear 
that a zero of the transfer impedance re(juires either that a series-branch 
impedance be infinite or that a .shunt-branch impedance be zero. Note, 
however, that an infinite series-branch impedance or a zero shunt- 
branch impedance do(*s not neces.sariiy cause a zero in the transfer 
impedance, for the part of the network to the left* of this point, w^hen 
regarded as a two terminal-pair network in its own right, may have a 
2i2-function with a pole at the same frequency. 

The ladder development of a driving point reactance function like Za 
is ordinarily accomplished through alternately constructing a series 

* The source is a.s8uined to be at the left-hand end of the network. 
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branch representing a pole of 222 (or of a remainder function) and a shunt 
branch representing a pole of I/222 (zero of 222, or of a remainder func¬ 
tion;. At each step the pole in question is completely removed from the 
pertinent driving point function. These poles become the zeros of the 
transfer function of the two terminal-pair network which the resulting 
ladder represents. 

If at a particular step in this procedure (for example, at the construc¬ 
tion of a series branch) a pole of the pertinent driving point function w ere 
only partially removed (by subtracting a pole with smaller residue than 
that of the driving point function) then this pole does not become a zero 
of the transfer function of the resulting network because the part of the 
network to th(‘ left of this point (us yet undeveloped; has a 222-function 
and hence a 212-function which still contains this pole. (If the step is 
the construction of a shunt V>ranch, the same comment applies with 
reference to admittances.) "J'hus in the ladder development of a given 
222-function, the construction of a particular series or shunt branch may 
or may not be “zero firoducing” .so far as the resulting transfer function 
is concerned, d(‘p(‘nding respectively upon the complete or partial removal 
of a pole. 

It should next be n'cognized that through the partial removal of a 
pole of a reactanc(* (r(*sp, susceptance) function, its zeros are shifted; 
and it is possible through the removal of an appropriate part of an 
appropriate pole to produce in ihe subsecpient remainder function a 
zero at auy stated frecpiency. In the inverted remainder function this 
step produces a pole at the same fr(‘(iuencv. The subsecjiient complete 
removal of this pole produces a zero in the transfer function of the result¬ 
ing network at that frecjiu'ncy. 

Idle first stej), consisting of the partial removal of a pole, may be 
referred to as a “ zero-shifting step Thus tlu‘ process of ladder develop¬ 
ment consists alternately of “zero-shifting*’ and “zero-producing” steps, 
continued until all the zeros of the given 212-function have been pro¬ 
duced, at which point the development of 222 will be completed and the 
desired network found. 

Since the zeros of the given 2i2-funcfion can be produced in varying 
seipience, several different networks can in general be found for a given 
design problem, ddie variety of possible networks ma}^ further be 
increased through re(‘ognizing that one may follow* not only that scheme 
in which series brandies represent zero-shifting steps and shunt branches 
represent zero-prcxlucing ones, but also the parallel scheme in which the 
roles played by series and shunt branches are interchanged; or one may 
ev^en scramble these tw o basic procedures. 

In problems where the zeros of Zn for the desired lossless network do 
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not occur on thej-axis, one may find it expedient to apply a method based 
upon the following reasoning. The poles of 212, like those of a driving 
point reactance are all simple and lie on the j-axis, but the rc'sidues in 
these poles, although real, are not necessarily all positive. In fact it is 
the negativeness of some of these residues that causes the zeros of Zia to 
be located off of the j-axis. for if the residues were all positive, Z\t would 
have the same form as a driving point reactance and hence its zeros 
would surely he on the^-axis. 

Suppose is exjmnd(‘d into partial fractions and the terms with posi¬ 
tive residues grouped to form the function while tl:os< w ith negative 
residues are regarded as forming 'l^hus in 

which and both have the character of driving point functions 
and hence have all their zeros on the j-axis. 

The relation 03 for Zij is now written 


Z12 


-12 

I + 222 


-:i 2 -‘ 

1 i J22 


( 08 ) 


Ka(‘ls of these two terms is realizabh' as a lad<ler ni'twork according to (he 
method discussed above. Joining their output terminals through an ideal 
transformer (aft(‘r multi|)lying each network by an appropriate constant 
to allow for j)ossible une(iual multipliers in the individual 2j2'functionH 
and to obtain a lesultant 222 witli the multiplier unity) yiehls a realization 
for the total function Z12. 

Finally, the method of synthesis discuss(*d in this article* may be useful 
in the realization of Ziv-functions in cjises where the zeros are restricted 
to the left half-plane because of a minimum phase reejuirement, and 
where these z(*ros do not lie* e>n the j-axis so that a realizatiem in terms of 
a lexssless ne*twork te*rininate‘d in a single load resistance is not possible. 

In the e\i)ression Z.-j = e/(X) h{\) both f/(X) and h(\) are Ilurwitz 
polynomials. If = g + c anel h ~ rn + n represent the separation of 
g{\) and h(\) into the*ir e*ven and oeiel parts nxspectively, one can write 


= ^ 4- - 

m + n m + n ( 99 ) 

= + Z,/ 2 , 


For the realization of each component Z 12-function according to the 
scheme indicated in eqs. G 7 , G 8 , and G 9 , one has 



/»/« 

= (m/w); 

222^*^ = (m/n) 

( 100 ) 

12 — 

1 + (m/n) ’ 


v/m 

= (v/m); 

222^*^ = (n/m) 

( 101 ) 

£jl 2 — 

1 + (n/m)’ 
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Since n and p individually have simple zeros restricted to the j-axis 
(because of the properties of Ilunvitz polynomials), the method of ladder 
development given in this article is applicable to both functions 100 and 
101 . 

After an unbalanced lossless ladder net\Nork terminated in its appro¬ 
priate resistance is found for the realization of each component Zi2-func- 
tion (the terminal resistances for these networks are not necessarily alike 
since their impedance lev(*ls are the means for independently controlling 
the multipliers in 100 and 101 ), a back-to-back connection as shown in 
Fig. 7 may be used to obtain the overall Zvi. 

()bs(‘rv(‘ that the ^^o-functions of the individual ladder networks are 
reciprocal For this r(‘ason the two lossless ladders cannot be combined 
and terrninate'd in a single resistance load as in the process to which 



I’m. 7 \ form of network m it poMsihlo to realiziMiny miinmum phase 

transfer function Tlic t>o\f*s contain lossle'^^ chuncnts. 

e(i. OS applu's. It was pointed out earlier that the lossless network 
termimited in a singh' r(*^istanc<‘ cannot realizi' a minimum phase transfer 
function with zeros oil of tlu'^-axis; th(* pn'^ent r(‘sult is consistent with 
this statement. 

ILLl'STH.VnVK KXAMPLKS 

Xl\’. HurNK’s SxNTIIKSlS Pkockdi ke 


Let the given driving point impedance be 


-f 3X + 4 
+ 2 


Its real part for X « jot is 


M r-f* 2) - OX*] 

RolZOa,)] = ^ (X»+2r-4X=--Jx. 

V - 4 “a, 


5 u« - + 8 

0 )^ + 4 
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This function has a minimum value equal to unity at Xi “ jwi “ jl. 
Removing a series resistance of 1 ohm leaves (eq. 15 ) 


Z.(X) = Z(X) - 1 


Next one finds 


4 X* 4 " X "h 2 
X» + 2 X +' 2 


Z,(X,) 


-4 + 2 + il ^ -2 +ii 
~ 1 + 2 + j 2 1 + j ‘2 


ii 


(104) 

(105) 


so X in eq. Hi equals + 1 . This is an c.xampic in which the p.r. character 
of the function is lost if wc proceed ()n an impedance basis. Nevertheless, 

I I -I/s 

Z(\) 


Fig. 8. Realization t>f the niipedaiiee of eq 102 through tUt* llnine pioeetiure. 

we continue with L\ = .V/wi ~ 1 and ha\x 



Zi{\) — L\X — 


(X^ + J)(-X + 2 ) 
X* f 2 X + 2 


(lOh) 


which is zero at X = Xi = ±j] as it should lx*, hut is clearly no longer 
p.r. The reciprocal of etj. 100 , however, has a positive real residue at 
X = j as may he seen from 


k = 


X* -f 2 X + 2 
(X + 7) ( — X T 2) X-, 


1 

2 


( 107 ) 


Removal of the pair of j-axis poles of iZi — LiX) ‘in tlie Foster manner 
yields (eq. I?) 


Finally 


X 2 -f 2 X-h 2 _ X ^ 2 ^ 1 

(X^ + 1 )(-X + 2 ; X^-f 1 -X-f 2 W{\) 


H’(X) = - I -t- 1 = L,X 4 - Z 2 (X) 


( 108 ) 

(109) 


Here the remainder Z^iX) is a resistance of 1 ohm. The network is 
shown in Fig, 8 , in which the parameter values are in henrys, farads, and 
ohms. 

The three inductances may alternately be represented as a pair of 
closely coupled coils if desired. 
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XV. Darlington’s Procedure Applied to the Same Problem 

PVom Z(X) as given in eq. 102 we compute 

(mim2 — nin^) = 5X^ + SX^ + 8 

= 5(X2 + 0.9G4X + 1.265)(X2 - 0.9G4X + 1.2G5) (110) 

The factor mo* — no* = (ni» + no)(mo — no) needed in this case in order 
to obtain a revised A( —X*) which is a full square, is the entire expression 
110 except for the multiplier 5. From the factored form in 110 it is 
clear, therefore, that the auxiliary Hurwitz polynomial reads 


Po = X" + 0.9G1X -f- 1.2G5 


( 111 ) 


Augmenting Z(X) in eq. 102 through multiplying and dividing by Pn 
yields the revised Z(X) 


^(X) 


GX^ + 7.820X*‘ -f i:i.217X2 + 7.Gr)lX + 5.0G0 
X^ -f 2.9(nx’ + 5.193X2 -h 4.458X + 2.530 


Fsing this function one now finds 

mim-j - = 5(X^ + gX-’ + 


( 112 ) 


(113) 


This function is even in X^, Hence the case A formulas apply, and 
we have from e(|s. 42 and 45 


m, ^ 5X^ + 13.217X* + G.OfiO 
fhj 2 9(i4X'’ f 4.458X 
m,> ^ X^ -h 5.193X2 + 2.530 
n] “ 2.9G1X* + I.458X 

X 5 (X* + I.GX2 4- l.G) 

2.9G4X® -h 4.458X 


The partial fraction expansions of these functions read 


1 


0.787X 


" ().88X X- + 1.503 ^ 


1.7(ilX 

1 

1.2-15X 


0^78X 
X^ + 1.503 
0.730X 
X=-f 1.503 


+ 0.3375X 
+ 0.754X 


( 111 ) 

(115) 

(11<>) 

(117) 

(118) 
(119) 


from which one observes that the residue condition 51 is fulfilled with 
the equals sign at each pole. 

The synthesis may now follow* the pattern of setting down a com¬ 
ponent lossless tw o terminal-pair network for each pole and connecting 
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these in series on the input and on the output sides. In this connection 
one observes that ideal transformers can be avoided through changing 
the output impedance level by a factor which makes the residues of 
^ 11 , 2 : 22 , ^12 at X = 0 alike. This factor is 1.7r*l /0.8S ~ 2.0. The revised 


and c 

11 * read 




1 


l.35dX 

^22 == 

o788X 


-f 1.503 


1 


1.032X 

212 = 

0.88X 

X’ 

+ 1.503 


-h 0.(>75X 


+ l.OOOX 


( 120 ) 

( 121 ) 


The resultant neU\()rk is shown in Fig. 9 in which lh(‘ two coil pairs 
are closely coupled, and the one paralleled by capacitance lias a negative 



HENRYS, FARADS. OHMS 

Fkj U Kcali/atloii of tin* impedance of ecj 102 Ihrougli tlu' Darlington pro- 
eediin* («‘(pnv:iU‘nt to m^twork of Fig 8) 


mutual in order to account for the negative residue of in the per¬ 
tinent pole. Observe that the terminal resistance is 2 ohms because the 
output impedance level was increased by a factor 2. 'Jdie resultant 
driving point impedance is the same as for the network of Fig. 8. 


XVI. An Alternativk Mi:thod of Synthesis that Avoids Mutual 

OorPLiNG 


The success of this procedure (due to H. Bott and H. J. DufFin)** 
depends upon tFie fact that, if Zi(X) is p.r. and k is a positive real number, 
then 


^ kZi{k) - XZ,(X) 


( 122 ) 


is likew ise p.r. and has no greater degree of complexity than Zi(X). More¬ 
over, R(\) may be made to have a pair of conjugate j-axis zeros at the 
frequency Xi where Z](Xi) = jX (as in the Brunc process) through an 
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appropriate choice for the value of k\ 'vvhence, solving eq. 122 for Zi(X) 


Z,(X) 


Zi(^) _ Zi(k) 

{\/R) + (\/T) R+ (k/\) 


(123) 


shows that a simplification can he etlccted through applying Foster’s 
procedure alone. The rcciuirement /?(Xi) = 0, which yields 


Z i (Xi) _ Zi(kj 
X, ^ k~ 


(124) 


can be met with a positive k only if A' > 0. However, when A" < 0 the 
identical procedure is possible on an admittance basis. 

To illustrate with the function 102 for Z(\) one begins as in the Brune 
process by removing a sfuies resistance equal to the minimum value of 


5 



Fiu 10. H(*alization of the iinpedaiico of eq 102 tljroug}i t)ie procedure of Bott 
and Duffin (equivalent to notworkw of Figs. 8 and 0) 

Re[Z(jw)], leaving Zi(X) as given in eq 104. Since Xi ^ jl and Zi(Xi) 
=« jfl, eq. 124 requires in this example that 


or, using eq. 104, 


Z\{k) — k 

1/;- -f A' + 2 = k^ + 2k^ + 2k 


The positive real root of this equation is k = 2. Thus eq. 122 yields 


R{X) = 


^x^ -f n 

4X2 5x 4 


(125) 


and Zi{X) according to eq. 123 is given by 

2 2 
' 4X» + 5X + 4 X ‘2(X“^“+ 1) “2 

■ 2(X* +■ 1) '^2 4X« + 5X + 4 X 


(126) 


Using only the Foster procedure on each of these tw o terms one finds the 
network shown in Fig. 10. The left-hand resistance of 1 ohm is the 
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minimum of Z{jo») first removed. The otlier two resistances in the 
networks realizing the separate terms in etj. 120, are tlie remainder 
functions (like Z^CX) in the Brune process). In more complicated 
examples, these remainders would be dealt with in the same manner, 
5 ielding additional network elements and four subsequent remainder 
functions which in turn again receive the same treatment. After w 
cycles one has 2" network components like the ones shown in Fig. U). 
The price of avoiding mutual coupling is in genera! seen to be a rather 
large number of netw ork elements. 


XVH. Darlington’s Proc^kdiu^e Apiujed to the t'^NTHEsm of a 
Transfer Imped \>.(’e 

Here one begins with a .speeiti(*d ZvAjii)) = A’j, I\ % witli reference 
to the situation shown in Fig. 3. Suppose one is interest(‘d in a low'-pass 
prototype filter and has chosen the so-called Bulterworfh function 

= = (127) 

For n = 3 one tlau) lias, according to e(j. 55 with /f == 1 , 

"'■1^'''"" ■ I + „• - 

in which Zi(X) is the iiifiut imp(‘dance as shown in Fig. 3. Here 

H{-X^) = 1 - X^- (129) 

and the zeros of — an* seen tr> be* the sixth roots of unity. 3’he 
product of left half-plane factors yields 

mt + R.> = (X -f 1 ;(X“ -4 X -b I) = X=^ -f 2X2 d- 2 x + i ( 130 ) 

as the denominator of the input impedance Zi(X). 

In applying the Gewertz method to tin* determination of the numera¬ 
tor of Zi(X) according to eejs. 59, one observers that in the pres(*nt problem 
Ao = 1 and Ai = A 2 = Aa = 0 . giving 
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The desired input impedance, having the real part 128, therefore is 


Zi(Xj 


1 + jx + 

f + 2X + 2X2 + X* 


( 133 ) 


Synthesis of a network in this example is very simple because of the 
special form of the real part of Zi assumed at the outset (eq. 128). We 
are dealing here with a rc^al part whose minima are all zero and lie at 
X = 0 ^, a point on the j-axis. In cases where the minima of the real 
part of a driving-point impedance are all zero and lie on the imaginary 
axis, it is clear that the Ih-une procedure (like Darlington’s) will yield 
a lossless two terminal-pair network terminated in a single resistance, 
sinci‘ at the beginning of each cycle one removes a series branch having 
zero resistance. 
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Fi(}. 11. Nelwork whose traasf(*r impcdiiiicc is th<‘ Butterworth function of 
eq. 127 for n = 3 


When all the zeros of the real pait lie at X = 0 or at X = «^ further 
simplifications take place, with the result that the synthesis is completed 
through application of the preamble to th<* Brune method alone. Thus 
Zi(X) in e(j. 133 has a zero at X = ^ which can be removed by Foster’s 
method. 3’he inverted remainder again has a zero at X = oo, and so 
docs the inverted remainder after that, etc. The entire process is 
indicated in the continued fraction development 


Zi(\) 


_1 

|X -h 


I 

*x + _1 _ 

^X -J- 1 

1 


(134) 


wdiich possesses the realization shown in Fig. 11. 

The function 127 leads in every case to a simple ladder network of this 
form, with n equal to the total number of reactive elements. 


XVIII. C^aukh’s Method Applied to the Same Problem 
Again choosing the function 127 for n = 3, one has according to eq. 65 

1 




\m* - nVx-j. 


(135) 
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Here gi\) is simply unity, and h(k) * tn + n is found from the left half¬ 
plane zeros of to be 

h{\) = X* + 2X* + 2X + 1 (136) 

as in the preceding section. Equations (>8 then yield 

"=^~X^ + 2X^ "‘^“X» + 2X 


Considering the synthesis procedure discussed in Section XII1, it is 
significant to note that the zeros of ^12 all lie at X - oc (these are the 
double zeros of Re[Zi(ja))] dealt with in the pre\ ious s<*ction.) Since 
^22 = 0 at X = no shifting stej) is neede(i The development begins 
by removing the p(yle at infinity from I+ 22 . 'i'he lemainder at this 
stage will be zero at X = qc ^ and so again it is not necessary to carry 
out a zero-shifting step. It becomes clear that the syivthesis is accom¬ 
plished, in tliis case, through the ordinary hulder development of 222 
as in the Cauer procedure for reactance functions. 

The continued fraction expansion 


" 'J-\ 1 

flX + 1 

^X 


(138) 


leading again to the network of Fig. 11, accomplishes lh(‘ desin‘d (*nd. 


XIX. A (’onstant-Hksistan(’K Eilti:i{ (luore 

In the example of Section X\’1I the maximum of Ke[Zi(ja;j] is unity. 
Furthermore, the impedance Zj(X) found there is minimum n*active. 
Therefore 1 — Zi(X) = Z 2 (X) is sun^ly p.r. This complementary 
impedance is found from cq. 133 to ho 


Z2(Xj 


i\ + ^X* + X^ 

1 + 2X + 2X2 + X* 


(139) 


It is interesting to note that Z 2 (Xj = Zi(l/X), a situation that always 
results with the Butterworth function 127 because 1 — (this function) 
is the same as this function with w replaced by 1/w. 

The network realizing eq. 139 may be found through a development 
of Z 2 (X) similar to that of Zi(X) given by ecp 134, or directly from Fig. 11 
observing that X—> 1/X implies the replacement of an inductance by a 
capacitance of reciprocal value, and vice versa. The result is shown in 
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Fig. 12. The associated Zi 2 -function is complementary to that relating 
to the network of Fig. 11. The two networks placed in series at their 
input terminals constitute a low-pass, high-pass, constant-resistance 


3/4 



HENRYS, FARADS,OHMS 


Fifi. 12. N<‘lw()rk complonH'ntary to that of Fig. 11; tho sum of the driving 
point impedances of tliese networks is constant iZi 4- = Ij, as is the sum of the 

squari'd rnagnitinii's of their transfer impedances 


filter group. So do the reciprocal networks placed in parallel at their 
inputs. 


XX. The Same Tkansfeh Ftnition Healized thhough a Lossless 
Network mith Hesistan(t: Lovding at Both Knds 


Here the function / ’ of eep 7(i is .set etpial to the Butterworth func¬ 
tion; that is, for n = 3 


and according to etp 7S 


t ‘ = 


I 4 


p * = 


w 

1 + a-'- 


(140) 

(141) 


(’onstruftinK the nuiiu'iator and denominator polynomials of p(X) in the 
usual manner gives 

= 1 + 2X + 2X= + X’ 

and the input impedance to the lossless network, eq. 77 for Ri = 1, 
becomes 

1 + 2X + 2X® + 2X’ 

The process of realization follows the same pattern as in the example 
of Section X\T1. Thus the continued fraction development 
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Zx{\) = 

2X + I 

X +\l 
1 

leads to the network of Fig. J3. 


(1-J4) 



HENRYS, FARADS, OHMS 

Ki(j. l.'i Ix)Sitl(\ss c’oupliiiK nt'twork with rosistivo lon^liiig at l)«>th having 

tho same transfer inipodanec ns that in Fig 11. 


XXI. Hk.XLIZATION TlIKOt ^JI! \ (’aS(’\I)I: of .\mflifiku Staoks 

As sliowii ill Article X\’1II, the Hiitterworth function 127 for \Z 
(with n = 3) yields 

^i-..(Xj - I ^ -f 2x- + X‘ (X f 1)(X“ + X + I) 


which may be rei)res(‘nted ns the j)ro(lucl of tlir(*(» p.r. drivinjj; point func* 
lions, as follows 


1 2^ X ) 


X -f I 

X‘ -f X -h 1 


X + . X X + 1 


(lie.) 



Fig. 14. Cascafle of pentode amplifier .stages whose transfer function EtlE\ is 
equal (except for a constant multiplier) to the Butterworth function realized through 
the networks of Figs. 11 and 13. 


Thus the circuit of Fig. 14, in which the tubes are assumed to be pen¬ 
todes, yields another form of realization for this same transfer function. 
This form of realization (for obvious reasons) will always have minimum- 
phase properties. 
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XXII. Further Illustration of the Ladder Development 

Procedure 


Suppose the pair of impedance functions 

1()X* + 9X^+1 ^ ^ (4X2 + 1)(X2 + 1) 

- 2C,\‘ + 21X» + 3X’ 26X‘ + 21X» + 3X 


(147) 


are given, and a corresponding lossless two terminal-pair network is to be 
found through a ladder development of Zn carried out in such a w ay as to 
produce the zeros called for in 212 . The latter occur at X^ = — 1 , 
X* = —M, X = oc. In the ladder development of Zu, let the zeros of 
2 i 2 be produced in this order. 

The object of the first step is to remove a branch so as to yield a 
remainder w itli zeros at X = ±j. We begin by computing 


Zn{j\) 


1 - 9 -h If) 
i(3 ~ 21 -b 2i\) 



(148) 


Since this reactive value is negative (indicating that a negative inductance 
should be removed), v\e decide to shift to an admittance basis and remove 
a positive capacitance Ci = 1 farad from 1 ^Zu = ?/], leaving 


2X(X^ -h i)(r)X2 + 1) 
1()X' + 9X2 ^ ] 



(149j 


The impedance* Ihus has a pole at X ~ ± 7 . with the residue 


I()X' 4 9X2 ^ I 
2X(X -f i)(5X2 4-1) X.., 


1 

2 


(150) 


According to Foster’s procedure we removT a series branch with the 
impedance X/(X 2 4 - 1 ), leaving 


_ X ^ + 1 ^ j. 

X 2 4 - 1 2X'(5X2 4-1) t/3 


Next we must produce a zero at X = ± 7 ^ 2 * compute 


yzUi) = 


1 ) 

1 




(151) 


(152) 


whence the following step is to remove a shunt capacitance Cz = yz(j}i)/ 
(7''*i) *= 1 farad and have left 


X(4X2_-f 1) ^ ^ 
OX* 4-11 24 


yz - cjX 


(153) 
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Thus Z 4 has the required poles at X = ±p 2 with residue 

fjiX* ^ 1 

L4X(X+>i)Jx-y, 4 


(154) 


We remove this pole completely through taking out a st'ries branch with 
the impedance 2X/(4X’ + 1). leaving 


2X ^ 1 
4X* + 1 X 


(155) 


This remainder represents a final shunt capacitance nf 1 farad, which 
produces the remaining zero of Zu at X = «>. I'he resulting network is 
shown in Fig. 15. 



Fig 15 I^issU'ss two torrmnal-pair network having tho dm ing point and tranafor 
iinp(3diiin’(*i5 of 147. 


An altoriuitive network is obtaiinal througli taking tht* zoros of Zia in 
a (JilToront order. Suppose wo ohooso tho order: X ~ qc , X* = — J, 
X^ = — 34- before, tho prooodure begins with tin* nunoval of a 
shunt capacitance, but this time wo want the stop to bo zero producing, 
not merely zero shifting, llonco from \iz\\, wo rornovo the polo at 
X = oc completely. The residue in this pole is = 1.025; hence tho 
first shunt capacitance becomes cj = J.025 farads, and tho inverted 
remainder is found to be 


lOM -h 9X2 + I 
0.375X» + ir375X 


(150) 


Xow' w’o must shift a zero to the points X = ±y, so wo compute 


2l(il) 


_1() - 9 + 1 
j(-G.375 -I- 1.375) 


il.O 


(157) 


which indicates that one should next remove a series inductance U 
= *i(il)/il = 1 C henrys, leaving 

(5.8X » + 1J(:^ + 1) 

6.375X> + 1.375X' * ** 


z\ — hX 


(158) 
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The residue of l/z 2 = j /2 at X = is 


6.375X* + 1.375X ] _ 25 

G5.8V+ l)(X+i)Jx-y 48 


so the removal of this pair of poles reads 


1/2 - 


X 2 + 1 


5.8X2 + 1 



Next \\c compute 


23 (A) = i2.7 


(159) 


( 160 ) 

( 161 ) 


and hence 
leaving 


remove a series inductance /s = j2.7/j3^ = 5.4 henrys, 


— /^X — 


4X2 + J ^ ^ 1 

(i)X ^ 2/4 


(162) 


This y\ represents a final sluuit branch, producing the desired zeros of 
Zx 2 at X == 2- 6(‘ network for this development is shown in Fig. 1(3. 


I' o- 


1625; 


I 0“ 


16 


5.4 


25/24 ; 



O 2' 


HENRYS AND FARADS 


02 


FuJ. 10. Lo.Msh’sa two torminal-pair network equivalent (with respect to Z\i and 
to that in Fij;. 15. 


Although the networks of Figs. 15 and 10 have the same 2 irfunction, 
and the same ^i 2 -function except possibly for a difference in constant 
multipliers, it should be noted that their 222 -functions are not the same. 
Thus the 222 of Fig. 15 has only the poles of 2 ii and 212 (and the residue 
condition is consistently fulfilled with the equals sign), while in the 
network of Fig. 10, 222 has in a<ldition a pole at X = which is brought 
about because the zerivshifting steps here are represented by series 
inductive branches. 

It is not always possible to carry out the desired ladder development 
so that the residue condition among Zu, 222 , ^12 becomes fulfilled with the 
equals sign (because of the way in which the zero-shifting steps must be 
carried out so as to avoid negative elements) unless one is w illing to accept 
mutual coupling, perhaps even close coupling or an ideal transformer. 
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Summary 

This paper summarizes and critically examines the work of the prin¬ 
cipal contributors to basic communication theory. These developments 
provide a new way of thinking about transmission systems and furnish 
tools useful in evaluating their performance. In particular, this theory 
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provides a definition and a measure of the quantity of information in a 
message. It also provides a measure of the capacity of a communication 
channel to transmit information. These definitions and measures are 
shown to be common to all modulation systems and, therefore, provide 
means for measuring their relative efficiency and for explaining such 
phenomena as noise improvement in wide-band systems. 

In several of th(‘ basic problems of general communication theory, 
attention will b(‘ focused upon the concepts rather than the mathe¬ 
matical di^tails. It will not be feasible to review' completely the beautiful 
mathematical structure that Shannon has constructed, nor to do more 
than select those portions of the work dealing most directly with the 
basic conc(*r>ts. An understanding of the assumptions and the principles 
forms the background from w Inch new' problems are attacked and existing 
systems are ev4Mluate(l; a way of thinking about communication problems 
is provided which is at once logical and rigorous. These concepts are 
developed in t(‘rms of the statistics of messages, signals and iiitei’ference. 

I. InTKODV(’TION 

(’ommunication is one of man’s most widespread activities and is 
essential to his way of life. For this reason he has devoted a substantial 
[xirtion of his efTort to developing and improving means of communica¬ 
tion. As a result, then' is such a variety of communication systems 
that it is a difficult task to catalogue them and an even harder one to 
make up a definition applicable to all of them. 

One usually thinks of communication as a transfer of information 
from a source to a d(‘stination. llowevc'r, in its most general sense, 
communication exists wh(‘ne^'(*r the state of one (uitity (the destination) 
is influenced by the state of another entity (the source). Ihe reason 
for such an inclusive dc'linition is that, while investigating the funda¬ 
mental phenomena of such obvious communication systems as voice, 
music, and television broadcasting, principles have been developed which 
are directly applicable to other .systems where the information transfer 
process is not so obvious. Such systems include servo-mechanisms, 
control devices, radar, radio navigation systems, and computers. 

The primary purpose of this paper is to present concepts of informa¬ 
tion and informational capacity e.specially applicable to electrical com¬ 
munication with a view to developing criteria of excellence by which the 
performance of all electrical communication systems can be measured. 
By way of illustration, these criteria will be applied to an analysis of 
television picture transmission, and on this basis possible methods for 
reducing frequency bandwidth will he discussed. 
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II. The Development of the Theory 
/. Hartley 

The most significant early contribution to the theory is found in 
a paper presented at the International t'ongress of Tel(‘graphy and Tele¬ 
phony in 1927 by H. \\ L. Hartley.’ A tpiantitalive measure of the 
information in a message was developcnl, a])pli(*able to both code and 
voice transmissions, and bast'd on it, a measure of tlie capacity of a com¬ 
munication channel in terms of its bandwidtii was dt'iived. Further 
research has altered these results only to tlie t'xtcTO of clarifying the 
concei)t of a ^^symbol’’ when noise is prtsent, and rt'iuoving from the 
theory the implicit limitations of amplitude modulation. 

Hartley considered a message to be a seiiut'nce of choict s of possible 
symbols. In Morse code the symbols are th(' dot and dash. In teletype 
code the syml)ols are on and olT. In a continuous signal, such as music, 
the symbols are the successive amplitudes ol th(‘ signal wave. If there 
are s different symbols available at each of n successive independent 
choices, th(‘ number of difT(*r(‘nt sequences that might be selected is 
In teletype with 2 symi)ols, on and off, and 5 choic(*s per code group, 
there are 2*'* = 32 different code groups. 

A measurable characteristic of a message is that it is one selected 
from a certain number of po.ssible messages. d'lu‘ largca* this numb(‘r of 
possible messages, the more information is convc'yi'd by om*. Th(*refore 
the number of jHissible messag<*s is a measure of tlu' (juantity of informa¬ 
tion in a single message. For (*\ample, a page of ti‘\t in Jhisic haiglish 
has less meaning than a similar (piaiitity of standard English b(*cause 
the latter, having more words, has a more exact meaning for each, and 
hence can express a meaning more precis(‘ly in a given numb(*r of words. 
Hartley chose not to u.se this measure directly, however, because he 
also desired that the information rneasun* be proportional to the length 
of the message. This also is in accordance with e.xperienci*, since we 
expect two pages to contain tw ic(* as much information as one. Since the 
length of a message is proportional to the number n of ciiaracters in 
it, we have 

// = information = Kn 

where /iC is a proportionality constant. 

For two messages of different length, constructed from a different 
number of symbols, but both selected from an equal number of possible 
messages, it is convenient to describe them as containing the same 
quantity of information. 
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Let 

H\ = KiUi = Ih = ^2712 

Therefore, 

Kj ^ 712 ^ l 
K 2 ni log,s *2 

and K must have the form 

K = A'o log .s 

giving 

// = K(^fl log .S' 

Ko may he ahsorlxul in the base of th(‘ logaritlim, lienee 
// = n log .s = log .s" = log M 

where M is tlu* numher of possible messages. 

It is evid(*nt, therefon*, that in order to make the measure of informa¬ 
tion content proportional to the length of the nu'ssage, and also a func¬ 
tion of the numix'r of possiliie m(‘ssages, the appropriate measure is the 
logarithm of the number of possible nu'ssages. 

Having set up a suitable measure of information in a message, Hartley 
tlien attempted to find how rapidly nu'ssagc* symbols might be sent 
through a chanm*! of limited bandwidth. Assuming that .s, the number 
of available symliols, is li\(‘d iiy ttie character of the source of information 
or by other factors, it is necessary to detca-mim* n the number of symbols, 
which can be sent in a p(*riod of time eipial to the message duration; 
in other words, the rale at which symlxds can be transmitted. 

A restricted fr(*(|U(*ncy range* or bandwidth in a circuit implies the 
presence of reactive* e»le*ine‘nts, eithe*r inductive* eir capacitive. This in 
turn implies the storage of energy in magiu*tic or electric fields when a 
message symbeil is receiv(‘el Sine*e the stoirel (*nergy can be elissipated 
only at a finite rate in any physical network, there is a minimum allowable 
time between mt'ssage symbeils. ddiis minimum time is the time neces¬ 
sary for the energy stored by one symbol to be sufficiently dissipated 
so that the next symbol following may be re.sulved. 

In order to find out how the rate at which symbols can be trans¬ 
mitted depends upon the network bandwidth, Hartley analyzed the 
effect on the intersyrnbol interference of changing the bandwidth by 
varying the reactance of the elements. In general, we can state that 
any transformation in a network which causes its response to occur at 
time t k instead of time /, and therefore causes the disturbance following 
a symbol to be damped out k times as fast, will permit the symbol rate 
to be multiplied by k with the same interference. Since the response of a 
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linear network can be expressed as a sum of terms such as 

i = cos (a)/ — B) 

it is easily seen that multiplying a, the damping constant, and w, the 
resonant frequency, by k, this result is achieved. From filter theory, 
this corresponds to dividing th(‘ reactance of the elements by k and 
leaving their resistive parts unchanged, which means multiplying the 
bandwidth b.N k. Therefore, in so far as the effect of limited bandwidth 
may be represented by an en(*rgy-stonng el(‘ctrical network, the symbol 
rate and, therefore, the rate of transmission of information, is propor¬ 
tional to the bandwidth 

In rec(mt years it has become evident that certain features of Hartley's 
work re(piire extension in order to })ermit ade(|uate (‘valuation of all 
factors. The definition of (plantity of information in a nuxssage depends 
on the message b(‘ing construct(‘d by (‘boosing from a finite number of 
discrete symbols wlu're th(' in(‘ssage consists of a defimt(‘ number of such 
selections. In the case of speveh or any other continuous message 
function, an exact specification of the nuxssage would involve an infinite 
number of lev(*ls or symbols from which to choose. This would seem 
to imply that an infinite (piantity of information is contain(‘d in a con¬ 
tinuous message function. However, this is contrary to common (‘\peri- 
(mce. It is evident that one or more factors exist which limit r(*(‘()gnition 
to a finite number of lev('ls or symbols. 

A further jirolilem aris(‘s in conn(‘ction with Hartley’s discussion 
of the informational cajiacity of a giv(‘n fr(‘(piency band. The mod(‘l he 
employed to repri'sent a transmission channel of limif(‘d bandwidth is an 
(4e(’trical circuit, and it is d(‘monstrat(Ml that multiplying the bandwidth 
of this particular circuit by /, permits sending symbols k times as fast 
with the same relative interference. (Vmsecpiently, the demonstration 
applies only to the relative allowable symbol rate of two circuits of the 
same (‘onfiguration but with difTc'nmt bandwidths. It does not apply 
to circuits having different c(mfigurations, nor does it apply to any 
channel of limited bandwidth, .since it cannot be repre.sented as an 
electrical network. A final difficulty in the analysis is that it is only in 
amplitude modulation that the information rate is equal to the signal 
symbol rate. In more complicat(‘d systems, (‘.specially coded mcxlula- 
tion, a signal symbol may contain eith(‘r more or less information than 
was contained in the original mes.sage symbol. 

2. Gabor 

An interesting exten.sion of Hartley’s analysis w^as made by D. 
Gabor^ who proceeded to place the tlieory on a quantitative basis and 
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develop the essential uncertainties in the concepts of bandwidth and 
transmission time which are basic in communication. Unfortunately, 
as will be discussed below, he implicitly neglected Hartley’s definition 
of information, thereV)y restricting the utility of his results to noncoded 
transmissions. 

Gabor assumed that the message to be transmitted may be represented 
as a continuous function of time limited to a period T. Such a function 
can be represented within T by a Fourier scries in which the terms are 
separated in freciuency by 1/7’, the terms extending to infinite frequency. 
The message may be represented by the coefficients of the series instead 
of the original function of time. In any case, if the message is now* 
confined to the bandwidth —/i), there will be (f> — fi)T sine terms 
and (/'2 — fi)T cosine terms, or 2(/2 — f\)T coefficients in all. Hence, 
a message limited to a period T and a bandwidth W is fully represented 
by just 27’IF numbers. Such a message can, therefore, convey the data 
represented by 27’ IF numbers and no more. This argument satisfies 
some of the objections previously made to Hartley’s principle because it no 
longer depends upon the configuration of a particular network and it 
removes from t he th(‘ory t he imprecise concept of intersymbol interference. 

It is implied in Ciabor’s work that all messages consisting of the 
same number of symbols contain the same amount of information. This, 
as in Hartley's work, implies only certain kinds of modulation, because 
messages of the type considered are of the form, say, of successive ampli¬ 
tudes of an amplitude-modulated speech wave only. In the general 
case, however, the signal to be transmitted may have a much more com¬ 
plicated relationship to the original message than the output of a micro¬ 
phone has to the sound waves reaching it. For example, if the successive 
speech amplitudes are represented by numbers, it would be possible to 
send all these numbers as a single voltage level whose amplitude in some 
measurable units gives the same succession of numbers. 

It will be evident, as further developments are discussed, that the 
utility of Gabor's analysis remains essentially limited because of the 
preceiling implicit assumption and the neglect of the effects of noise in 
the communication system. However, we are indebted to Gabor for an 
extended treatment of the bUvsic uncertainties in the meaning of band¬ 
width ami time as used in these discussions. Inasmuch as communica¬ 
tion signals have both time duration and frequency spectral properties, 
they may be plotted as areas upon a frequency-time plane. If the time 
duration of a signal is exactly specified, then the area is sharply defined 
along the time axis, but is unbounded along the frequency axis. Similarly, 
if the frequency extent of a signal is exactly specified, the time duration is 
uncertain. Upon these properties, so similar to the uncertainty relations 
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existing in quantum mechanics, Gabor has constructed a similar mathe¬ 
matical approach. Effective duration and effective frequency width 
of a signal are defined by the rms deviations of the signal from the mean 
epoch and the mean frequency. Aside from these statements, the 
further development represents an interesting digression from the prin¬ 
cipal channel of this paper. 

S. Taller 

In the discussion of Hartley's ^^o^k, it was shoun that the informa¬ 
tion conveyed by a single symbol or datum is proportional to the loga¬ 
rithm of the number of different values it may hav(‘. Hartley did not 
carry this idea over into his analysis of c hannel capacity, aiiparently 
because at that stage of development the connection bc'tween random 
disturbance in the channel and number of possible symbols was not 
known. The problem, then, of evaluating lh(‘ inform.ition contained in a 
message of T seconds duration in a bandwidlh of lb cycle's per secamd, or 
the capacity of a communication cliannel \V cycles p(*r secamd in width 
available for a p(‘riod 7\ reduc<*s to one of tinding the number of different 
values which may be assumed by the signal. This was demonstrated 
by Tuller,'* who pointed out that, using Hartley's criterion, an infinitely 
large amount of information would be* contained in a signal which could 
be measured with an infinite' dc'gree of ))rccision. 1’he transmission 
could therefore take place at an infinite rate through a channel if an 
infinite number of inputs could be correctly rt'cognizc'd at the output. 
The output signal need not be identical to the input signal, however, 
for if the channel alters the signal in some known fashion, j)recise knowl¬ 
edge of this change will permit recognition of the original signal. If, on 
the other hand, the signal is chang<*d in some unknow n or random fashion 
the number of input signals which may be n'cognized and the capacity 
of the channel become finite. 

The finite capacity of the channel may be expressed in t(‘rms of the 
relative magnitudes of the signals and of th(' fluctuations which are 
imposed upon them during transmission. Tuller postulated that if the 
fluctuation is of the nature of random noise a change in signal amplitude 
can be recognized only if it is at least etjual to the rms value N of the 
noise. If *S is the rms value of the signal, just (1 + S/A^) different 
signal symbols can reliably be recognized. Furthermore, these symbols 
may occur at the rate of only 2 lb per second, because that quantity 
describes a signal confined to the bandw idth W. 

Hartley’s expression for the information H contained in a message 
containing n symbols, w here s different symbols are available, may be 
written 
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^ = log S" = n log S 

where n = 2TW 

« = 1 + S/N 

as given respeeiivoly by Gabor and Tuller. Then 
// = 2T\V log (1 + S/N) 

which is the modified or new Hartley law. It is thus seen that the 
capacity of a channel will increase if the signabto-noise ratio is increased. 
Further, the law' implies that neither bandwidth, signal-to-noise ratio, 
nor time alone, inherently limits the channel capacity. A given message, 
originally transmitted at a certain rate, occupying a certain bandwidth, 
and having a spe(‘ifie(l received signal-to-nois(‘ ratio, can be transmitted 
with any two of these factors reduced by any desired amount, provided 
the third factor is correspondingly increased. The form in which the 
modified Hartley law is stated must not be taken in such a way as to 
lead to the conclusion that these factors, time, bandwidth, signal-to-noise 
ratio, can be varied at vNill, as th(‘ degree to which the magnitudes may 
be varied depends upon the modulation system employed. In amplitude 
modulation, for example, the channel bandwidth should be e(iual to the 
message bandwidth. F('r a given message, a greater channel bandwidth 
does not improve the transmission and do(‘s not permit use of a lower 
signal-to-noise ratio. A channel bandwidth narrower than the message 
bandwidth will inevitably result in loss of pait of the information, and 
this loss cannot b(‘ pnwented by raising the signal-to-noise ratio. 

A portion of Tuller’s i)aper describes a system capable of infinite 
information transfer rate in a noiseless channel, as indicated in the 
modified Hartley law. To support this contention he uses the idea of a 
low-pass (ilter to represent the channel ami states that the filter transfer 
characteristic comjiletely determines its output for a given input. By 
making measurements of the outinit, the input signal can be reconstructed 
and hence, for any single input pulse, the outjnit will be known at any 
subsequent time. It is then pos.sible to sulitract from the channel out¬ 
put that part due to left-over energy of previous pulses or signals, and 
so recognize each output separately. 

1'here are several weaknes.ses in an analytical scheme based upon 
ideal filter theory. First, in sfH'aking of a channel of limited band¬ 
width, one implies that adjacent channels may be u.sed for other trans¬ 
missions without interference. The attenuation of the filter would have 
to be infinite outside the pass band, since noi.seless transmission is 
assumed. According to the Paley-Wiener' criterion, such a filter is 
not even a theoretical possibility. Tuller recognizes this in another 
part of the paper and states that he uses such a filter only as a first 
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approximation. However^ in dealing with noiseless systems, this 
approximation does not suffice. 

If the required ideal filter were realizable, and if it is required to 
recover the input exactly, then there must be a one-to-one correspondence 
in waveform between input and output. If the input contains com¬ 
ponents out.side the {lassband, these components will not appear in the 
(Hitput, h(‘nce no one-to-one correspondence ill exist. Therefore, a 
knowlenlge of the output will not permit complete rei*ognition of the 
input. 

In the exampl(‘ under discussion, tin* form of tin* pulses is invariant 
so that the spectral components outside the ]>assl)and are not inde¬ 
pendent of the components within the passband. Hence, the latter 
together witli the filter characteristics are suflicie-.it foi a complete 
specification of the signal at the receiver. 

It must be emphasized, however, that tin* magnitude's of the trans¬ 
mission factors are not in'ce.ssarily int(*rchai.g(*abl(* in any modulation 
system. In gcn(*ral, only coded .NV.stems (*\hibit this fle\il)ility. The 
new' Hartley law (‘stablishes theon'tical limits of rate of transmission 
which may be* rc'alized only by a parti^’ular type* eif modulation. 

(i old man 

A valuable* contribution to the the*ory e>f e*ommunie*atie)n was made by 
Stanford (loldman*' whose* work cemsisteMl iirincifially in providing an 
intuiti\'e* e*\planation of some* of the* physical aspe‘(*ts eif the* ine)difi(*el 
Harlle*y law. He* pointe'd out that a signal limite*el to a baiidwielth W 
and duration T can l)e* de*scribe*el by various se*ts of 2T\V numbers. These 
may be*, as in d'ullcr’s pape'r, the amplitueie*s eif the* signal e*very l/2ir 
seconds, or the*y may be* the* coefficients e>f the sine and cosine* terms of a 
Fourier se*rie*s. The*y may also be* the* 7'If' amplitudes anel 7’If' phase 
angles of a Fourier serie*s. 

(loldrnan went beyond Tuller in putting the* re*e*ognition of signals in 
the presene-e of noise on a proViaf/ility basis. He elefine*d the noise level 
e)f a signal as the preibability that, feir a given average neiise jieiwer, the 
ree*eiv(*el signal is neit a mes.sage but merely a flue'tuatiein. Hy using the 
characteristics of random noise, he showf*d that this preibability depends 
only on the average signal power and not on its distribution in time or 
frequency. 

Goldman’s w ork in this respect does not apply directly to ordinary 
communication systems, because here one is concerned with a given quan¬ 
tity of information on the average received in spite of the noise —not 
with the case w here the entire signal is obscured. 

A valuable feature of this work is the physical explanation of noise 
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improvement in wide-band systems. The new Hartley law indicates 
that it is possible to transmit messages at lower signal-to-noise ratios 
by increasing the bandw idth. The mechanism by which this is accom¬ 
plished is the introduction of a certain coherence, or predictable relation¬ 
ship among various parts of the signal, which amounts to a redundancy, 
either in the frecjuency domain or the time domain. 

Another phenomenon mentioned by Goldman is that of the threshold 
effect in wide-band systems. If the modified Hartley law’ is examined, 
it is noticed that the quantity of information, considered as a function 
of the signal-to-noise ratio, changes most rapidly for small values of 
signal-to-noise ratio. This means that the maximum information that 
can be transmitted through a channel of a given bandwidth decreases 
very rapidly below a certain value of signal-to-noise ratio. If one con¬ 
siders the mechjinisni described above for noise improvement in wide¬ 
band systems^ it becomes apparent why this happens. I'ach separate 
sideband operates at a noise level higher than the overall figure. The 
errors of the spectral comiionents an* corr(‘ct(*d by comparison with each 
other, and the chance that all are wrong (perturbed) in the same manner 
at the same time is snudl. 

As the noise level ris(‘s tlu* various sidebands become more and more 
perturbed, and their relationship in phase and frequency, which was 
established by modulation in the* transmitter, becomes less evident. 
Kvcntually, the lev(‘l of coherence becomes too low for the detector to 
distinguish, and th(‘ nois(' discrimination prop(*rty becomes lost. 

Goldman explains this phenomenon somewhat mathematically in the 
following manner. Jf the signal-to-noise level of each sideband estab¬ 
lishes a probability p ip < I) that the signal is merely noise, then r 
repetitions in r sidebands r(‘duce this probability to p^. It is readily 
seen that as p ris(\s, p" ris(‘s very rapidly, and the total output becomes 
very noisy. 

o. Coded Trans7nif<si07}f( 

Tuller developed two other concepts of great importance in informa¬ 
tion theory: the concept of coded transmission and the concept of the 
maximized information function. 

If one examines the various methods of modulation, it is found that 
there are tw o general classes. In the uncoded systems one symbol in the 
message is transformed into one symbol in the signal. For example, in 
amplitude modulation each possible amplitude of the intelligence to be 
transmitted results in a particular amplitude of radio-frequency signal, 
while in pulse-time modulation each possible amplitude of intelligence 
results in a particular pulse position. 
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There is another class of modulation systems, the coded systems, 
of which pulse-code modulation is the best-known example. In the coded 
systems each message symbol or amplitude is transformed into a number 
of signal symbols. Systems iilso exist w here several message symbols are 
tran-sformed into one signal symbol. 

Tuller shows, in a gf'neral way, tha^ only with codc*d systems is one 
able to achieve full exchange of bandwidth for signal-ti>-noise ratio. 
The modified Hartley law’, 

// = 2WT log (1 + S/X) 

gives the information capacity of any chaiimd of bandwaith \V, signal-to- 
noise ratio A’, and duration T. In a conuniinication system one com¬ 
monly refers to two such cliannels: the primary infoimation channel- 
before modulation or after detection and the transmission channel. 
If ir, aS, and A' refer to the fornau’ and ir', (’ (lor carrier), and A"' to the 
latter, one can write for an ideal ca.NC. 

2W7' log (1 4- N A’) = 2ir'r log (1 + C/X') 

from which 

(I -t. s X) - (1 -h r v')»*’vu 

Here W' 'W is the bandw idth (*\pan.sion factor, and tin* second expression 
.shows how th(‘ S/X ratio can he incr(‘as('<l, al haist id(*ally, l)y increasing 
the bandwidth. One can now invesligat(‘ 
the extent to which various systems oj 
modulation can attain this improvenuMit 
If the hamlwidth in an uncoded wide¬ 
band system is doubled, the transmission 
symbol can be located twice as accurat(‘ly. 

This will be illu.strated for pulse-time modu¬ 
lation. In Fig. 1, 5 is the time uncertainty 
in the position of the puls<‘ due to noise 
Since the ri.se time of the pul.s(* is about 
I/IF', the time uncertainty 6 = 1 Il 'tO A '). For an rms time uncer¬ 
tainty 5 and a maximum pulse excursion L, there are L/d di.screte posi¬ 
tions of the pulse, or .symlails, which i.s the .same as saying that the 
signal-to-noise ratio S X = L d. Hence 

aS.A' = L\V'{C/X') 

which means that the signal-to-noise ratio i.s proportional to the band¬ 
width and hence proportional to the bandw idth expansion. This is not 
nearly as large an increase a.s the Hartley law* states i.s possible, and 
it can generally be show n by similar argument that uncoded systems like 
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pulhe-time modulation arc inherently incapable of achieving elBcieni 
exchange of bandwidth and signal-to-noisc ratio. 

C’odcd systems, on the other hand, can be made to take full advantage 
of added bandwidth. For example, if tiie bandwidth is doubled, twice as 
many signal symbols can be transmitted in a given time. If each message 
symbol is now iej)res(‘iit(Hl by two signal symbols, and each one has 
(1 + C/S') possible* values, tlie combination of two symbols has (1 -f- 
f'/possible* value's, which is the same as saying that 

(1 + N A') = (1 -i- T/A^')' 

whe*rc tlie* expone'ut is the* bandwielth expansion factor. In general, 

(\ + s X) = (1 +rvA")»^'« 

is the* relatiousliip governing the* noise imj)rovement which the Hartley 
law slate's is possible*. 

In summary, tlie two e'\am])le's che)se*n yield a linear increase in 
signabtei-noise* ratio with an uncoele*el system, and an experiential increase 
lor a ceiele'd svste'in as the* bandwielth is incre‘ase*el. This is the real mean¬ 
ing eif the* Ilartle'V law 

6*. Tfi( MajDfuzi (I Informaiioti Function 

The* Hartle*y law state's the* maximum amount eif infeirmation which 
e’an be* transmitte*d threiugh a transini.xsiein link, but neit how' much 
informatieui actually is e'ontaim'd within a particular mexssage vvhie*h is 
transmitte'd. It has be*e*n slieiwn that the significant point about a 
partie'ular ine'.-^sage* is that it is .se*lee*te*el fremi a set eif possible messages. 
The*re* are* many case's where* all me.ssages are not e*fiually probable. In 
1 'ngli.di, for e*\ample*, all the lette*rs eh) ru)t oce*ur with equal freepiency. 
In fact, for me*s.sage*> of great e'ne>ugh le*ngth, eine e*an ordinarily predict 
the lette'r tre*e|ue*ncy. Iur(herme)re, erie e*an alse) pre*dict the frequency 
with which eine* letter will lolleiw any e)the*r le*tter; feir example, u always 
feillows 7 , h freejue'iitly te)lle)ws /. d'his has the* e*lTect of reducing the 
true* information e*onte*nl, be*e*ause part e»f the message is devoted to 
telling us something we kiuiw the probability structure of the Knglish 
language*. lie*ne*e, a charmed with .suflie*ient capacity to transmit the 26 
letters of the alphabet at a (*e*rtain sj)ee*el with no erre)rs actually uses 
more banelwielth than reeiuirinl. This is well illustrated by the fact that 
if a message is received through a channel e)f lower transmission capacity, 
say a noisy e*hannel, and the received message is garbled, one can usually 
determine from a knowledge of Knglish what the original message vvas. 
Shannon, whose work will be discussed in considerable detail later, and 
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to whom the illustration with Fnglish is due. states that a message in 
English can usually he deeiphereil with half the letters missing. 

From the foregoing, it can he eoneluded that if part of the message 
is devoted to information concerning the prohahility structure, and if 
the prohahility structure is already known, the message will not he 
transmitte'd efficiently. Hence, the most efficient form for the message* 
is one in which the prohahility structure is not transmitted, i.e., wh(*re 
the parts of tiie me.s.sage are independent or random. Only noise is of 
this nature. For this n‘ason the type of message* which uses trau.s- 
mission facilities most (‘fliciently is of the form of random iioi.se. 

?. Ha ml width a fid Tiini' 

Tliere is one disturhing leature in all the* anaiy.s(‘s which have* he*e‘n 
presented. Fr(*(juen1 mention lias h(*e*n made* of nu‘ssage‘s conhne'd te) a 
certain hand and of a ce*rtain duration and of ch;mne*ls of a c(‘rtain hanei- 
width, available* feu* a ce'itain time*. As ha^ o(‘(‘n i<‘e‘ognize‘d hy seune 
writers, these concepts are* not pree*ise. 

A in(*.ssage* e)r signal e'anne)t he limite'el pre*e*ise‘lv m he>th time* anel in 
frequency range; a I'euirie*!* seri(*s e)f a finite* nund>e*r e>f te‘rms always 
e.vtenels in time from minus infinity te) plus infinity. Fids e*an he* s(*e*n 
me)re' easily hy using tlie* the‘e)re*m that a signal e‘e)nfine‘<l witliin a e*e‘rtain 
l)andwidtli may he e*\ae‘tly synthesizeel hy placing, at j)oints 1/211' 
sece)nds apart em the* time* se*ale‘, pulse*s e)f the* fe)rm sin 27rH7 2ir\\ t having 
the same amplitiiele* as the* e)riginal signal.*' 1 ae*h of the‘se* pulse*s is e)f 
zero amplituele at all e)the*r j)e>ints 1 211' s(*e*e>nds apart, hut has a finite 
amplitude* he*twe*e*n sue*h peiints e)ve*r the* (*ntire* time* se'ale* l>e)th within anel 
without the e)riginal signal eluratie)n. On the* e)the*r hanel, using the* 
Fe)urier int(*gral, it is simple te) she)w that any signal e)f finite* eluratie)n 
has an infinite* fre*e]ue*ne*y range. 

Similar e*e)nsiele*ratie)ns apply te) transmi.ssion cliannels. Ae-tually, 
to say that a channel is e)f a e‘e*rtain hanelwieltli, available* for a ce*rtain 
length e)f time, implies that other fre*ejue*ncies anel times may he* use*d fe)r 
other signals without interfe‘rene*e. In an (*ngine‘e*ring se-nse*. it is ne)t 
difficult te) elefine the*se limits in te*rms e)f the* inhe‘re‘nt ne)ise‘ alre*aely 
present in adjoining freepiency and time hanels. 'hhis is not satisfacte)ry 
for a preci.se. generalizeel stuely, howe*ver. 

The stati.stical view e)f the pre)p(*rtie.s of message’s anel ce)mmunicatie)n 
channels avoids these difficulties hy u.sing limiting pre)e*esse*s in the? 
various definitiems. Thus, for example, in Shanne)n\s de*finitie)n e)f 
channel capacity it will be noted that a th(‘e)retical inHpe(*tie)n e>f the 
system for an infinitely long time is required in oreler to rnea.sure the 
channel capacity. Under such conditiems the ie)int uncertainly in hand- 
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width and time discussed by Gabor is not pertinent, and it is permissible 
to speak of bandwidth ith certainty, since the time duration for trans¬ 
mission is not exactly specified and is of no particular concern for this 
type of discussion. This may be clarified by considering transmissions 
in pulse code modulation \\here the pulses are of the form sin 2irfT//27rir^ 
as discussed above. The rate of transmission of messages by use of such 
symbols will be given by some close approximation to the modified 
Hartley law, although in theory the contributions of all these pulses will 
remain in the channel for an infinite time. 

8. WicTier 

K(*(*ognition of the fact that the problems in communication engineer¬ 
ing are fundamentally statistical in nature is due largely to the work 
of Norbert Wif'uer, We shall mention only references 7 and 8 which 
have* appeared in book form. 

The recent war initiated the work on anti-aircraft fire control which 
recpiired statistical analysis of eh'ctrical data at a rate far too high foi 
any but automatic computation. As a result, Wiener was initially 
involved in the problems of filtering and predicting electrical data plus 
perturbing noise which was available for fire control purposes. This 
w^ork is described in detail in reference 8. The other work,^ deals with 
the much larger (piestions of the unity of the problems of communication, 
control and statistical mechanics for both the machine and the living 
organism. Much of the work is outside the scope of the present paper, 
and only (diapter 8 of reference 7, entitled ‘‘Time Series, Information 
and Communication,’' will be dealt with here. However, it is precisely 
in the interrelations of scientific fields and the application of the tech¬ 
niques and concepts of one science to another where the principal appeal 
of this work lies. Unfortunately, once the reader has left the philosophi¬ 
cal portions of the text, he is likely to find himself bogged down in a 
morass of mathematical complexity where the path is in no way smoothed 
by the extreme conciseness of the presentation. 

With respect to the subject in hand, two basic topics are developed 
in Chapter 3 of reference 7. These are first a quantitative definition of 
information for a particular situation and secondly, a measure of the rate 
of transmission of information. It is stated at the outset that a class of 
phenomena included in time series and the associated apparatus dealing 
wdth time series have to deal with the recording, presentation, transmis¬ 
sion, and use of information. The concept of the measure of information 
is based upon the simplest unit, namely that involved in making a choice 
between two simple, equally probable alternatives. Considering the case 
where the probability that a certain quantity shall be between x and 
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X + dx isf(x)dx, then a reasonable expression for the amount of informa¬ 
tion* associated with the curve/(x) is 

[IoK>/W]/(x)</r 

It is of interest to mention the background for such a choice, as 
briefly related by von Neumann'* in a rt'view of “tCybernetics.’^ I'he 
measure of information given above is etjuivalent (except for sign) to the 
definition of entropy given in statistical mechanics. This phase of 
thermodynamics lias had a lengthy history for the physi^dst and engineer. 
In the same way that entroj)y measures the degree' of disorganization of 
a system, or is proportional to the logarithm of the numl)(*r of alterna¬ 
tives possible for a physical system after all the macroscopic measure¬ 
ments have b(‘en recorded, so now the id(‘a of the quantity of information 
is related to the choice' or number of alternativ s in the sc'h'ction of a time 
series. In the discussion of the work of Sharnon to iollow, a more com¬ 
plete and logical deri\ation is mad<' and the discussion of this point is 
accordingly deferrt'd 

Wiener then considiMs the g(*neral probh'in in which a set of obse'rva- 
tions is made on a r<*cei\ ed set of message's plus noise. It is desired to 
ascertain, given the' probability distribution of the n'ceived signals, how 
much information can be obtained concen-ning the messages alone. 
Although a formal solution is indicati'd, it is not in a ust'ful form, and 
\xc shall refer to the* work of Shannon as suggested by Wi(‘n(*r. 

The final j)oint of int(*rest is the deri\ation of the* rale of transmission 
of infoi Illation for the case* of me'ssages and neiise* ha\ ing known statistical 
propertie's but de*ri\ed from a source* with the ranelom preiperties of 
Brownian motion. The resulting expressiein is similar in form to the 
modified Hartley law as give*n by Tuller anel (loldman. This also is in a 
form not directly apiilicable to the problems of the engineer. 

In summary, much of the basic philo.sophy of the* theory of ceimmuni- 
cation is given by Wie*ner, although not in a feirm essential tei the needs of 
the practicing communications engineer. The more readily understand¬ 
able developments are those given by 1'uller, (loldman, Shannon, and 
others, and it may be noted that it is probably not a eoincid(*nce that 
these men \vere associated in some manner with Wiener in their work at 
The Massachusetts Institute of Technology. In calling atUmtion to the 
economy of presentation for the subjects of information and communica¬ 
tion, it is not intended to minimize Wiener’s contributions to the field. 
It is better to say with von Neumann that ‘Mt is hoped that some feeling 

• Wiener states that he here makes use of a communication received from J. von 
Neumann. 
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of the book’s brilliancy as well as its bounds may have been con¬ 
veyed in the above sketchy remarks.” 

III. The Synthesis of the Theory 
1. Shannon 

We turn now to the work of Shannon, who put all the previous work 
on a sound inath(‘inatical [)a.sis and (‘arried it much farther. Shannon’s 
work has Ihhui pr(\s(‘nted in tlir(‘e papers. Th(‘ first was delivered at an 
IKIO Symposium, No\ember 12, lt)47; this included a derivation of the 
modified l!artl(\y law, based on f»(‘oin(‘trical intuition, and contained a 
discussion of som(‘ of tlu* important implications of the law. The 
s(‘con(l'' is an (‘.xpamhal version of the first paper, ^h ing the proofs of the 
unprov(‘d theonuns giv(*n in tlu‘ first paper, and introducing the ne\v con¬ 
cept of entrop> as a iiK'asure of information. Th(‘ final paper^’ presents 
the compl<‘te llieorv and r(‘pres(‘nts th<‘ most advanced account published 
on tli(‘ transmission of information. 



bu.. 2. 'rh<‘ ncncr.’il cruniiiiinication sitiaUion. 


It is worth wliile to discuss the first two papers in some detail, not 
only be(*aus(‘ of th(‘ mwv principles presented in them, but because the 
attack is (entirely dilTen'nt from that of the authors previously mentioned. 

A communication syst(*m consists of the various components shown in 
Fig. 2. Th(* information source may be, for example, a i)erson speaking, 
a phonograpli record, or a scene to be t(‘levised, any of which produces a 
message, 'fhe mes.sagt’ geiK'rally is a s(*(|uence of symbols or of ampli¬ 
tude's which follow ('ach othe'r in time, i.e., a time series. If the message 
is not already arranged in time, as for example, on the phonograph record 
where the arrangenu'ut is along the grooves, it is converted into a time 
se'cpK'iice by the eepiipment. 

Tlu're art' two principal classes of mes.sages. One class uses a finite 
numlxu* of symbols as mt'ssage elements, code systems such as Alorse or 
teletype being the most obvious examples. Messages in the second class 
are continuous functions of time, such as .speech or music. 

The signal is the electrical representation of the message. The essen¬ 
tial point is that there is some definite relationship, possibly very com¬ 
plex, between message and signal. The signal also is a time series, i.e., a 
function of time. The transmitter forms the signal from the message. 
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The noisy channel transmits the siKiiul, meanwhile perturbing it in a 
manner which has previously been discussed. 

The purpose of the receiver is to reconstruct the message from the 
pe’'turhed received signal. 

The destination is tlH‘ object or person to whom the mtsssage is 
directed. A complete discussion (»f : (‘ommunication syst<Mn should 
include the characteristics of the destiiiation, bi'cau.se there is no object 
in designing and const?*ucting a .system to transmit nu'ssages which can¬ 
not be utilized. If, for (‘xample, the .systcun is oiu* (h'.^igned to transmit 
pictures by wire for use in newspapers, the .system shoiilu not be called 
upon to reproduce tones and resolution very much grealta* than can be 
utilized by the newspaper phot(»-engravii'.g proce.ss. lha'ause Shannon’s 
work is perfectly gcuunal, lu‘ do(‘s not deal with iht' ch.iracteristi(*s of th(‘ 
destination, or, for that matttT. \\ith the meaning of the me.ssagt*, but 
confines the communication probhun to one o! tran.sharing a giv(‘n m(‘s- 
sage from .source to destination, (labor ami v»th(‘rs. on tlu' ollaa* hand, 
gave considerabh' attention to utilizing the eharact('ristics of human hear¬ 
ing to con.s(‘rve bandwidth and actually d(‘signed and (►ptoatisl systems 
of a(le(|uat(* tidelity using (‘xtremely narrow bands. 

In a maniH'r similar to that of (loldman. Shannon shous that a signal 
of duration T and bandwidth \V can be sp(*ci(i(‘d (‘xaetly by a s(‘t of 
27’ll’ numbers; (‘,g., its value at instants 1 211’ scaamds apart in time. 
This signal can th(‘r(»fore lx* thought of as a single* |)oint in a 27’ir-dimen- 
sioiuil space*, the 27’!!’ numbers or coordinatevs (‘xactly identifying the 
point and vice v(*r.sa. Shannon j)oints out that, since 27’II’ is a v(‘ry large* 
numb(‘r fe)r a signal of e)rdinary e‘e)mj)l(‘xity, this ge*o[ne*lrical n*pre‘Ke‘nta- 
tie)n ame)unts te) using a simi)le e‘ntity in a eM)mple*\ e'nvire)nrne*nt to re*p?’(*- 
.sent a complex e*ntity in a simple* envire)nme‘nt. The* simple* e*ntity in the* 
ce)mi)le*x envire)nme*nt is the* signal point in the* multi-dime*nsional spae*e*. 
The e*e)mple\ entity in the* .simj)le* e‘nvire)nme‘nt is the* e)riginal signal as a 
functie)n eif time*, 'bhe* value* eif this re})re*se*ntat ion is I hat, in this way, 
geometrie*al ide*as e*an be* u.se*el in the .stuely of signals anel important re*sults 
can thereby be* ele*rive*d. 

In multi-eiime*nsie)nal .s])ace, the “eiistane*e*" Ireini the eirigin tei a point 
is the sejuare reieit eif the sum eif the sejuaius e>f the* e e)orelinate*s eif the* point, 
and if the.se coemlinate.s are vedtage^s, the* sum eif the* sejuare*.s is a number 
proportional to the* total ene*rgy in the signal. ne*rie*e* all signals eif te)tal 
energy less than E must lie inside a ‘bsphrre'’ of radius preipeirtional to 

VE. 

Since messages also can be specified by a finite set eif numbers, they 
too can be repre.sented as points in a multi-dimen.siemal space. One can 
then think of the transmitter as a device whe)se functiem is to establish a 



322 


MEYER LEIFER AND WILLIAM F. SCHREIBER 


relationship between the points of the message space and the points of 
the signal space. The function of the receiver is to select the message 
point which corresponds to the received signal point. This is equivalent 
to establishing a relation between the points in the signal space and the 
points in the message space in inverse relation to that of the transmitter. 
The establishment of such a correspondence is called mapping. 

The mapping performed by the transmitter may be simple or it may 
be complex. In single sideband amplitude modulation, the signal space 
coordinates are proportional to the message space coordinates, and each 
message point is mapped into a single signal point. In broadband sys¬ 
tems, however, the signal space is of a higher dimensionality than the 
message space and each message point is mapped into a set of signal 
points. 

A (jtometrical Approach to the Modified Hartley Law 

When the signal is transmitted through the channel, it is perturbed 
by noise. This corresponds to the signal point being displaced in the 
signal space. If the noise is random, the displacement is equally probable 
in any direction, and is furthermore proportional to the square root of the 
noise energy, A',*. Consecpiently, surrounding each received signal point 
is a spherical ri'gion of radius \ to any point of which the original 
signal might have corresponded. Since the energy of the received per¬ 
turbed signal is ecpial to (A + En), all such signals are confined to a 
spherical region of radius proportional to ^y'E + Consequently, the 
number of signals which can reliably be distinguished is equal to the 
number of little sjiluues which can fit into the larger sphere. This is 
approximately ecpial to tlu* ratio of the voliim(‘s of the two spheres. In 
?i-dimensional space, the volume of a sphere is proportional to the nth 
power of the radius. Since n = 2T]V and the radii of the tw^o spheres 
are proportional to v E + Er, and v Ln, the ratio of the volumes is 

^ ^ r E 

I J 

The measure of information II is the logarithm of .1/, the number of 
distinguishable signals, thus 

II = log .1/ = TW log 

where E and A„ are the signal and noise energy, respectively. The total 
energy is proportional to average power, hence the information is 

P A- P 

H = TW log 

* n 
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where P and Pn are respectively the average signal and noise powers. 
Since power is proportional to the square of the rms amplitude, the 
information is 

H = TW log [ ]’ = 2TW log 

where S and N are now to be understood as signnl and noise rms ampli¬ 
tudes. 

If the logarithm in the above expression is that taken to the base 2, 
the information capacity is given in the units of binary digits or bits. 
That is, in a message such as teletype, when' there are only two charac¬ 
ters, one and zero, 

///T = 2]r log, (l+N/AT) 

is the maximum number of code characters oi bits of information per 
second that can be sent with the given bandwidth and signal-to-noise 
ratio. This is not to say that any particular modulation system, such as 
amplitude modulation or frecjueney shift tc'legraphy, can achieve this 
rate. It means only that, by proper coding or choice of modulation, one 
can approa<*h this limit \\ith as small a fn‘<iuency of (*rror as desired, and 
that no coding system can exceed this rate of transmission undf'r the same 
conditions of bandwidth and S/X ratio ^^ithout a corn'sponding increase 
in the rate of error. 

For messages not already in binary code the (jiiantity IT log, (1 + 
S N)y is the rate at which a message can be sent in (‘quivalent binary 
digits. For example, if the mi'ssage is made up from the 2() letb'is of the 
alphabet, the number ri of binary digits required on the average to 
specify one letter or message symbol is given by 

2 " = 20 

= log, 20 = 4.7 

Hence the maximum rate R at which letters can be sent through such a 
channel is 

1 // W 

3. Reformulation of the Problem 

It is appropriate to pause at this point to consider the various con¬ 
cepts that have been introduced. Hartley derived a measure of the 
information content of a message in terms of the logarithm of the number 
of possible messages. He also attempted to find the maximum rate at 
which message symbols could be sent; he concluded, on the basis of 
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analysis of particular networkn. that this rate is proportional to the 
bandwidth. 

CjaV)or refined this analysis, making it independent of particular net¬ 
works, and showed that 2 IT independent symbols per second could be 
sent through a channel of bandwidth W. 

Tuller stated tliat, sinc(‘ (I + S 'X) levels of signal could reliably be 
distinguished through random noise for a given signal-to-noise ratio, 
(1 + dilTcrent nu'ssagcs of length T could be sent through the 

channel in time T and that, according to Hartley's definition, the infor¬ 
mation capacity of the channel was expressible by 21^ log (1 + S/N), 

Shannon presented additional jiroof that 211' independent samples per 
second can be sent through the channel, and that (1 + X) levels were, 
on the average, detectabh*. Both Shannon and (loldman gave useful 
physical interpretations of the phenomena discussed. 

We are now in a position to restat(‘ the gcunaal communication prob¬ 
lem in th(‘ light of the material aln^ady presented. It is (‘onvenient to do 
this in the form of (pK'stions. 

1 . What is a measun' of the rat(‘ at which a source of messages is 
producing information? This measure must cover situations employing 
either discrete symbols such as Morse (’ode* or continuously variable 
messages such as sj)(*ech. It must further lake account of the probability 
structure of th(* messag(\ Th(‘ m(‘asure its(‘lf will b(‘ useful if stated in 
the form of th(‘ eipiivah'nt rati* of production of binary digits. 

2. How many eipiivah'iit binary digits of information pi'i* .second can 
be sent through a channel with a gi\en signal power and a specified type 
and lev(*l of inti'rteri'nci*? 

3. What coding methods can be used to transmit a message of a given 
information content through a channel of given capacity at the highest 
possible rate, t\sj)ecially wlu’n the me.ssage, in its original form, is of a 
ditTerent bandwidth from tin* channel? 

Answa'rs to all thr(*e of these cpiestions are given in Shannon’s prin¬ 
cipal work, “A Mathematical 'Fheory of (’ommunication.”*^ A study 
of this paper can be very profitably made by considering the material 
pertinent to the questions pre.senteil above. We will consider in the 
following section the first question concerning the rate of production of 
information by a source. 

4. The Measure of 1 nformaiion 

From the previous discussion it was seen that (in the discrete case) 
information is produced when a selection is made from a number of possi¬ 
ble selections. A knowledge of the quantity of information generated 
by a source is required for the design of an efficient channel or for choice 
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of an efficient coding to match the source to a channel with a given 
capacity. In general, the source will produce symbols which are not 
independent; rather, a given symbol will be influenced to some degree 
Vjy the preceding symbols. 

Since th(» communication systems covered by this theory are designed 
to deal with classes of mt^ssages rather than individual messages, only 
ergodic sources wiW he considered. Without attempting a rigoious 
definition of an ergodic* source, an appreciation of its properties may be 
obtained from a realization that any setpience g(‘nc‘»at(‘d from such a 
source is the* same in statistical properties as any othc'r setpience when 
these se(|U(‘nc(‘s become veay long. Furthca*, a shift of the time reference 
does not alter the statistical proper!i(*s of any one s(‘(juenc(‘; this is 
generally referred to as tlie stationary propca'ty of a time'sc ties, "rhese 
considc'rations infc'i* that all long scaiuc'ncc*.*' have' cMputl probability dis¬ 
tributions and that conclusion.s conc'crning .‘ill jtossibU' sc'ciucaices from a 
source' may be' drawn from jui e'Xiitnination of one typical secpience. 

Consich'r first a source' whe're' the' information is ge'tie'ratt'd by choosing 
successi\e' svmbols from a set of possible' inde'pe'nde'iit symltols with 
probabilitie's pu P 2 ' ’ Pn- Then //, tlie me'asure of information, will 
evidently be a function of these* j)robabilitie's. Tliat is, 

// IJ(pu />? • • Pu) 

An explicit form for the function // is obtaineal by Shannon as a 
re'sult of assuming the* following ve'iy ge'ne*ral and re'asonable* properties 
for II. 

1 . II shall be' c'ontinuous in the p,. 

2. If all the for the* .s* possible symbols are t'ejual, then = 1/^* and 
H shall increase* rnonotoiiie'ally with .s. This is epiite* re'asonable* sin(*e 
there is more* unc(*rtainty (and he*nce nK)re‘ information) in a c'hoie-e* from 
,s* -|- 1 (Mpially likc'ly symbols than in a choice from a <*(pially likely 
symbols. 

3 . If a sele*ction of symbols is broken down into two succe*ssive selec¬ 
tions, the inforrniition re*present(*d by the original c}ioie*e* sliall eepial the 
WTighted sum of the measur(*s of information of the rnultij)le sc'lection. 

The only fune*tion whie*h has these proj)ertie*s has the* form 

// = log, p, 

i 

in wdiich K is a proportionality constant. Seating K equal to unity gives 
// in bits per symbol of the signal or message seejuence. The reader is 
referred to Appendix 2 of reference 10 for the mathematical details 
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inasmuch as several other deductions of this basic relation will be 
discussed. 

Considerable insight may be gained by an alternative proof after 
LaemmeP* in which the necessity for restriction of the theory to ergodic 
sources is much more apparent. losing the basic definition of informa¬ 
tion contain(*(l in a seciuence chosen from M equally possible sequences 
as originally derived by Hartley, one finds 

//' = log M 

where //' is the total information given by the sequence. 

On the basis that a secpience of length n is made up of n different 
symVjols, the number of possible secpiences is 

M - 

and the information per se(pien(*e is 

//' = log = n log // 

It is important to note that the ergodic hypothesis infers that the various 
seciuences be(‘ome equally probable for sequences of sufficient length. 
Now, in general, secpiences of length n will contain fewer than n different 
symbols, and these will generally occur with different frequencies. In 
fact, the number of occurrences of the /th symbol will be 


Ut — p,n 

This repetition of symbols, which were originally considered to be differ¬ 
ent reduces the amount of information, since fewer sequences are avail¬ 
able from which to choose. The reduction of information due to the 
repetition of the ith symbol may be written 

= fii log n, = p,fi log p,n 

Summing this information over all repeated symbols and subtracting 
from the original value yields the true information content of a typical 
long sequence; 

//' = n log n — log pji 

= n log n — Xp^n log log n 

= N log n — n log log p, 

Since Sp* = 1, 

//' = --n^p, log p, 

The average information in bits per symbol may then be obtained by 
dividing by the length of the sequence n and using the logarithm to the 



COMMUNICATION THEORY 


827 


base 2. Thus, 

// = — log Pi bits/symbol 

The form of H above is similar to the defining equation for entropy in 
statistical mechanics as discussed in the section on Wiener, The term 
entropy has been adopted in information theory for the measure of uncer¬ 
tainty or information. 

The maximum value for the entropy with respect to the probabilities 
p, subject to the condition ilp, = 1 is found, by application of the calculus 
of variations, to be attained when all the possible symbols are equally 
probable. This is intuitively evident since, for this condition, one is 
most unc('rtain about the outcome of any particular selection. As an 
extreme example, sa}>i)ose one symbol to have a probabilitv of one and 
all others to hav(‘ zero probability. Application of the formula gives // 
as zero as we would (*xpect, sinc<‘ there is no unc(U‘tainty about the 
selection. 

From the preceding derivation for the form of // a somewhat more 
general expr(\ssion rmiy be presented. Again considering all sequences 
of length n for // very large, tin* ergodie nature of the source insures that 
the probabilities for all the se(iuenc(*s ai)proa(‘h the same value, p. The 
entropy in bits per se(iuen(*(‘ is therefore — ^p log p ~ — log p. The 
average entro])y per symbol is obtain(*(l by dividing by the length of the 
sequence, whence 

// = h.t.s symbol 

n 

From the method of derivation of the last expression for the entropy, 
we note that no re(juirement was mad(* concerning the independence of 
the symbols in the various s<‘(iuenees with respect to the symbols preced¬ 
ing them. The previous definitions of entropy of a source have assumed 
that each symbol was independent of preceding symbols. Extending 
the definition of entropy to cover tlu* uncertainty in a joint event, it is 
clear that the uncertainty of an event is decreased by knowledge of a past 
event to which it is statistically related. On this basis then, one would 
expect to find that if statistical relations exist over the sequence of 
symbols, the entropy will be less than for an equal number of symbols 
considered to be ind(*pend<»nt. 

The difficulties inherent in consiih^ring the various possible relations 
between symbols are avoided by altering the scale of examination so that 
now the equally probable long sequences themselves are used. We have 
now^ a means for obtaining a measure of H for any given source. The 
process requires a statistical examination of long sequences of symbols. 
Two approximation expressions for the entropy are given by Shannon'‘ 
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for the usual case when the sequences can be examined over only a limited 
number of symbols. It is clear, however, that if the statistical relations 
between symbols extends over at most n symbols, then examination of 
sequences of greater length gives the correct value for the entropy. The 
better approximation according to Shannon is obtained by the following 
procedure. 

Let 11 n be the entropy of a se(|uence of 7i symbols. C^oiisider the 
selection of the (j + l)th symbol, denoted by k, taking into account the 
8 e(iuen(‘e of the preceding j symbols. The knowledge of some or all of 
these j symbols d(‘cre»ases the* uncertainty in the selection of the (j + l)th 
symbol on account of th(' statistical relations. Let the probability of the 
choice of k as the (j + l)th symbol following the sequence of j symbols 
be called tlie conditional j)robability pj{k). I'he entropy //„ may then 
be writt(‘n as th(‘ conditional entropy of tin* (j + l)th symbol knowing 
the pr(M*eding i symbols. Symbolically, this may h(* written 


y/„ = - />(,/) p,{k) lop; p,(k) 

J k 

Th(‘ following (‘\ami)l(* from Laemnud'- asciihed to B. McMillan 
illustrat(‘s the approximation process. The entro])y of seciuences of 
various hmgtlis of English l(*tt(‘r.s is comput(*(l to be 


I setters tak(‘n singly at random 
Lett(‘rs taken singly with l^nglish fr(‘(pi(‘ncies 
L(*tters tak(*n in pairs with haiglish frcHpiencitvs 
(iroups of S letters with laiglish fr<‘(pi('ncies 


4 70 bits letter 
4 15 bits letter 
8 57 bits 'letter 
2 35 bits, letter 


The limiting \alue is (‘stimated to be close to that calculated for 
groups of (Mglit symbols. 

An e\])ression for the entropy of a source useful in calculating the 
number of imi)ortant seciuences from an ergodic source* is 


bin 

N > * 


log u{q) 
n 


// 


in which n{q) is the number of seepiences which must he selected to obtain 
a total piobability q after all seepiences have been j)ut in order of decreas¬ 
ing probability. The proof of this theorem follows readily when n{q) is 
w’ritten explicitly in terms of q and p, i.e., )i{q) ^ q p. Then, since p 
will vary with n while q is constant, it is seen that 


n—» w n—* * w—» » ^ 


From the last expressions, wdiich are actually theorems, we may consider 
that an ergodic source with an entropy H can produce 2"" sequences 
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each with a probability 2 “"". The probability of any other sequence 
approaches zero as the length of the sequence increases. 

5. Coding for the Discrete Source and Noiseless Channel* 

Attention in this section will be (lir(Tt(‘(l principally toward the 
problem of encoding the discrete se<iuence of symbols generated by the 
information source such iliat maximum use is made of the transmission 
channel. The operations performed by the transmitter and receiver are, 
in general, inverse operations where the rec(*iver ()p(‘]'ation is such as to 
recover the original input to the transmitter. In thi^: case the encoding 
operation produces an outj)ut sym!>oi. or seciuence of symbols, for a 
particular input symbol. The output symi)ol may depend upon tlie 
state of the transmitt(‘r. The encoding oj)eration is such as to permit 
a uniciue recovery of the input symbol by the d(‘C()ding process. The 
entropy of the output ])er unit time can be shown to be (‘(jual to tliat of 
the input, indicating (piitc reasonably that no information has been 
lost or gaiiH'd by the encoding pro(*ess. 

a. Entropy and (he (frdering of M(s.sa(jes. It will be instructive, in 
view of the intimat(‘ n'lation Ix'tween th(' essential information or (Uitropy 
of a source and th(* coding proc(\ss, to con.si<i(‘r an alt(‘rnat(‘ d(‘rivation for 
the entropy of a source in bits per symbol for lh(‘ (‘ast^ w'h(*re the symbols 
are not (‘(jiially probabl(‘ but an* still indep(‘nd(‘nt. I<ano''‘ d(*riv(*d th(‘ 
expression 

A 

// = - 2 p. lofi p, 

I 

as the a\(*rag(* amount of information in bits p(‘r symbol by the following 
procedure*. Consider the* (*ii.se‘mi)le of all m(‘ssag(‘.s consisting of n indc'- 
penelent se*lections of symbe)ls. For each m(*ssage, we* s<*ek the number 
of times a e*hoie*e* must be* made* betwe*e*n twe) (*(jually likel}'^ pe>ssibilities in 
order to indicate or isejlate that particular message. This gives the 
number e)f bits for that me.ssage. "Jlie*!! the* ave‘rage infe)rmation per 
symbol in bits is the* number e)f the*se* funelame‘ntal e)r e‘leme‘ntary selec¬ 
tions eliviele*el by the length e>f the .seejue‘nee*, n. Accoreiingly, the pro¬ 
cedure is to arrange the* me*s.sage*s in e)reier e)f ele*e*re*asing pre)bability and 
then divide* the serie*s iiite) two groups e)f e*ejual pre)bability. The sehjction 
of the gremp cemtaining the ele*sired m(*s.sage is a se'lectiem betwe(*n two 
equally probable choices, llie proce»ss of division into tw'o equally 
probable groups is now* repeated fe>r the group which has the desired 
message and, again, for that subgroup with the message che)sen. This 

* The material from Shannon’^ on thi.s tr)pir 8upplementf‘d hy the work of 
Laemmeb* and Fano.**’ 
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process is continued until the particular message has been separated out 
and the number of elementary selections required represents the informa¬ 
tion in bits for that message. 

It is recognized that it will generally not be possible to divide the 
series of messages into two groups of equal probability and, similarly, for 
the subgroups. However, as the length of the messages increases 
indefinitely, the number of possible messages increases and hence the 
probability of each individual message becomes smaller and smaller. 


(L 

(2) 
Pii) 
Proba¬ 
bility of 

(3) 

(4) (5) (0) (7) (8) (9) 

No. of 
bits per 
Message 

(10) 

Re¬ 

coded 

Mt*8Hagc 

McHsagi* 

Div. 1 

Div. 2 l)iv. 3 Div. 4 Div. 5 Div. 0 B{i) 

Message 

00 

0 40 

0 40 

d'si” 

1 

0 

01 

0 14 


0 14 3 

b 14 

100 

10 
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0 28 3 

0 23 
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02 

0.07 


0 07 4 

*0 07 

1100 

20 

0.07 


0 11 4 

0 00 

1101 

11 

0.04 


0 04 4 

(Tof) 

1110 

12 

0.02 


0 02 5 

0~0^ 

11110 

21 

0.02 


0 02 (•> 
o' 01 

lllllO 

22 

0.01 


() 

36 

mill 


Fir.. 3. Analysis and coding of a group of messages. 


The accuracy of the above process is then improved to any required 
extent by the limiting process ex(‘ept when the subgroups contain only a 
few message's after many divisions, although even here, the error is made 
small by the ordering proce'ss. 

The following example, taken from Fano,^'* illustrates the above 
process. Consider the possible symbols 0, 1, and 2 and their respective 
probabilities as p(0) = 0.7, p(l) — 0.2 and p(2) = O.l. Let the message 
length consist of two symbols. The set of messages arranged in order of 
decreasing probability is shown in column 1 of Fig. 3. The probability 
for each message is given in column 2 and the series of divisions of the 
group is shown in columns 3 to 8, inclusive. Referring to Fig. 3, it is 
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noted that the number of divisions or bits in column 9 required to select 
the high-probability messages is less than that required for the low- 
probaV3ility messages, in agreement with the basic concept that there is 
little information conveyed by a message of high probability, and that 
the most uncertain message conveys most information. It is the unex¬ 
pected which is most surprising! The average number of bits per symbol 
is obtained by iulding the total number of bits for all the messages and 
dividing by the total number of symbols in these messages. The result 
is 2 bits per symbol. From the expression for // abov(% we have 

// = —(0.7 log2 0.7 4- 0.2 log2 0.2 + 0.1 logs 0.1) = 1.157 

This is the limiting value of the entropy in bits per syn*bol for messages 
of increasing length composed of the same three independent symbols. 

For messages of sufficient huigth, if P{i) is the probability of the ith 
message, th(' numb<*r of binary .selections, /i(*), recpiired to specify this 
message is giv(*n by — logo P{i). This follows from the fact that P(t) 
is the ])robability of the last subgrou]) obtained by successive division 
of the total i)robability (which is unity) P(0 times so that P{i) = \/2B{i). 

The a\ (‘rage value of B /), or the numb(‘r of binary s(*le(‘tions recpiired 
on th(‘ a\erag(‘ to select one me.ssag(‘, is given by B{i) w’here the 

summation is o\ er all [)ossibl<‘ messag(‘s. 'Fhe average information in 
bits per symbol is then 

// = lirn ~ h)gP(?)) 

This is n'ducible for large n to the form U — — ^ t)x log w+ere this 

»" 1 

summation is over the s(‘t of symbols which may be selected. 

h. The Fundamental Theorem. The stress upon the concept of // as 
representing the average information per sym})ol in bits per symbol will 
be justified in the following, wdiere it will be showm that // determines the 
channel capacity when the coding employed is most efficient. That is, 
there is an irreducible quantity to be transmitted which is determined by 
the information contained in the me.s 8 age as calculated by the expression 
given for //. The original message, or that message formed by inefficient 
coding of the original, is larger than this minimum as a result of redun¬ 
dancy in expression, unequal probabilities for the various symbols, and 
the statistics inherent in any natural language. It is seen that these are 
the considerations which were discussed briefly above in the section 
The Maximized Information Function. The fundamental theorem for 
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a noiseless channel, as given by Shannon, relates the entropy of the 
source // to the channel capacity. This theorem states that the output 
of a source producing information at the rate of H bits per symbol can be 
encoded and transmitted without error through a channel of capacity C bits 
per second at the rate of C/H symbols per second. 

c. The Coding Process. Two very general ways of encoding are 
described by Shannon, the second of which is stated to be substantially 
the method of Fano partially described above. After arranging the 
various messages of length n in order of decreasing probability, the 
process of repeated division into two groups of equal probability is fol¬ 
lowed until each final subgroup contains only one message. The infoi- 
mation contained in each m(*ssage was shown above to be equal to the 
number of elementary divisions B{i) required to isolate the message. 
The number of bits per symbol, //, is obtained by dividing B{i) by the 
number of symbols, n. The process of encoding which will be described 
permits each message to be represented by a binary number consisting 
of a number of binary digits or bits equal to the number of divisions which 
isolated that m<‘vssage, and hence ecjual to the informational content of 
the me.ssag(‘, Tiie coding process thus encodes the message in such a 
way as to tiansfer to the channel on the average // bits per input symbol. 
Inasmuch as the channel capacity is assumed to be C bits per second, the 
rate of transmission is therefore (' II symbols })er second. This rate 
cannot be <‘xce(‘ded, since lh<‘ entropy of the channel input was stated to 
be ecpial to the (‘ntro{)y of the source as a consequence of the condition of 
unicpieness of recovery of the signal by the inverse of the coding process. 

The prcK’e.ss of encoding nvsults in a representation of each message 
by a binary code expansion of the total probability of all the messages 
preceding it after arrangement in order of decreasing probability. The 
expansion is carried out to B{i) places where B{i) either denotes the 
number of elementary divisions referred to above or the integer equal to 
— log P{i) (or that integer just greater than but nearest — log P{i) if the 
latter is not an integer). An example of such coding is given in column 
10 of Fig. 3 for the messages and probabilities listed there. It is noted 
that the high-probability messages, which convey least information as 
indicated by columns 2 and 9, may be represented by the shortest codes 
and, conversely, longer codes are used to transmit messages of low prob¬ 
ability carrying most information. Since the cumulative probability 
of the messages preceding a particular message differs for each, the codes 
for each message will differ, and hence the inverse process will give 
a unique result. Referring to the coding in Fig. 3, it is noted that 
the longer codes are different from the shorter codes containing m binary 
digits in length in their first m digits and, accordingly, it is always possi- 
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ble to identify the various codes. For example, a typical sequence 
received and the decoded message are shown in Fig. 4. 

The actual coding process in binary numbers follows the repeated 
division process. In the first division of the ordered series into two 
groups of e(iual probability, the code for messages in the first group starts 
with 0 and that for the messages in the st'cond group starts with 1. 
Each group is tlien .subdivided into two subgroups of etjual total prob¬ 
ability and the second digit of the code for messages in these subgroups 
is either 0 or 1 according to whether these mcs.sages fall into the first or 
second subgroup for each division. Tlic process of div’sion and assign¬ 
ment of succeeding binary digits is continued until each subgroup con¬ 
tains just one message. This is the process which gave* the codes of 
column 10 in Fig. 8. It is notcil that the O’s and I’s are used with equal 
freciinmcy in tliis proc(‘.ss, thus maximizing the entropy per channel 
symbol. 

Coded Sequenee 1 0 1 I 0 i 1 1 0 1 1 1 1 1 1 0 | 1 0 0 I 0 10 0,1100 

MossaKC ! 10 ' 001 20 I 12 ' 01 1(101 01 02 

Fki 4 I Illustration of eflicient coding 

d. The Coding Delay. The above encoding and dt'coding processes 
implicitly r(‘quire examination of the scKiuence of symliols of the message 
source for coding purposes and (‘xamination of the channel codc^d setpience 
at the nceiver for decoding. As a result, there is a delay in tin* trans¬ 
mitter and another delay in the receiver r(‘(niiring devices in both places 
for storage of the messages. Practical considerations generally reijuire 
that these delays Ik* finite, wln*n*a.s ideal coding is possil)le only when all 
tin* me.ssages that may be transmitted art* examin(*d in tin* r<*peated 
division process describ(*d above. How does this examination of the 
transmission for a finite period alTect the efficiency of coding? It has 
been assumed that the me.ssage sources have been statistically stationary, 
hence the proliabilities for the various symbols can be determined by 
examination of the various mes.sages for indefinitely long seciuenccs. 
Examination of finite seqin*nces for coding purposes must result in some 
inefficiency, since the frequency of occurrence* of the symbols will fluctuate 
for such sub-sequences. It was shown by Shannon that the inefficiency 
for such finite coding delays is not greater than l/n plus the difference 
between the true entropy and the entropy calculated for the finite 
sequence of n symbols. Therefore, as the value of n increa.ses, or as 
longer sequences are examined for coding, the entropy for the finite 
sequence approaches the true entropy and the upper limit of coding 
inefficiency decreases. However, the actual decrease* in inefficiency need 
not be monotonic, as pointed out by Fano. 
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The introduction of delay as an engineering variable is clearly empha¬ 
sized by Laemmcl.** It is quite probable that specific application of the 
basic theory to evaluation or design of a particular communication system 
will find tlie coding delays of equal importance with such other variables 
as power or bandwidth in effecting the final compromise that represents 
optimum design. An example which illustrates this thesis might involve 
a large-scale computer which gathers information from various sources, 
then performs calculations in very short time and finally directs the 
operations of high-speed controls. Efficiency in the incoming informa¬ 
tion and output control channels might introduce coding delays which 
would be disastrous in their effects upon the stability or accuracy of the 
device being controlled. 

6. Coding for the Discrete Source and Noisy Channel 

a. The Effect of Noise. Several new concepts of importance must be 
considered when the effects of noise in the channel are examined. ner(‘ 
the transmitted signals are perturbed by random disturbances such that 
the signals at the receiver are changed in some irregular manner so that 
it is not possible to reconstruct the message with certainty solely by 
operation upon the received signals. A measure of th(» information lust 
is given by the uncertainty of reconstruction of the message; this is called 
the equivocation by Shannon. The equivocation is ({uantitatively defined 
as the entropy or uncertainty of the input when the output is known, 
with units in bits per symbol or i)er second as previously used for entropy. 
Therefore, the information actually transmitted is given by the difference 
between //, the information actually put into the channel by the trans¬ 
mitter, and the equivocation or information loss. 

This definition and usage is justifitnl by the following reasoning. 
Assume an observer or auxiliary device which compares the received 
signals with those transmitted. This observer then uses a subsidiary 
transmission channel to send the information necessary for correction of 
the errors of the principal transmission. It may then be shown that the 
capacity of this subsidiary correction channel is determined by the 
equivocation. 

As an example, consider a source producing lOOO selections per second 
from two equally likely symbols. Suppose that the noise perturbations 
during transmission are so great that the received symbols are independ¬ 
ent of the transmitted symbols. Apparently, half of the received message 
w’ill be correct due to chance alone. One might erroneously infer that 
the system is transmitting at the rate of 500 bits per second. A knowl¬ 
edge of the output still leaves the uncertainty or entropy of the input at 
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one bit per symbol since we are totally uncertain of the transmitted 
signals. Hence the equivocation is 1000 bits per second and the cal¬ 
culated rate of transmission is zero bits per second as the result of sub¬ 
traction of the e(iuivo( ation from the entropy of the input to the channel. 
This is quite reasonable since, as Shannon notes, '^'qually good trans¬ 
mission would be obtained by dispensing with the channel entirely and 
flipping a coin at the recei\ ing point.’* 

b. The FuudamcNtal Theorem. The fundamental theorem relating 
to a noisy channel of capacity C bits per second and a discrete source of 
entropy or rat(^ of generation of information of II bits per second, states 
that it II is equal to or less than f’ there exists a coding system such that 
transmission can Ih‘ accomplished with an arbitralily small frequency of 
errors. If the entropy of th(‘ source is greater than th*«t of the channel, 
it is possible to enc’ode so as to reiluce the etpiivocation arbitrarily close 
to II minus (\ but it is not p(»ssibie to make Ui(‘ (‘(juivocation less than 
II minus (\ 

The proof of this th(‘orem is not as satisfying as that for the noiseless 
case sinc(‘ th(‘ proof consists in showing only that a code must exist which 
will have tin* projierties listed. How(*ver, no explicit method for achiev¬ 
ing the coding is presen((‘d. On the contrary, Shannon notes that 
attempts to attain a good approximation to ideal coding are generally 
impractical, 'riiis r(‘sult appears to Ix' related to the difficulty of giving 
explicitly th(‘ moans for constructing a random setiuence. The funda¬ 
mental theorem may be reformulated in a manner wdiich is instructive 
in revealing its relation to the noiseless case. This reformulation indi- 
cat<\s that, for nu^s.sages of sufficient length through a channel of capacity 
r bits per .sc'cond, we can distinguish reliably, on the average, C bits per 
second where the erit(*rion of reliability is (‘stablislual as a probability of 
error other than zero or one. 

A particularly interesting property of the coding for this case is the 
us<‘ of redundancy in the sequence of signals to combat the effects of 
nois(‘. If a piece of information is .sent once, th(*n noise may obscure the 
signal, but if the information is sent sev(*ral times or in different forms, 
the probability for correct recovery of the message is increased. This 
explains why radar signals and television pictures may still be recognized 
through noise of relatively greater magnitude. The exact relationship 
between the various parameters of importance will be further discussed 
in connection with channel capacity. The problem of delay as a result 
of the coding process arises here as well as in the noiseless case discussed 
previously. 

It has been shown that there is a very close relation between the 
entropy of the source, the channel capacity and the coding problem. 



336 


MEYER LEIPBR AND WILLIAM F. SCHREIBER 


The discussion of coding for the continuous source is accordingly deferred, 
and will be combined with the discussion of channel capacity. 


7. The Capacity of a Communication Channel 

Perhaps the most important measure of the relative value of a com¬ 
munication system is the rate of transmission of information which can 
be attained. It is necessary, of course, that this transmission be either 
free from errors or that it remain within some specified limit of error 
frequency. These considerations have been discussed for the discrete 
channel and will he further amplified below. 

a. The Dificrete Noiseleufi Channel. It may seem somewhat strange to 
define and discuss the capacity of a noiseless channel inasmuch as such a 
channel is capable of an infinite rate of transmission of information. 
This paradox is resolved whcm it is realized that the channel must be 
considered in ndation to the source of information and the transmitter. 
In most systems th(*se are constrained to generate symbols chosen from a 
finite set and having a i)arti(‘ular duration. In addition, there may be 
added constraints on the types of sequences which may be generated. 
In television, for example, blanking sequences are not permitted to follow 
each other, and in fact ar(* constrained rigidly in their time relations 
Accordingly, this interrelation of source and channel is recognized by 
Shannon in his definition of channel capacity for the noiseless case as the 
limit of th<* time average of the logarithm of the number of allowed 
signals, as the time duration of the signals increases indefinitely. That is, 


C = 


lim 

T * ^ 


log X{T) 
T 


where N{T) is the number of allowed signals of duration T. For the 
noiseless case, it is tacitly ass\imed that there need be no error in the 
reconstruction of the original message at the receiver. 

h. The Discrete Channel with Noise. It has been shown in Section 6 
that the rate of transmission of information under the condition described 
is given by the entropy or measure of the informational input to the 
channel diminished by the equivocation, where the latter is the measure 
of the loss of information due to the effects of the noise. The necessity 
of considering both source and channel is again evident in the definition 
of channel capacity as the maximum rate of transmission with respect to 
all possible information sources used as input to the channel. This 
capacity may be achieved with an arbitrarily small frequency of error by 
proper coding. Many questions remain, and in particular it may be 
asked what, if anything, limits the rate of transmission in this case. 
How do the engineering parameters of signal power, channel bandwidth 
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and noise power affect these considerations? Shannon’s work assures 
satisfactory answers to these questions, and the following discussion will 
include these points. 

c. The Continuous Source and Noisy Channel. In this section we 
shall consider the case where the signals and messages are continuously 
variable as in speech or commercial broadcasting. It is again assumed 
that the discussion will be limited to sequen(‘es which are stationary in 
their statistical nature. .V further limitation follows from the charac¬ 
teristic that all communication channels and sources exhibit, namely, that 
the signal which is generated as a function of time is limited in its fre¬ 
quency band. Such functions may be determined completely by giving 
their ordinat<\s at a s<‘ries of discrete points spaced by a time inversely 
proportional to the bandwidth. Thus if the signal is limited to the 
frecpiency band from zero to If' cycles per se^-ond, it may be specifitul 
by 211" numbers per second according to the relation 


J{t) = 



sin 7r(2H'/ -- n i 
7r(2ir/ — //) 


As already noted in the discussion of bandwidth and time, the recjuire- 
ment that no fre(|U(‘ncy greater than W lie present infers that /(/) have 
non-zero arniilitudes ov(*r the (*ntir(‘ time* scal(‘. N(*vertheless, in this 
repres(‘ntation a signal cun be v(*ry closely limited to a time duration T if 
the valu(‘s of f(t) = /(// 211') outside this int(*rval an* z(‘ro. The tails of 
the remaining sin x x functions extend indefinitely in tina* but permit 
utilization of the channel because they an* zero at all points spaced 
1 2H' seconds from their central maximum. We note that time limited 
signals from ideal continuous sources n‘(juire an infiniti* number of 
coordinates for their sj)ecification where (‘ach coordinate may vary 
continuously. However, all real sources are limited in bandwidth, and 
hence the signals which are generated recpiin* only a liiiite numb(*r of 
coordinates for signals of finite duration, although each coordinate may 
again vary continuously. Each signal stHiuence of limited duration 
T and band W may be associated wdth its corresponding point in the 
space of 2T\V dimensions. One may also associate* each such point with 
the probability for this signal, thereby defining a probability distribution 
function p of the 27'11^ coordinatus. 

The measure of information or entropy of the ensemble of permitted 
signals may then be defined in a manner exactly analagous to the discrete 
case by the relation 

H = -/p(jr) log p{x)dx 


where the integration is over the entire volume of the many-dimensional 
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space representing all the possible signals. The properties of the entropy 
in this case are similar to those for the discrete case. The units are such 
that 2WH represents the entropy in bits per second for this distribution. 

If p(x) is a one-dimensional distribution, then the form of p{x) which 
causes the entropy to be a maximum, subject to the condition that the 
staudard deviation of x is fixed at o', is a Gaussian distribution. This 
result is quickly achieved through the use of Lagrange^s undetermined 
multipliers where H is maximized subject to the obvious condition 
jp(x)dx = 1 and the definition = jx‘^p{x)dx. It is found that 
p{x) « (l/cr \/^2v) exp (~xV2o‘^) and when this is substituted in the 
expression for //, the result is //m** == log^ cr \/2Tre. White thermal noise 
possesses a Gaussian distribution for its amplitudes. The noise power N 
is given by the square of the standard deviation of the amplitude, and 
therefore by the above theorem, the signal which has the maximum 
entropy for a given avcrag(‘ power, is white noise. Hen(*e 11 = log^ 
\^2irNey and the entropy p(‘r second is 2117/ or W log, 2ireN. Similar 
results are obtained for a multi-dimensional distribution but these will 
not be discussed. 

The measure of information having now' be(‘n defined, the question 
of the rate of transmission of information may again be considered. In 
exactly the w^ay followed for the discrete noisy channel, this is defined as 
the dilTerence between the entropy of tlu^ input to the continuous channel 
diminished by the equivocation or loss of information due to the noise. 
Similarly, the channel capacity C is detined as th(‘ maximum rate of 
transmission with resp<*ct to all input sources. .lust as in tlu* discrete* 
case, the capacity is the maximum numlx'r of bits per second that can be 
transmitted with arbitrarily small equivocation. 

Alternatively, if the m(\ssage and noise components of the received 
signals are independent, it may be shown that tlie rate of transmission 
is given by the total entropy of the received signals less the entropy due 
to the noise components. The maximum value of this expression for 
the rate of transmission is achieved when the received signals have a 
(laussian amplitude distribution or resemble white noise. This, there¬ 
fore, is the case which defines the channel capacity. Let the average 
signal pow'er be P and the average perturbing noise powder be N, Then 
the received signals have a pow'er P -f- N. The entropy of the received 
signals per second is then \V log 2vc{P + iV), the entropy of the perturb¬ 
ing noise portion is W log 2 tc.V, and the channel capacity is given by the 
difference 

r = W log. 2 tc(P + A^) - W log. 2ir€N 
P 4“ X 

— ir log 2 —— bits per second , 
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This is the modified Hartley law rigorously derived in a way which sets 
out very clearly its theoretical and practical bases. To attain the 
maximum rate of transmission, the signals must possess the statistical 
properties of noise. As a possible coding system, a set of standardised 
samples of white noise is selected for the signals and groups of the message 
symbols are related to noise samples. At the receivcT the perturbed 
signals are correlated with the standard noise samples and the standard 
sample is selected which differs least in rms value from the received 
signal. In general, any possible interference will hav(» less correlation 
with noise samples than with non-nois(‘ signals. In fa(*t, as the length 
of the noise samples increases, their correlation with any signal other 
than themselves approaches zero. 

IV. Applic ations to Tele vision 

In the rapidly expanding field of television comnmnication there are 
many more applicants fcjr stations than there is bandwidth space avail¬ 
able. For this and other rc'asons a tc'levision transmission system 
employing a narrower bandwidth than that of the pressent system would 
be highly desirable. The principal r(‘a.son for the* t)r(‘S(*nt bandwidth will 
be explained and the inefficiencic^s of the systcun discuss(‘d on the basis of 
the principles developed in this paper. A fc^w alternative* schemes which 
avoid some of these deficiencies will be pres(‘nt(*d f-o illustrate the theory. 

In the present television system an image of (he sc(‘n(* is focused on 
the plate in a camera tuy)e. A small scanning ap(‘rtun* move's horizon¬ 
tally at constant speed in parallel line's across this image. At the 
receiver the picture tube screen is scanned thirty time's a sc'cond in 
synchronism with the moving aperture at the transmitte*r. The e'lc'ctron 
beam intensity is made proportional to the* ave*rage* int(*nsity of that part 
of the image momentarily being se*anned in the came*ra tube. If there is 
motion in the original sce*ne, suc(*essive image's will be slightly different, 
for example in intensity and position of the* obje*cts in motion. The 
persistence of human vision prcnluce's the illusion of a constantly illumi¬ 
nated, continuously changing image. 

The actual message transmitted consists of two parts: the signal to 
control the electron beam inten.sity, called the video signal, and syn¬ 
chronizing signals which keep the electron beam in step with the scanning 
aperture. The synchronizing signals in the present system consist of 
pulses at the beginning of each line and frame. The audio signal is 
transmitted on a separate carrier, the frequency of which is separated 
by a suitable amount from the picture carrier, hence it need not enter 
further into the discussion. 
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The maximum vertical resolution obtainable in this type of scanning 
is limited by the number of horizontal lines from which the picture is 
constructed, since, obviously, details smaller than the line spacing can¬ 
not be reproduced. It is desirable to provide approximately equal 
horizontal resolution. That is, as the electron beam rapidly moves along 
a line, it must be able to change from maximum to minimum intensity 
in the time it travels a distance equal to the line spacing. This is neces¬ 
sary, for example, to reproduce the vertical edge of a black object on a 
white background. It is well known that the bandwidth required to 
transmit such a change is of the order of the reciprocal of the time allowed 
for the change. For example, if the change must be made in micro¬ 
second, a bandwidth from 23^ to 5 megacycles is needed, depending on 
the filter characteristic. 

From this discussion it can be seen that the bandwidth necessary for 
picture transmission is completely fixed by the fact that the intensity of 
the beam must be changed in a given length of time. Although the sharp 
changes nec(*ssitating this frequency band are present only in a very small 
portion of most pictures, the provision of such a bandwidth permits the 
transmission of pictures of exceedingly complicated character; for 
example, a very fine checkerboard pattern wherein the side of each 
square is equal to the line width and the brightness of each square is com¬ 
pletely unrelated to other squares. Furthermore, the thirty successive 
pictures transmitted per second may be completely different without 
increasing the required bandwidth. Actually, in normal television 
transmission, successive pictures arc very much alike, except when 
changing from one scene to another. As a matter of fact, the pictures 
are required to be enough alike so that the illusion of continuous motion 
is produced. In addition, the illumination of the various parts of the 
picture must be related to eacli other if the picture is to be meaningful. 
Adjoining areas, either along a line or on successive^ lines, are, with high 
probability, of equal or almost equal intensity. 

To put this in information theory terms, one has a bandwidth, IF, 
capable of transmitting 2ir independent data per second, but the actual 
data transmitted are not independent. Successive data are related; data 
separatenl by integral multiples of line duration are related; and data 
separated by integral multiples of frame duration are related. Conse¬ 
quently, the bandwddth is used inefficiently, or put another way, the 
information function (the video signal) is not maximized. This ineffi¬ 
ciency from a transmission standpoint is partly compensated by other 
features of the present system which permit the receiver to be relatively 
simple in design and construction. Any schemes for improving the 
transmission efficiency must therefore be considered for their effect in 
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that respect. Obviously, since there are few transmitters and many 
receivers, the burden of complicated equipment should be borne by the 
former. 

The process of efficiently coding a television message would involve 
examination of the sequence of electrics! signals put out by the pickup 
device and elimination of the redundancies in the message so that only 
essential information would be transmitted. Such examination involv^cs 
storage of the signals for a time at least ecjual to the time taken to gen¬ 
erate the length of the sequence being examined. A \'ery real difficulty 
arises here in the matter of storage inasmuch as the rate of generation 
of information is so high. Ho’wever, (juite recently, a cathode-ray 
storage tube has been developed which is capable of storing a com¬ 
plete television picture in the form of electric charges on an insulating 
surface.It may be noted that one other form of storage already exists 
in the pickup tube, wdiere the image of the scene is focused upon a photo¬ 
sensitive mosaic for a time equal to the frame scanning time. An 
electrical image of the scene is formed by the charges on the mosaic which 
is then destroyed bv the scanning. This type of storage is not available 
at the receiver, nor d(H*8 a method yet exist for utilizing it at the trans¬ 
mitter for coding purposes. 

A rather large fraction of the j)resent channel bandwidth is recpiired 
to transmit the picture frames at a rate sufficiently high so that the human 
eye perceives a flicker-free picture. This frame rate is considerably 
higher than that required for the illusion of continuity of motion and 
apparently contributes little to the overall transmission of information. 
It has accordingly been proposed that a form of storage tube be used at 
the receiver to store the pictures w^hich are transmitted at a rate high 
enough for the illusion of a continuity of motion. The storeil picture* 
may then be scanned and presented to the viewer at a flicker-free rate. 
An aluTnative type of scanning, known as halayage cavalier or knight’s 
move scan, takes advantage of certain characteristics of the human eye, 
just as the vocoder takes advantage of certain characteristics of the ear. 

The eye cannot perceive rapid change and fine detail at the same 
time. This means that when a picture is changing, it is not necessary 
to reproduce immediately all the details of the changing scene in order 
to produce the illusion of continuity. 

The present television system uses this phenomenon to some extent 
by what is called interlaced scanning. On each vertical traverse of the 
image, only half of the horizontal lines are scanned. There are thirty 
complete pictures transmitted, therefore sixty half pictures or fields, per 
second. This has the double effect of eliminating flicker and augmenting 
the impression of continuity. 
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In '^knight^s move'^ scanning, the principle is carried much farther 
by dividing the entire picture into a large number of squares, each square 
containing sixteen picture elements. All the squares use the same 
numbered pattern, each number designating a picture element. The 
numbering system employed follows the permissible moves of the knight 
in a game of chess. The scanning aperture first visits all the one’s, then 
all the two’s, etc., and eventually, after sixteen vertical traverses, the 
entire picture is reproduced. The author claims that this need only he 
done six times per second to achieve complete freedom from flicker and 
to create the proper illusion of continuity. Orthodox scanning methods 
require thirty (twenty-five in Europe) complete pictures each second. 
A five- or sixfold reduction in required bandwidth is therefore indicated. 

It may be noted that in these examples the influence of the destina¬ 
tion upon the transmission efficiency problem is recognized. This is not 
an essential characteristic of any transmission since, once the receiver 
has obtained the transmitted information, it is possible to present this 
information in any form or at any frequency without reference to or 
effect upon iho transmission channel. 

The similarity between successive pictures, and in particular, the fact 
that the differences are usually confined to a small area, is the basis for a 
suggested partial-area transmission system.'® This coding method con¬ 
sists of placing the image to be transmitted on a storage screen and 
scanning only a part of the picture at a time. This smaller area would 
contain the central subject of the scene, and its detail and behavior would 
be emphasized by this process. 

These proposals and others found in the literature are coarse approxi¬ 
mations to the ideal coding for maximum efficiency. The extremely 
high rat(' of transmission of video information makes it quite impractical 
to make a complete statistical examination for coding of the message. 
SeveTal other objections are opposed to these procedures in addition to 
the increase of receiver complexity. In the first place, the very large 
investment in existing television equipment makes discussion, such as 
that above, appear of academic interest only. Secondly, the elimination 
of redundancy in the course of bandwidth reduction would have a serious 
effect upon the service area of reception. The fringe areas are by defini¬ 
tion those places where the signal-to-noise ratio is a limiting factor for 
reasonably fair reception. Adequate reception through noise interference 
has been counted as one of the assets of redundancy. Apparently then, 
the elimination of redundancy would contract the area of good reception. 
Alternatively, the relation of interest may be studied in the modified 
Hartley law where it may be noted that a decrease in W causes a decrease 
in channel capacity. In ordinary broadcasting, the signal power 
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decreases as some function of the distance from the transmitter thus 
reducing the effective capacity with distance of transmission. To offset 
the contraction of service area that would be caused by the reduction in 
redundancy, it is necessary to increase the transmitted power. 
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network synthesis, input function, 
286ff., 297 

oscillating magnetron, 1226. 

Reactors, subminiature, 216 
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Slicing, pulse code modulation, 242 
Space charge 

boundary conditions, cylindrical mag¬ 
netron, 148 

boundary conditions, klystron, 59 
boundary conditions, plane magnetron, 
100, 102, 106, lOS 

current distribution, plane magnetron, 
97fr. 

density, cylindrical magnetron, 164 
density, plain* magnetron, 102, 12SfT. 
distribution, plane magnetron, 104fT., 
108 

effects, klystron, 5Sff. 
infinite density, 102, 107 
oscillations, cylindrical magtu'tron, 173 
oscillations, plane magnetron, 101, 107 
reduction factor, klystron drift tube, 
OOff. 

voltage* distribution, plane* magne*tre)n, 
96, 98, 102 

Statistical me'chanics, entreipy, 319, 327 
Stetliose'eipe, ele*ctronie*, 201 
Sturm test, peisitive* re*al fune*tion e>f ceun- 
ple*\ variable*, 2t)3 

T 

Teflon, 199, 209, 215, 216 
Teletype 

information transmissioTi rate*, 323 
signal symbeils, 307 
Television*, 335, 339ff. 
message coeling, 341, 312 
message storage, 341 
partial area transmissiem system, 342 
picture scanning, 341 
resolution, 340 
system, 339 

transmission bandwidth, 340 
transmission efficien(' 3 ’, 340 
transmitted message, 339 
Temperature 

coefficient of subminiature capacitors, 

211 


electron tube envelope, 187, 198 
subminiature electron circuits, 197 
Thermal noise, 236, 247, 253, 258 
amplitude distribution, 338 
entropy, 338 
Thyratron 

current requirements, 186 
subminiature, 187, 203, 204 
Trajectories, electron 

constant anode voltage, cylindrical 
magnetron, 109 
contact, 102 

crossing, 87, 109ff., 115, 119, 121, 125 
exponential current impulse, plain 
magnetron, 105 

negative resistance, jilane magnetron, 
139ff. 

oscillating plane magnetron, 117ff. 
oscillating plane magnetron with diri‘ct 
current, 133ff. 

oscillating plarn* niagn(*tron without 
direct current, 125ff 
reetiingular (*urrent impulse, plane 
magnetron, 107 

resonanee, plane magn(*tron, 133 
sc‘lf-eonsistent, eylindrieal magiu'tron, 
150, 155ff., 166, 176 
self-eonsistent, plani* magnetron, 86, 
118ff., 150 

single stream motion, plane magnetron, 
124ff., 131 

space charge limited eurreid, plant 
magnetron, 101 ff. 
temperature limited eurront, 114fT. 
Transceivers, subminiaturt*, 201 
Transducer, subminiature, Uf3 
Transformers, subminiature, 193 
'Transition probabilities, 247ff. 

entropy, 256 
Transmission 

binary code rate, 323, 324 
coded, 314ff. 

pulse code modulation error probabil¬ 
ity, 252 

x-rays through metal crystals, 8 
Transmission channel 

capacity, 236, 237, 332, 335ff., 338, 
342 

carrier w’aves, 224 
discrete, noiseless, 336 
discrete, with noise, 336ff. 
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frequency bandwidth, 222, 234, 236, 
312, 314, 317, 323, 336, 340 
frequency error, 237 
information capacity —bandwidth re¬ 
lation.. 309, 311, 312 
information rate, 235, 25S, 311, 331ff., 
336 

links, 221, 225, 244, 252, 255 
noise, 221, 252fT., 310fT., 321, 322 
noise cleaning, 222fT., 236 
noise cfTect, 334fT. 
noise energy, 322 
pulse cod(‘ modulation rate, 256tT. 
sideband nois<‘ 314 

signal-noise ratio, bandw i<l< l» rclati<»n. 
315 

Transmit t(‘r 

function in communi<*ation stems, 
320 

klystron relay, 79 

pulse cod(‘ modulation diagram, 237 
pulse code modulation <'nc(»dnig. 237 
pulse cod(‘ modulation holding cncuit, 

237 

Triode, (dectron tube 

planar microwave g<‘ometr\, 190 
subminiature oscillator geometry, 192 
U.Il.F. subminialure geometry, ISS 

Tubes, <'lectron submiiiiatun* 
advantages, ISl 
anode materials, 191 
anode power dissipatimi, 187 
cathode manufacturing techniipies, |«K) 
current density, ISO 
economics, 189 
envelope materials, 191 
envelope power ilissijiation, 187, 191 
envelope sealing, 189, 192 
envelope temperature, 187 
fabrication meehanics, ISSfT 
gas cleanup, 180 
geiger counters, 193 
grid emission, 187 
grids, 190 

life expectancy, 184, 185, 192 
limitations, 184fr. 
microphonics, 185 


miniaturization limits, 184 

pentode geometry, 188 

planar microwavi* gcximetry, 190 

rectifier, 192 

reliability, 185 

solid state devices, 193 

tliyratron electrode geometry, 187 

transducer, 193 

triode oscillator giH)iiietry, 192, 193 
voltage P’gulators, 192 
Tungsten 

ct>nduet ion electron energi(‘S, 8 
crystals, 3tT. 

til 'd cnii'‘Sion images, 3, 0, 7 
•'ubnuniaturi' t ibi* filaments, 191 
surface* atomic mobiliy, 7, 9 

V 

Vacuum 

ccrainic-Tpetal seal, 191 
gage, 33 

Velocity modulation tube's, 430. 

\ itreouH enamel 

elielectric constant, 210 
insulatiem, 209 
submimature capae’itors, 210 
Veiltage 

e*iit-e)fT, cylmflncal magnetron, 159 
e'vlimlncal magirntrein, 151, 103 
cylindrical magnetron anode, 1701T. 
gain in klystrem nmphfie'rs, 08IT. 
plane m.igiu'tron ancxle*, 11 Iff., 113, 130 
n*guiators, 192 

W 

Waveforms, coding tube fnilse's, 239 
Wire- 

ejf-e-trexle insulation, 215 
.spae-e utilizatiejn fac-tor, 214, 215 
We>rk function metal crystal surfae;e;M, 
lOff., 15, 17, 35 

X 

X-ray transmission through metal crys¬ 
tals, 8 







